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Abstract

Aluminized composite propellant used in solid rocket motors contain a lot of aluminium
particles because high combustion energy is generated and propulsion efficiency increases by
burning aluminium particles. The combustion of aluminum occurs in a significant portion of
the combustion chamber and produces aluminum oxide smokes and residues that are carried
into the flowfield. Agglomerates have non-spherical shape, and consist of aluminium droplet
and oxide particle (oxide cap) attached to the droplet. Unlike the liquid droplet ignition,
the solid oxide film blocks the liquid aluminum from the penetration of the oxidizer hence
prevents the particle from its ignition. Development of robust models of aluminum particle
dynamics is essential in the design of advanced propulsion systems. The mathematical model
of two-phase flow around a single aluminum droplet with oxide cap is developed. The model
solves the continuity, momentum, energy and species continuity equations simultaneously to
obtain the species and temperature profiles and the burning time of droplet. The results of
numerical simulations are compared with predictions from semi-empirical correlations and
computational data.
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Nomenclature

Latin symbols
C Mass fraction
cp Specific heat capacity at constant pressure
D Diameter of droplet
e Total energy per unit mass
Fx, Fy, Fz Fluxes
G Diffusive flux
h Specific enthalpy
J gas phase rate
k Reaction constant
m Mass flow rate
M Molar mass
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n Number of particles per unit volume
p Pressure
q Heat flux
Q Vector of conservative variables
R Radius of droplet
S Source term
Re Reynolds number
s Mass consumption rate
Sc Schmidt number
t Time
T Temperature
u Rate of progress variable
v Velocity vector
vx, vy, vz Cartesian velocity components
V Volume
We Weber number
x, y, z Cartesian coordinates
Y Mass fraction

Greek symbols
β Surface area blocked by oxide cap
γ Specific heat ratio
θ Contact angle
λ Thermal conductivity
µ Dynamic viscosity
ν Kinematic viscosity
ρ Density
σ Surface tension
τ Stress tensor
χ Stoichiometric coefficient
ω Production rate of specie

Subscripts
b Burning
f Forward
F Fuel
g Gas phase
n Normal
O Oxidizer
p Particle
r Reversed
s Surface
w Free surface of droplet
τ Tangential
0 Initial
∗ Critical
∞ Infinity
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1 Introduction

Aluminized composite propellants used in solid rocket motors (SRMs) contain a lot of metal
(usually aluminium) particles because high combustion energy is generated and propulsion
efficiency increases by burning metal particles [1,2]. Aluminized propellants typically contain
close to 20% aluminum by weight. Nominal particle sizes are typically between 20 and 30
µm. Incomplete aluminum combustion inside the motor decreases the thrust and creates two-
phase flow losses [3]. Rocket systems that use aluminized composite propellants have failed
to reach the full potential predicted from the metal combustion, due to performance losses
introduced with the two-phase particulate flow of the molten aluminum particles and smoke
oxide particles. Another problem with aluminum in SRMs is slag formation. Slag is formed
when molten alumina gets trapped in the aft-dome region around the submerged nozzle.
Slag affects performance by adding to the weight of the motor causing excessive heating
and subsequent insulation erosion, going down flight dynamics and flight safety. The use of
aluminum particles for acoustic instability suppression is highly sensitive to particle size, and
the control of agglomeration sizes becomes an essential factor in SRM design [4]. Detailed
knowledge of condensed phase characteristics as residue size and burning time are essential
to improve SRM performance and reliability.

Composite solid propellants consist of a multi-phase mixture of oxidizing and metal
powders bound together by a polymer matrix, generating a heterogeneous material. During
the combustion, oxidizer and binder a re-subjected to thermal decomposition with release
of oxidizing and combustion products. A number of different analytical models have been
proposed to determine the aluminum agglomeration process and the aluminum size in com-
posite propellants. Many agglomeration models are based on the pocket concept [5–7]. The
main idea behind the pocket model is that aluminum particles gather in the pockets between
coarse oxidizer particles during the propellant mixing process. The resulting proximity of
aluminum particles inside pockets causes them to form agglomerates during the combustion.
All aluminum particles inside model-defined pockets are assumed to combine and form an
agglomerate [8]. Agglomeration also involves neighboring pockets (inter-pocket process in
slow-burning propellants), as well as coming to pocket break-up if residence time of particles
on surface is small enough (sub-pocket process for higher regression rates).

When an aluminum particle reaches the burning surface, ignition is delayed by the fuel-
rich environment and the oxide shell around the particle. Expansion of the aluminum particle
center due to melting causes the oxide shell to crack exposing aluminum to oxidizing species.
When ignition occurs, the aluminum particle or agglomerate balls up into a sphere and leaves
the surface [3]. Combustion of aluminum particles produces aluminum oxide smokes and
residues that are carried into the flowfield. A distinguish feature of aluminum combustion
in comparison with hydrocarbon fuels is the production of a bimodal size distribution of
droplets (80–90% of mass), consisting of sub-micron alumina smokes and alumina residues
ranging roughly from 20 to 200 µm depending on original aluminum particle size and degree
of agglomeration.

The ignition of aluminum particles begins with a relatively short heterogeneous combus-
tion stage and quickly transitions to a quasi-steady diffusion flame with a detached spherical
flame positioned off the particle surface at two to five radii [9, 10]. In addition to gaseous
products from the flame, solid oxide condensates accumulate on the leeward side of the par-
ticle forming a cap. This cap reduces the overall surface area of the aluminum and results
in violent surface gas ejections caused by both the dilution of molten aluminum with oxides
and the participation of nitride reactions [11,12].

The phenomena and mechanism of the aluminum particle combustion have been figured
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out through various analytical or experimental researches, and numerical models have been
developed. Most of the previous studies centered on either ignition or quasi-steady combus-
tion separately, and the rigorous numerical studies are computationally heavy to describe
every details regarding the aluminum oxide.

