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Real time optimum trajectory
generation for redundant/hyper-
redundant serial industrial manipulators
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Abstract
This article presents an optimization technique to develop minimum energy consumption trajectories for redundant/
hyper-redundant manipulators with predefined kinematic and dynamic constraints. The optimization technique presents
and combines two novel methods for trajectory optimization. In the first method, the system’s kinematic and dynamic
constraints are handled in a sequential manner within the cost function to avoid running the inverse dynamics when the
constraints are not satisfied. Thus, the complexity and computational effort of the optimization algorithm is significantly
reduced. For the second method, a novel virtual link concept is introduced to replace all the redundant links to eliminate
physical impossible configurations before running the inverse dynamic model for the trajectory optimization. The method
is verified on a three-degree of freedom redundant manipulator and the result is also demonstrated with computer
simulations based on an 8-link planar hyper-redundant manipulator.
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Introduction

Although the nonredundant commercial robot’s perfor-

mance and capability provide significant advantages for

industrial implementations, however, in today’s modern

industrial world consist of multitask industrial issues. The

requirements of industrial applications are vastly complex

and difficult, and these applications demand better perfor-

mance and flexibility, such as drilling, cutting, medical

robotics, maintenance of nuclear reactors, and so on. In

order to meet these demands, robotic manipulators may have

more degrees of freedom (DOFs) than essential due to exe-

cute intended complicated jobs like human arms. The extra

DOFs can be named redundant, and redundancy mainly aims

at increasing the robotic manipulator’s dexterity.

Research on redundant robotic manipulator is still active

and redundancy can also be utilized to handle other cost

criteria effectively. For example, redundancy has been used

to achieve collision avoidance in working space,1,2 pre-

venting singularities where the manipulator lose some

DOFs,3,4 avoiding limits of joints,5,6 minimizing some cost

function such as reducing jerk7,8 and torque,9 reducing

deviation of the end effectors,10,11 and reducing time12 over

a intended task. Redundancy can also be exploited for fault

tolerance during the intended task.13–16 Redundancy also
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provides a larger orientation workspace and higher

stiffness.17,18 In addition to these, energy consumption can

be reduced by utilizing redundancy19 in trajectory optimi-

zation. For example, a cost function was formulated by the

input electrical energy/power and trajectory deviation for a

redundant manipulator.20 In other study, a full linear elec-

tromechanical model is used to minimize energy consump-

tion.21 Displacement limits are included in the optimization

algorithm via penalty functions. Redundant actuation can

also reduce the energy consumption of parallel mechanisms

with a considerable margin. In the study by Lee et al.,22 a

widely used 2-DOF parallel mechanism design driven by

three actuators is used to reduce the energy consumptions.

In the study by Doan et al.,23 an optimal redundancy reso-

lution approach for a 6-DOF articulated welding robot is

presented to reduce energy consumption while meeting the

process requirements and satisfying all the kinematic con-

straints. In this study, the parameterized inverse kinematics

in position domain and a modified particle swarm optimi-

zation were combined, hence an efficient redundancy

resolution is realized. In the study by Li et al.,24 for over-

coming the singularity problem arising in the control of

manipulators, redundancy resolution is also used to max-

imize manipulability under nonlinear constraint equations.

A dynamic neural network for recurrent calculation of

manipulability-maximal control actions for redundant

manipulators under physical constraints in an inverse-free

manner is presented.

In a fully actuated system, inverse kinematic solution

of nonredundant robotic manipulators generally offers

minimal numerical computational complexity, and the

number of control inputs is equal to the DOFs of the

system. However, in the redundant case, inverse kine-

matic solutions and control of the redundant link become

more and more complicated and trajectory optimization

problem also become increasingly difficult with each

added redundant DOF.25 Because, the utilized trajectory

optimization algorithm can be numerically and computa-

tionally extremely complex and challenging issue due to

the large number of optimization parameters and various

constraints which need to be handled effectively during

the optimization process of the computationally intensive

inverse dynamic model. Moreover, the success of any

optimization procedure, the trajectory optimization algo-

rithm should be easily used on various types of nonredun-

dant, redundant, and hyper-redundant manipulators, and

the various types of constraint equations should be

handled effectively during the trajectory optimization

procedure. To determine the optimum solution success-

fully for trajectory optimization in redundant case, com-

putationally efficient optimization procedures are

preferred for a given task.

This article presents a novel constraint handling

method and an efficient control algorithm for trajectory

optimization to prevent the computational complexity of

the redundant and hyper-redundant manipulators. One of

the main contributions of this article is to provide con-

straint handling procedure is computationally efficient as

kinematic and dynamic constraints are included in the

cost function to prevent running inverse dynamic model

when all constraints are not satisfied. Thus, the complex-

ity and computational effort of the optimization algorithm

is significantly reduced. And second contribution of this

article, all the redundant links are acting as a single link.

Hence, it makes controlling these links easier and control

complexity of the redundant/hyper-redundant manipula-

tors is reduced. This control algorithm prevents inverse

dynamic failure even if the manipulator is within the

workspace during the optimization process. The effective-

ness of the proposed methods is initially demonstrated

using computer simulations, and then same intended tra-

jectories are implemented experimentally by utilizing the

Katana 450 6M industrial robotic manipulators based on

links 2, 3, and 4. In addition to the Katana 450, the

effectiveness of the proposed methods is additionally

demonstrated experimentally by utilizing the Denso VP-

6242G industrial robotic manipulator based on links 2, 3,

and 4. The proposed scheme is also verified with com-

puter simulations based on an 8-link planar hyper-

redundant manipulator.