The model [13] assumes that metal combustion is similar to droplet combustion, and
is described using the D2-law, and that ignition and combustion ought to depend on the
melting and boiling points of the metal and the oxide. A model for the combustion of
aluminum particles including oxidizer diffusion to the surface and heterogeneous reaction
there is developed in [14]. Most reliable models are based on experimental and numerical
correlations [15, 16]. These models have focused on calculating the burning time and flame
temperature of the aluminum particle based on the diffusion process, and inherently assume
that the chemical kinetics is rapid enough to be ignored.

An unsteady two-dimensional evaporation-diffusion-kinetics controlled numerical model
of the oxidation of aluminium particles is developed in [17]. The model takes into account the
effects of forced convection, radiation, growth of an oxide lobe, variable transport properties
and an extended condensation zone. A model for the burning of individual aluminum parti-
cles in gas mixtures containing several oxidizing reagents, which includes the buildup of oxide
on an aluminum particle, evaporation kinetics of aluminum and surface chemical reactions
is proposed in [18]. The model provides a good description of the experimental dependence
of the burning time of aluminum particles on their size and major flow parameters.

A five-zone model that includes a more complete description of oxide cap formation,
growth and movement is developed in [19]. This model is capable of capturing many of the
observed dynamics of agglomerate motion. The effect of phase transformations in the alu-
minium oxide shell, which surrounds the metal particle, on the oxidation process is studied
in [20]. Oxidation is considered to be a transport process through the oxide shell, and a multi-
stage mechanism for oxidation of micron-sized aluminium powder is proposed. The model
proposed in [3,8] simulates the combustion of a single aluminum particle after ignition. The
transition from the spherically symmetrical combustion mode to a non-symmetrical com-
bustion mode with brightness oscillations, burning droplet speed variations, spinning smoke
cloud shape, mini-jets and production of small secondary particle-satellites are observed
experimentally in [21].

A simple model for the ignition and combustion of a single aluminum particle burning
in air is presented in [22]. The model consists of two stages, ignition and combustion. In
the ignition stage, melting and heterogeneous surface reactions are assumed to occur until
a predefined transition temperature of the oxide is attained. In the combustion stage, a
quasi-steady state diffusion flame is assumed accounting for the deposition of metal oxide on
the surface of molten aluminum. Predictions of overall burning rate, particle velocity and
flame radius show good agreement with experimental data. A quasi-steady model to predict
instantaneous consumption of aluminum and generation of condensed oxide as a function of
instantaneous particle size, ambient conditions, and cumulative amount of oxide in the cap
is developed in [23].

Some empirical correlations, used in practice, take into account the burning rate, but
only makes use of experimental results without physical interpretation [24]. The burning
characteristics of fuel droplets containing nano- and micron-sized aluminum particles are
investigated in [25]. Combustion of a single aluminum droplet in different atmospheres is
simulated using a simplified approach with detailed models for the gas-phase and surface
chemistry as well as molecular transport in [26]. A simplified analytical modelling of single
aluminum particle combustion is conducted in [27]. Both the heat transfer from the hot
ambient gas and the enthalpy of heterogeneous surface reaction served to cause the particle
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ignition. The role of heterogeneous reactions in aluminum combustion is discussed in [28].
A two-dimensional combustion model with detailed gas-phase kinetics is developed

in [29] to investigate propellant flame structure. However, this model is computationally
expensive and does not capture the complexity of an entire propellant matrix. A model
which accounts not only for different particle sizes but also for their random distribution
throughout the propellant is developed in [30]. Three-dimensional simulations of aluminized
propellant combustion are presented in [31]. The simulations allow to examine the dynamics
of aluminum particles in the near-neighborhood of the surface after detachment, and to pro-
vide an estimate of the time to ignition of the particles, and their speed and height above the
surface at ignition. Two-phase flows with inert and burning aluminum particles as well as
the influence of particles on acoustic oscillations in the combustion chamber are considered
in [32–35].

The assumption of the equilibrium character of phase transition is valid for large droplets
leading to essential errors for small droplets. A mathematical model for non-equilibrium com-
bustion of droplets in rocket engines is developed in [36]. This model allows to determine the
divergence of combustion rate for the equilibrium and non-equilibrium models. Comparison
of theoretical and experimental data shows that the non-equilibrium combustion of droplet
plays an important role for small droplets leading to higher burning time.

Accurate modelling and simulation of the combustion and resulting regression of solid
propellants entails research activities in several areas, including the description and propaga-
tion of the propellant combustion interface, modelling of solid propellant flames, combustion
instability analysis, and constitutive modelling of energetic materials. A better understand-
ing of the mechanism of oxidation of aluminium particle helps in predicting the combustion
behavior of the energetic formulations in which these particles are added as an additive for
enhanced rate of energy release. The effect of convection on the burning rate and ignition
delay is unknown, but remains of significant concern. While many studies have centered on
measuring and modelling burning rate characteristics of propellants, less efforts have been
focused on aerodynamics, heat transfer and combustion of single aluminum droplet. One
important phenomenon is the formation of an aluminium oxide cap moving on the particle
surface during combustion and movement of particle. It causes particle asymmetry and ob-
structs part of the aluminium surface, leading to spinning [37]. Many of the models have
not accounted for the effects of the oxide cap in the distortion of the symmetrical flame, and
have concentrated on aluminum combustion in air.

The study focuses on the numerical analysis of flowfield around aluminium droplet with
oxide cap inside combustion chamber of SRM. Geometry of the aluminium droplet and its
oxide cap changes as mass is removed from the aluminium droplet, and oxide cap mass
increases during aluminium combustion. The mathematical model of two-phase flow around
a single aluminium droplet with oxide cap is developed and validated against experimental
data. The model solves the continuity, momentum, energy and species continuity equations
to obtain the species and temperature profiles and the burning time.

2 Droplet combustion

Aluminum particle burns in a gas-phase reaction where the flame front is at a detached
distance away from the particle surface (Figure 1). The molten alumina coheres on the
liquid aluminum surface and forms an oxide cap in a bulged shape owing to its higher
surface tension. The oxide cap grows during quasi-steady combustion period as the reaction
product diffuses inward and condenses, and the particle burning ends with the formation of
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a residue particle. A fraction of the oxide diffuses back and deposits on the particle surface
and is termed as the oxide cap (lobe). The oxide cap tends to accumulate on the lower end
of the particle. The accumulation of the oxide on the particle surface and the porosity of the
oxide cap results in a final oxide cap size of the order of the initial particle size. The other
fraction of the oxide is transported outwards and is termed as the oxide smoke. The oxide
cap effect on the burning time depends on the initial size of the particle. The oxide cap
acts as a dead weight which reduces the vaporization surface, leading to non-symmetrical
combustion and a possible droplet spin.
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AlO, AlO , Al O, Al O2
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Figure 1. Aluminum particle combustion

Between surface temperature (1200 K) and initial temperature (300 K), two character-
istic temperatures have to be considered: the aluminum melting temperature (930 K) and
the binder temperature degradation. For particles with diameters greater than 100 µm, the
majority of experimental studies have shown that ignition takes place at a temperature near
the melting point of aluminum oxide (2300 K). Since each aluminum particle is covered by
an impervious oxide shell, it was argued that the particle does not ignite until the oxide shell
melts or breaks up near its melting temperature under the effect of aluminum thermal expan-
sion. As an aluminum particle is heated to the melting temperature, the aluminum melts
but is still contained within the oxide shell. Further heating causes the liquid aluminum
to develop vapor pressure within the shell. When the particle temperature approaches the
melting point of the oxide, oxide shell weakens and eventually breaks. At this point, the alu-
minum vapor is released from within the shell and diffuses into the surrounding atmosphere
to begin reacting with the available oxidizing species. This condition defines the ignition
point of the aluminum and the beginning of the combustion process.

Because the oxide melting temperature is higher than the melting temperature of alu-
minum, the aluminum is assumed to be fully melted upon ignition. The molten aluminum
particle surface burns at a temperature between the oxide melting temperature, and the
aluminum boiling temperature [10,16]. Although the global oxidation reaction of aluminum
produces alumina, Al2O3, many sub-oxides such as AlO, AlO2, Al2O and Al2O2 exist in
the flame-zone, with AlO as the most prominent. The condensation of alumina at its esti-
mated boiling point (3800 K) sets the approximate temperature of the oxide cloud because
Al2O3(l) condenses directly from the association of the sub-oxides and the idealized gaseous
form, Al2O3(g), immediately dissociates back into AlO and O2 species [17,38].
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3 Key processes

Particulate phase contains sub-micron alumina smoke that is modelled as a particular gas
component, and agglomerates with alumina residues that are carried out into the flowfield.
Size of agglomerates depends on the size of original aluminium particles and the degree of
agglomeration in the near-surface layer of composite propellant. It has been assumed that
the oxide deposits uniformly on the particle surface and migrates to the downstream side to
coalesce into an oxide cap.

Motion of aluminum droplet with oxide cap in fluid flow is defined by relative Reynolds
number and relative Weber number

Rep =
2Rpρ |vg − vp|

µ
, Wep =

2Rpρ |vg − vp|2

σ
,

where Rp is the effective radius of particle, ρ is the fluid density, µ is the fluid dynamic
viscosity, and σ is the droplet surface tension. For SRM conditions, ρ = 5.88 kg/m3, p = 1–
20 MPa, |vg − vp| ∼ 5 m/s, µ = 6.7 × 10−5 Pa×s, σ = 0.84 N/m. The relative Reynolds
number based on droplet diameter varies from 100 near the propellant surface, where the
burning gases have the greatest velocity, to zero when can be assumed that a Stokes regime
is reached. This interval includes different flow regimes around the sphere, but flow around
an aluminum droplet is laminar due to the small size of the droplet (diameter of droplet is
less than 200 µm).

Compared to motion of solid particles, motion of liquid droplets is accompanied by the
deformation of their shape at low Weber numbers and their break-up under the action on
aerodynamic forces at high Weber numbers. At low relative Reynolds numbers (Rep < 100),
modification of droplet drag due to its deformation is caused by increasing its cross sectional
area. A ratio of midlength section radius of deformed droplet, RM , to initial radius of droplet,
R0, is a function of relative Weber number, RM/R0 = 1+0.03Wep. For low Weber numbers
(Wep < 1), increase in cross sectional area of droplet due to its deformation is less than 3%.
Deformation of droplet ant its break-up is taken into account in long channels (L/R > 30),
in which Weber number reaches critical value (We∗ = 18–23).

Aerodynamic shear induces internal circulation in droplets (Figure 2). This liquid mo-
tion continually sweeps fresh fluid to the surface of the droplet where it is available for oxi-
dation. The oxide that forms at the droplet surface is entrained into the particle and mixed
with the liquid aluminum by convective motion within the droplet. The internal circulation
of the in-flight molten aluminum droplets affects the amount of oxides in the droplets. A
toroidal flow induced inside droplet leads to increase in the final oxidation percentage of a
typical coating increases as compared to a droplet without internal circulation [39].

The oxide volume fraction within a droplet with internal circulation is about 8% [39].
The oxide content calculated for an average droplet with internal circulation correlates well
with the experimentally determined oxide content from 3.3 to 12.7%. In contrast, the oxide
volume fraction computed for a rigid sphere is nearly two orders of magnitude smaller than
that for a droplet with internal circulation. The oxide buildup on the surface of a rigid sphere
under the same flight conditions is estimated to be 0.121%, which is approximately 1.5% of
the oxide volume fraction for a droplet with internal circulation. The analysis, performed
in [39], shows that internal circulation within the droplet increases the oxide content of the
droplet by two orders of magnitude over that of a droplet without internal circulation. Time
of particle heating to boiling temperature is less than burning time of droplet, therefore the
droplet temperature is uniform, and it equals to boiling temperature.

The correction to drag of liquid droplet due to internal recirculation motion has an order
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Figure 2. Internal circulation within a fully molten droplet caused by
shear forces from the high-velocity airflow around the droplet

of ratio of dynamic viscosity of fluid, µ, to dynamic viscosity of liquid, µAl. For aluminum
droplet µ/µAl ≪ 1, therefore velocity of internal recirculation motion is less than velocity of
external fluid flow, and does not affect droplet drag and heat transfer.

4 Geometry of droplet

The droplet is represented by a constant-diameter sphere with a segment occupied by the
oxide cap to reduce the reactive surface. The shape of droplet depends on mass fraction of
aluminium and temperature. The mass is removed from the aluminium droplet and the mass
of oxide cap increases during combustion. It is assumed the aluminum droplet is spherical
with radius R1, and the oxide cap represents a segment of sphere with radius R2 which
intersects the droplet surface at a contact angle θ (Figure 3). The droplet temperature is
uniform and equal to the boiling point. The oxide deposits uniformly on the droplet and
migrates to the downstream side to coalesce into oxide cap.

R1 R2
R3

H

H1 H2

θ

A B

α

Al Al O2 3

Figure 3. Geometry of aluminum droplet with oxide cap
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The oxide cap inhibits aluminum vaporization from the portion of the sphere it covers.
This is because the oxide has almost twice the density of the metal and so the metal cannot
diffuse through the oxide. The oxide cap growth and the formation of the residue particle
are expressed in terms of the mass of aluminum oxide deposited on the particle surface
only. Geometry of the aluminum droplet and its oxide cap changes as mass is removed
from the aluminum, and oxide cap mass increases during aluminum combustion. For given
instantaneous conditions, droplet size, oxide cap size and fractional aluminum surface area
coated by the oxide cap are calculated with the use an iterative approach to provide correct
values. The contact angle is found from the Young’s equation

cos θ =
σsv − σsl

σlv

,

where σsv, σlv and σsl are the surface tensions of solid–vapor (Al2O3 and vapor), liquid–
vapor (Al and vapor) and solid–liquid (Al2O3 and Al) surfaces. The surface tensions are the
functions of temperature. This way is more sophisticated than the simplified geometrical
model of aluminum droplet used in [23], in which the angle of intersection of two spheres is
fixed at 90 degrees.

With a given contact angle, the shape of agglomerate’s cap is described by the radius
of aluminum droplet, R1, the radius of oxide cap, R2, the radius of circle of intersection of
two spheres, R3, the distance between the centers of aluminum droplet and oxide cap, H,
and two parameters, H1 and H2, which are the heights of sphere segments. The intersection
of the spheres is a circle with radius

R3 =
R1R2

H
sin θ. (1)

The distance between the centers of the spheres is related to the aluminum droplet radius
and the oxide lobe radius

H = R2
1 +R2

2 − 2R1R2 cos θ. (2)

For the triangle formed with the sides R1, R2 and H, the following relationships take place

R2
1 −H2

1 = R2
3, R2

2 −H2
2 = R2

3, H1 +H2 = H. (3)

The linear angle is then calculated as

α = arcsin

(
R3

R1

)
.

The solid angle is

ϑ = 2π (1− cos α) .

The fraction of the aluminum sphere radius covered with oxide (fractional blockage of surface)
is calculated as

β =
ϑ

4π
=

1

2
(1− cosα) .

The mass of aluminum droplet with oxide cap is a sum of mass of aluminum droplet
and mass of oxide cap

m = mAl +mAl2O3 .
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The effective total particle radius (liquid metal plus metal oxide) is defined as

RM =

[
3

4π

(
mAl

ρAl

+
mAl2O3

ρAl2O3

)]1/3

.

The mass fraction of aluminum and the mass fraction of alumina are

CAl =
mAl

mAl +mAl2O3

, CAl2O3 =
mAl2O3

mAl +mAl2O3

,

where CAl + CAl2O3 = 1. The average density of aluminum droplet with oxide cap is

ρ =

(
CAl

ρAl

+
1− CAl

ρAl2O3

)−1

.

The mass of aluminum droplet and the mass of oxide cap are the products of volume
and density

mAl = ρAlVAl, mAl2O3 = ρAl2O3VAl2O3 .

The volume of aluminum droplet is found as the volume of sphere with radius R1 by

VAl =
4

3
πR3

1.

The radius of aluminum droplet is

R1 =

(
3mAl

4πρAl

)1/3

.

The volume of alumina cap is found as a difference between the volume of sphere segment
with radius R3 and height R2 + H2, and volume of sphere segments with radius R3 and
height R1 −H1 by

VAl2O3 =
π

6
(R2 +H2)

[
3R2

3 + (R2 +H2)
2]− π

6
(R1 −H1)

[
3R2

3 + (R1 +H1)
2] .

The mass of aluminum droplet and the mass of oxide cap are related with the equation

8
1− CAl

CAl

ρAl

ρAl2O3

R3
1 =

= (R2 +H2)
[
3R2

3 + (R2 +H2)
2]− π

6
(R1 −H1)

[
3R2

3 + (R1 +H1)
2] . (4)

Since the cap radius is not initially known, but volume and mass of the oxide cap are
known via the cumulative oxide cap mass accumulation, an iterative procedure of solution
of equations from (1) to (4) is used to find a cap radius for a given values of the aluminum
sphere radius and aluminum fraction which gives the correct value for volume of the oxide
cap. However, only aluminium evaporation is modelled by assuming the equilibrium vapor
fraction at the droplet surface.

The particle usually ignites near the propellant surface. Hence, ignition is assumed to
have occurred initially, and the model concentrates on the combustion after the ignition.
Since ignition is taken to have occurred, the initial particle surface temperature is taken to
be the boiling point of aluminum at the prevailing pressure. Assuming a liquid–vapor equi-
librium, the partial pressure of the aluminum sub-oxides and aluminum oxides is expressed
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using the Clausius–Clayperon equation. Thermodynamic properties of any species are de-
fined by specifying a molar mass, a temperature polynomial for the molar heat capacity at
constant pressure as well as molar enthalpy of formation and entropy of formation.

The rate of heterogeneous surface reaction is expressed in an Arrhenius-type of formu-
lation with experimentally determined pre-exponent coefficient and activation energy [40].
Occurrence of the reaction is valid only after the initiation of the melting.

The droplet surface is modelled as either reactive or non-reactive. For the reactive
droplet surface, the boundary conditions cannot be directly specified in terms of physical
quantities. The surface conditions are determined by satisfying balance relations for mass
and thermal fluxes. Among the bulk species, liquid aluminum is the only one which is
consumed by the surface reactions and its fraction in the droplet is taken equal to 1 by
neglecting the other bulk species generated by the surface reactions. For the non-reactive
droplet surface, only aluminum evaporation is taken into account by assuming equilibrium
between gaseous and liquid aluminum on the surface.

Burning time is one of the primary characteristics of droplet combustion, which is often
represented as a function of the initial droplet diameter D0 as tb = aDn

0 . The value of n de-
pends on the combustion regime: n = 2 for diffusion-controlled combustion with a detached
gaseous flame around the droplet and n = 1 for combustion controlled by heterogeneous
kinetics on the droplet surface. For aluminum particle combustion, an empirical correlation
with n = 1.8 and a coefficient dependent on the pressure, temperature, and fractions of
oxidizer species is proposed in [3].

5 Governing equations

The model solves the continuity, momentum, energy and species continuity equations simul-
taneously to obtain the species and temperature profiles and the burning time. In Cartesian
coordinates (x, y, z), an unsteady three-dimensional flow of a gas mixture is described by the
following equation

∂Q

∂t
+

∂Fx

∂x
+

∂Fy

∂y
+

∂Fz

∂z
= S. (5)

Equation (5) is complemented with the equation

p = (γ − 1)ρ

[
e− 1

2

(
v2x + v2y + v2z

)]
.

The vector of conservative variables, Q, and the flux vectors, Fx, Fy and Fz, have the
following form

Q =



ρ
ρvx
ρvy
ρvz
ρe
ρYO

ρYF


,
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Fx =



ρvx
ρvxvx + p− τxx
ρvxvy − τxy
ρvxvz − τxz

(ρe+ p)vx − vxτxx − vyτxy − vzτxz + qx
ρYOvx +GOx

ρYFvx +GFx


,

Fy =



ρvy
ρvyvx − τyx

ρvyvy + p− τyy
ρvyvz − τyz

(ρe+ p)vy − vxτyx − vyτyy − vzτyz + qy
ρYOvy +GOy

ρYFvx +GFy


,

Fz =



ρvz
ρvzvx − τzx
ρvzvy − τzy

ρvzvz + p− τzz
(ρe+ p)vz − vxτzx − vyτzy − vzτzz + qz

ρYOvz +GOz

ρYFvz +GFz


.

The source term is

S = (J, 0, 0, 0, H, RO, RF )
′ .

Here, t is the time, ρ is the density, vx, vy, and vz are the velocity components in the
coordinate directions x, y, and z, p is the pressure, e is the total energy per unit mass, T is
the temperature, YO is the mass fraction of oxidizer (YO = ρO/ρ), YF is the mass fraction of
fuel (YF = ρF/ρ), and γ is the specific heat capacities ratio.

The viscous stress tensor and heat flux are found from the Newton’s law and Fourier
law

τij = µ

(
∂vi
∂xj

+
∂vj
∂xi

− 2

3

∂vk
∂xk

δij

)
, qi = −λ

∂T

∂xi

.

The diffusive fluxes of oxidizer and fuel are defined by Fick’s law

GOi = −D
∂YO

∂xi

, GFi = −D
∂YF

∂xi

.

The thermal conductivity and the diffusion coefficient are expressed as λ = cpµ/Pr and
D = cpµ/Sc, where cp is the specific heat capacity at constant pressure, Pr is the Prandtl
number, and Sc is the Schmidt number.

The source therm in the continuity equation is

Jk = Mkωk,
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where Mk is the molar mass, and ωk is the molar production rate of species. The production
rate for the kth species is defined as

ωk =
I∑

i=1

χkiui.

The stoichiometric coefficient is

χki = n′′
ki − n′

ki.

Rate of progress variable is

ui = kfi

K∏
k=1

χ
n′
ki

ki − kri

K∏
k=1

χ
n′′
ki

ki .

For each reaction i, the forward and reverse constants, kfi and kri, are both described by an
Arrhenius law

k = AT β exp

(
− E

RT

)
.

Oxidizer rate and evaporation products rate are defined as follows
• If YO < χYF then

RO = −4πYOµ
L∑
l=1

nl
pr

l
p, RF =

RO

χ
.

• If YO ≥ χYF then

RF = −4πYFµ

L∑
l=1

nl
pr

l
p, RO =

RF

χ
.

In the above expressions, χ is the stoichiometric ratio of oxidizer and fuel. Gas phase rate
is a sum of oxidizer rate and evaporation products rate

J = RO +RF .

Heat release per unit volume of mixture as a consequence of condensation is a product of
fuel rate, RF , and heat of condensation, Qc, therefore

H = RFQc.

The radius of oxide particle of fraction l, rlp, and the number of oxide particles per unit
volume, nl

p, are calculated from the solution of equations describing motion of oxide particles
(these equations are written in Eulerian coordinates).

Small oxide particles follow streamlines of fluid flow, and their trajectories are calculated
as a small perturbation of streamlines of fluid flow. Condensation rate of particle of fraction
l is

• If YO ≥ χYF then

J l = 4πµrpYF (1 + χ) .
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• If YO < χYF then

J l = 4πµrpYF

(
1 + χ

χ

)
.

The transport properties are defined by specifying parameters of the potential function
for pure species and by applying the classical formalism of the molecular kinetics theory.

At the initial time moment (t = 0), the droplet is heated uniformly. Uniform distribu-
tion of the particles of smoke oxide in the computational domain is assumed. The velocity,
temperature, fractions of oxidizer and fuel are specified on the inlet boundary of computa-
tional domain. Velocity, temperature, oxidizer fraction and fuel fraction are specified on a
free surface of aluminum droplet (vτ = 0, vn = vw, T = Ts, ∂YO/∂n = 0, YF = YF0, where vw
is the velocity of injection calculated from the thermal balance equation on a free surface of
aluminum droplet). If droplet is heated non-uniformly, then the thermal balance equations
has the following form

mhL +

(
λ
dT

dr

)
s

=

(
λ
dT

dr

)
g

,

where m = ρvw is the mass flow rate, hL is the specific enthalpy of phase transition. There is
no evaporation from the area of the droplet covered by the oxide cap. Velocity, temperature,
oxidizer fraction and fuel fraction are specified on a surface of oxide cap where heterogeneous
oxidation of aluminum takes place (vτ = 0, vn = vO, T = Ts, YO = 0, ∂YF/∂n = 0, where
vO is the velocity of oxidizer).

6 Numerical method

The calculations are based on in-house finite volume unstructured CFD code using an edge-
based data structure to give the flexibility to run on meshes composed of a variety of cell
types [41]. This has the advantage that hexahedral or prismatic elements can be used to
capture velocity gradients through the boundary layer adjacent to a surface. At the same
time, hybrid meshes can incorporate pyramid and tetrahedral cells in the freestream regions
to provide greater flexibility to represent complex geometries.

The solver works in an explicit time-marching fashion, based on a three-step Runge–
Kutta stepping procedure. Convergence to a steady state is accelerated by the use of multi-
grid techniques, and by the application of block-Jacobi preconditioning for high speed flows,
with a separate low Mach number preconditioning method for use with low speed flows.
The sequence of meshes is created using an edge-collapsing algorithm. Preconditioning im-
proves the rate at which information propagates through the flow domain during the solution
iterations.

Although experimental results have indicated that the flame zone is within a distance
of 10 particle radii, the calculation domain for this model covers 60 particle radii to ensure
that the input conditions are totally unaffected by the combustion. A fine mesh is required
to reproduce a sharp phase interface. A mesh sensitivity analysis is performed using a mesh
with 4 million (fine mesh, mesh 1), 2 million (intermediate mesh, mesh 2) and 1 million
(coarse mesh, mesh 3) of cells. The results with 2 million of cells are similar to those with 4
million of cells. The simulations are performed using a mesh consisting of 2 million of cells,
and mesh 2 is used in CFD simulations of flowfield around inert and reactive droplet. Use
of coarse mesh leads to significant errors in estimations of drag coefficient and burning time
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Figure 4. Dependence of drag coefficient (a) and burning time (b) on mesh resolution for
coarse mesh (symbols ◦), intermediate mesh (symbols •) and fine mesh (symbols �)

of aluminium droplet, and discrepancy of the results computed with coarse and fine mesh
increases with increasing of the Reynolds number and droplet diameter (Figure 4).

Depending on spatial resolution and numerical solver used a definite error occurs in in-
tegration at each step. This error is expressed in absolute or relative values. Decreasing the
length scale to infinitely small values brings to minimization of accumulated error for con-
vergent schemes. However, the real simulation operates with final cell size thus introducing
a definite limit to an allowable number of integration steps, until accumulated error exceeds
acceptable value. In case of systematic error being the defect of CFD solver, accumulation
of error is proportional to number of steps.

Solving numerical problems it is necessary to control accumulation of numerical error.
For fine mesh simulations of unsteady processes numerical time step is chosen from the
Courant condition, which makes it small, and the number of time steps is enormous. The
numerical simulation precision and stochastic errors accumulation in solving problems of
combustion and detonation of gas mixtures in rocket engines is studied in [42] based on the
mathematical model developed and investigation of the influence of mesh size on computa-
tional precision and speed is performed. Accumulation of numerical errors in CFD simulation
is controlled based on the algorithm described in [42].

Accumulation of errors takes place in a fast manner for coarse mesh and decreases on
increasing mesh resolution. Reliability of results increases on increasing mesh resolution and
scheme accuracy, but decreases on increasing physical time. The results computed demon-
strate high reliability of the used CFD solver, but it is not always the case for simulating
longer time periods. The computational errors accumulate faster for coarse mesh despite
of the fact that overall simulation process needs much less time steps. Reliability of results
increases on increasing mesh resolution and scheme accuracy, but decreases on increasing
physical time of the process.

7 Results and discussion

Calculations are performed over a 100 µm droplet in combustion. The surface temperature
was assumed to be at the aluminum boiling temperature for pressure of 1 atm (2750 K).
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7.1 Flow around droplet

Axisymmetric flow is simulated around a constant-diameter aluminum droplet with and
without oxide cap in order to verify and validate mesh resolution and the numerical scheme.

Streamlines around droplet with oxide cap are shown in the Figure 5. The vortex wake
behind droplet is formed at Reynolds number of 10, and change of flow regimes takes place
at lower Reynolds numbers compared to the fluid flow around rigid sphere. Flow around
sphere is symmetrical relative to meridional plane and stationary at Re < 210. Transition
to non-symmetrical and stationary flow is observed at Reynolds numbers between 210 and
250. If Reynolds number lies between 250 and 380, periodical oscillation of weak behind a
sphere take place. Vortex road behind a sphere rises if Re > 380, and flow around sphere is
non-stationary and non-symmetrical.

-

Re=10

Re=40

Re=80

Re=100

Figure 5. Streamlines around droplet with oxide
cap at different Reynolds numbers

The determination of the sphere drag coefficient seemed to be a reasonable manner to
verify the accuracy of the aerodynamic field near the droplet surface. For the purposes of
comparison, experimental law is used (symbols ◦), as it is shown in the Figure 6. Calculated
drag coefficient (symbols •) for various Reynolds numbers is found to agree correctly with
this correlation. The difference remains of the order of 5% which represents the average
incertitude of the standard curve.

To investigate non-symmetrical flow around sphere to addition to flow at high Reynolds
numbers, linear velocity profile on inlet boundary was specified U = Ua+βx, where β is shear
parameter (β > 0). Influence of Reynolds number and shear parameter on drag coefficient
and lift coefficient is estimated. Dependencies of lift coefficient on shear parameter and
Reynolds number are presented in the Figure 7. Flow around sphere is non-symmetrical at
all Reynolds numbers. Oscillations of vortex wake start at β = 0.2 and Re = 230. Increase
in shear parameter leads to decrease in Reynolds number corresponding to transition from
one flow regime to other. It is interesting to note the sign reversal of lift force at specific
Reynolds number Re∗ (in particularly, this specific Reynolds number is about 50 at β = 0.2).
The lift force is directed to the side where flow velocity is less if Re < Re∗, and lift force acts
in opposite direction if Re > Re∗. Contribution of pressure forces is positive if Re < 100,
and it is larger than contribution of viscous forces, so CL > 0. Increase in Reynolds number
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leads to negative contribution of pressure forces, and it prevails contribution of viscous
forces if Re > 200. For Re > 300, the lift coefficient is approximately independent on shear
parameter. Contribution of viscous forces decreases linearly at all Reynolds numbers as
shear parameter increases. Drag coefficient increases if shear parameter increases at fixed
Reynolds number.
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Figure 7. Dependence of lift coefficient on shear parameter and Reynolds number

Dependence of lift coefficient on time is presented in the Figure 8. Flow around sphere is
stationary and symmetrical if β = 0. Increase in shear parameter leads to weak oscillations
of vortex wake behind the sphere (vortex wake is not observed), but these oscillations have
a small influence on sphere drag. Vortex wake behind the sphere takes place at β ∼ 0.1.
Increase in shear parameter up to β ∼ 0.2 causes increase in velocity amplitude in the weak,
but flow remains regular. Regime flow depends on Reynolds number and shear parameter.
Transition to non-stationary flow at β ̸= 0 starts early than at β = 0, in particularly flow
becomes non-stationary if Re = 280 at β = 0.25.

To investigate unsteady flow around sphere, small harmonic oscillations with frequency
ω are imposed on inlet velocity U = Ua cos(Sh t), where Ua is amplitude of velocity oscilla-
tions, and Sh is the Strouhal number (Sh = ωR/Ua). The flow is assumed to be axisymmetric.
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Non-axisymmety of flow shows in the terms of order ε2, where ε is a ratio of amplitude of
velocity oscillations to sphere radius [44]. Dependencies of friction coefficient and pressure
coefficient on time are shown in the Figure 9 at Sh = π/4. The results calculated have
qualitative agreement with the results of direct numerical simulation presented in [45,46].
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Figure 9. Time history of friction coefficient (a) and time history of pressure coefficient
in stagnation point (b)

Inlet velocity changes the sign at φ = π/2 and 3π/2, where φ = Sht. The phase angle of
drag coefficient depends on Reynolds number and Strouhal number, in particularly φ = 0.640
at Sh = π/4, and φ = 0.584 at Sh = π/2 (Reynolds number is fixed at 10 in both cases).
Increase in Reynolds number at fixed Strouhal number leads to decrease in critical phase
angle. Similar effect takes place at varied Strouhal number and fixed Reynolds number. The
amplitude of drag coefficient oscillations is larger than the amplitude of velocity oscillations
(dashed line in the Figure 9a). Influence of Reynolds number on friction coefficient is more
considerable than its influence on pressure coefficient. This effect is related to the fact that
pressure distribution along sphere at high Reynolds number (Re > 150) is described with
inviscid solution (except for sphere surface near the separation point). Pressure coefficient
in stagnation point of sphere demonstrates weak sensitivity to the parameters of the flow,
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and is described by the inviscid solution.

7.2 Combustion of droplet

Radial temperature and species profiles are presented in the Figure 10. The scale corresponds
to a dimensionless radius (the reference length is the droplet radius). Line 2 corresponds
to aluminum, line 2 corresponds to aluminum oxide (AlO), line 3 and line 4 correspond to
oxygen (O and O2). It can be seen that the maximum of AlO specie appears at a distance
of 2 droplet radii from the droplet surface.
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Figure 10. Profiles of temperature (line 1) and species (lines
2–5) at the front of the droplet

The particle heats up until its temperature reaches at the melting point of aluminum
and the temperature is unchanged during the period of aluminum core melting because all
the transferred heat is spent for supplying latent heat of fusion. As the particle temperature
rises over 2200 K, the oxide film is removed and the particle is ignited. Then the quasisteady
combustion is initiated and the process transits from the ignition into diffusion controlled
combustion regime.

The percentage of the droplet mass consumed is plotted against time from ignition out
to approximately 120 ms in the Figure 11. The mass consumed increases monotonically
with time, with a constantly decreasing slope of the line. Approximately 60% of the mass
has been consumed at 40 ms, 78% at 60 ms, 92% at 100 ms, and 98% at 120 ms where the
calculations are terminated.

In the Figure 12, the radius of aluminum droplet and the radius of the oxide cap are
plotted against time. The radius of aluminum droplet decreases (slightly less than linearly)
with time, while the radius of oxide cap increases with time, rapidly at first but at a de-
creasing rate with increasing time. Beyond approximately 42 ms, the radius of oxide lobe is
larger than the radius of droplet.

The relative amounts of aluminum and oxide are estimated as a part of the calculated
burning time. Those results are shown in the Figure 13 for 100 µm particle burning in a
simulated propellant atmosphere at pressure of 1 atm (T = 2500 K, YH2O = 0.114, YCO2 =
0.209, YO2 = 0.065). Two calculations are performed. One accounts for oxide accumulation
on the particle, and the other neglects oxide formation. The calculation ignoring oxide
formation gives a burning time the correlates with D2-law, while the calculation allowing
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for oxide accumulation gives D1.8 relationship. This value is in a good agreement with
calculations based on the model of [38].

Since in classical diffusion-limited droplet combustion D2-law applies with droplet ra-
dius squared decreasing linearly with time, the square of the predicted droplet radius is
plotted against time in the Figure 13. Dashed line corresponds to the D2-law, and solid line
corresponds to the combustion of aluminium droplet with oxide cap. For the droplet with
oxide cap, the analysis indicates that an exponential factor is about 1.8.

A significant deviation from D2-behavior is observed with the absolute value of the slope
of the line decreasing significantly with time. This behavior is largely a result of the fact
that the fraction of the aluminum surface blocked by the oxide cap increases with time as
shown in the Figure 14. Combustion efficiency is defined by the ratio of burning time to
residence time of particles in the combustion chamber. In experimental investigations, the
measured aluminum droplet combustion has varied from the simple D2-model. A lower value
of the exponent, varying from 2.0 to 1.2, is observed in [3, 13, 38]. The statistical analysis,
performed in [3], indicates that an exponential factor of 1.8 appears to correlate the data
best.

Part of the aluminum oxide appears in the form of smoke at the condensation zone,
while part deposits on an accumulating cap at the aluminum particle surface. The split is of
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interest due to different hydrodynamic behaviors of the two fractions. Accordingly, fraction
of the oxide appearing in the cap is plotted against time in the Figure 15 which shows the
asymptote to about 21%.

In the Figure 16, sketches of the geometries of the aluminum and the oxide cap are
presented on a common scale. The final oxide cap radius is predicted to be approximately
70% of the original aluminum droplet radius. A significant deviation from D2-behavior is
a result of the fact that the fraction of the aluminium surface blocked by the oxide cap
increases with time.

The evaporation rate (slope of the D2-line) of liquid aluminum droplet is distinguished
from the decreasing rate of the particle surface area due to the inward diffusion and deposition
of the combustion product to form a residue particle. The oxide cap grows due to the
deposition of reaction product on the particle surface and remains as a residue particle after
the completion of burning. The size of the residue particle is in the range from 1/2 to 2/3
of the initial particle diameter.
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7.3 Burning time

The combustion of aluminum particles is often characterized by the droplet burning time.
Classical fuel droplet evaporation and combustion theory states the diameter of a burning
droplet changes as D2 = D2

0 − kt, where D is the particle diameter, D0 is the initial particle
diameter, k is the burning rate (evaporation constant), and t is the time. By setting droplet
diameter to zero (D = 0), the burning time of droplet is defined as tb = D2

0/k. The
evaporation constant is typically a function of the state properties of the medium including
pressure, temperature and oxidizer concentration.

The combustion characteristics of individual aluminum droplet have been analyzed in
[3], focusing on the burning time of individual particles. The wide variety of experimental
techniques and a lack of standard definitions of the burning time, contribute to the large data
scatter observed between different investigators. Past research has shown that the diameter
dependence does not necessarily follow the classical D2-law, but instead follows Dn-law,
where n is typically between 1.5 and 2 (lower values correspond to the small diameters
and higher values correspond to the large diameters). It is assumed that n is typically
independent of the state properties of the medium, and is only a function of combustion
mechanism. It has shown with classical relations that n is 1.5 for laminar convective flows
around the droplet and closer to 1 for turbulent flow [2]. The reason the exponent is lesser
than 2 is due to the oxide cap and the convection, which causes the evaporation rate of
aluminum to decrease and thus cause the burning time to increase. The oxide cap has
another effect of providing energy to the particle surface during deposition, which cancels
off some of the effect due to the blockage of the aluminum evaporation due to the oxide cap.

The particle burning time has to be approximated from the aluminum vaporization
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time. It is assumed that the steady-state vaporization rate of aluminum represented the
initial vaporization rate and that thereafter the vaporization rate is proportional to the
fraction of original aluminum remaining. In addition, when 95% of the original aluminum
are vaporized, particle combustion is assumed to be completed. To evaluate the burning
time from simulation results, the following expression is used

tb =
1

2
ρAl

D0∫
0

dD

sAl

,

where ρAl is the density of liquid aluminum in the bulk phase and sAL is the mass consump-
tion rate of bulk aluminum by surface reactions. The method consists in approximating
the integral from a series of computational results on mass consumption rate for different
diameters.

The burning time and local exponent found from calculations are presented in the
Figure 17 (symbols �). The burning time is also evaluated by correlation from [3] by taking
n = 2 (line 1) and n = 1.8 (line 2). One can observe that the simulation results follow well
these empirical trends. These results show an evolution from the diffusion-controlled regime
with n = 2 towards the combustion regime controlled by heterogeneous kinetics with n = 1
when the droplet diameter decreases [28]. The differences are caused by several factors like
the effect of oxidizer convection or the particularities of the transport model.
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8 Conclusion

High-energy solid propellants are the mixtures of fuel, oxidizer and metal particles. Alu-
minum particles are introduced as an energetic component in solid propellant formulations
to improve the thrust of SRMs. Metal particles burn in a gaseous atmosphere and pro-
duce condensed-phase residues. This process needs to be properly characterized in order to
predict possible negative effects, for example thrust losses due to the dispersed phase. Alu-
minium droplet combustion and alumina residue behavior in the chamber affect combustion
instabilities by acting as driving or damping mechanisms.
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Detailed modelling of individual particle combustion is a challenging problem because
it needs to take into account complex physical and chemical phenomena. A numerical
simulation of single aluminum droplet with oxide cap is performed. The burning time is
evaluated for the considered physical conditions and modelling options. The results obtained
highlight the crucial significance of the size and geometry of aluminium agglomerates on
their burning rates. Detailed knowledge of condensed phase characteristics as residue size
and burning time are essential to improve SRM performance and reliability.
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