The organization of the rest of the article can be sum-

marized as follows. The system description and

dynamics, the procedure of optimum trajectory planning,

have been presented in second section. The proposed

method has been shown in third section. The experimen-

tal implementation and results have been illustrated in

fourth section.

System description and dynamics

Figure 1 shows the 6-DOFs of the Katana 450 robotic

manipulators with end effector tool. It consists of 6-DOFs

propelled by six DC motors with incremental encoder con-

trolled by independent axis controller hardware. Gears are

harmonic drive. The Katana 450 manipulator has an inter-

nal control box, which is directly mounted on the robot’s

foot. The supply voltage is 24VDC and average energy

consumption is approximately 50 W. The main board has

PPCMPC5200 processor of 400 MHz, 32 MB Flash, and 64

MB RAM. Operating system is embedded GNU/Linux.

Carrying load capacity is approximately 400 g. Dynamic

modeling of the robot is based on Lagrangian dynamics,

which describes the system in terms of its energy. To con-

struct the inverse dynamic model of the system, the DYSIM

software is utilized and it will operate from within the

MATLAB/Simulink environment. DYSIM requires the

user to specify the mass, inertia, and position of center of

mass for each link, as well as identifying the location of

ground point. The origin of the coordinate system is

located at the point where the rotary axis of actuator 2 lier

in Figure 1. The y represents the rotary axis of actuator 2, 3,

and 4, respectively. A pictorial example of the definition of
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link 2 is connected to the actuator base 2, which is con-

nected to the ground (defined as base). The maximum

reachable point of the manipulator is approximately

0.6024 m from the actuator 2 base point. Links 2, 3, and

4 of the Katana manipulator (rotary joints 2, 3 and 4) are

considered for the implementation of three-link redundant

manipulator. In this implementation, the base of the manip-

ulator and rotary joints of links 5 and 6 are locked at 0�

relative angles during the redundant implementation. In

this case, a system has more control inputs than required

in order to control a specified desired motion. That is, the

robotic manipulator has 3-DOFs, but the planar system has

2-DOFs. In this case, the inverse dynamic equations con-

sists of more unknowns than the number of equations. For

the redundant scheme, the manipulator task consists of

transporting a load mass of 0.3 kg from an initial point

at ðxi ¼ �0:3095; yi ¼ 0:4881Þ m to a destination at

ðxf ¼ 0:1405; yf ¼ 0:4381Þ m in Cartesian space as

shown in Figure 1. It can be seen from the Figure 1 that

the first link of the manipulator has redundancy, and the

rest of the links are nonredundant. The total duration of

motion is varied from 4 to 10 s by increments of 2 s. The

DYSIM program selects 11 generalized coordinates (three

for each links and two for the load) for the robotic manip-

ulator as follows

q ¼ ½x1; y1; y1; x2; y2; y2; x3; y3; y3; xL; yL� (1)

where xi, yi, and yi are the Cartesian coordinates of center

of gravity and the joint angle, respectively, for link i. The

system consists of 20 constraints and 23 variables. The

DYSIM program automatically develops the Lagrangian

function, the dynamic equations of motion including con-

straint equations and differential–algebraic equations. The

initial conditions of the dependent coordinates based on the

user-defined initial position conditions of the user-selected

three independent coordinates and angle of y1, y2, and y3

are also automatically calculated by the DYSIM program.

In this case, y1, xL, and yL were selected as the motion-

defining independent variables. All the theoretical simula-

tions for three-link redundant robotic manipulators are also

executed experimentally on the Katana 450 robotic manip-

ulator. The experimental data from the Katana 450 axes

were recorded as raw data such as encoder position, enco-

der velocity, and encoder time, and then this recorded data

are analyzed and converted to angles in degrees to compare

with the demand and actual trajectories.

The procedure of optimum trajectory planning

Formulation of the optimization problem and definition of the
trajectory. Assumed that the n-links redundant manipulator

task consists of transporting a load mass, m load, from an

initial point, Pinitial, to a destination, Pfinal, in Cartesian

space in Figure 2. Cartesian coordinates of the center of

gravity and the relative angles of each link plus the Carte-

sian coordinates of the load are selected as generalized

coordinates, that is, a total of ð3nþ 2Þ generalized coordi-

nates for the n-DOF system. DYSIM automatically devel-

ops ð2nþ 2Þ constraint equations and a constraint Jacobian

matrix F. For the formulation of the inverse dynamic

model, the parametric desired motion for this n-DOF sys-

tem is specified by using the Cartesian coordinates of the

end effector (fx and fy), and the first ðn� 2Þ relative angles

of the redundant manipulator (yi; i ¼ 1 � � � n� 2). The last

two relative angles (yn�1 and yn) are selected as dependant

coordinates. The n control input locations are selected to be

the relative angles of all n links (i.e. the joint actuator

torques). To construct the trajectory, the uniform fifth-

order B-spline function utilized and it consists of five seg-

ments, and each segment is a polynomial function with a

maximum degree of four. A fifth-order B-spline function

with five sections requires nine control points, r1 to r9.

Three control points (r2, r3, and r4) were utilized to satisfy

the initial conditions (position, its first and second deriva-

tives) and the other three control points (r7, r8, and r9) were

used to satisfy the end conditions (position, its first and

second derivatives). The remaining three free control

points (r1, r5, and r6) are optimized by the optimization

Figure 1. Katana model with one redundancy in link 2.
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algorithm. As a result of this, six free parameters for the

trajectory of the end effector in Cartesian coordinates

(fxðtÞ and fyðtÞ) and four free parameters for the relative

angle of each redundant links are used by the optimization

algorithm. In the case of redundant manipulators, the end

position of the redundant links is also to be optimized and

not known in advance. In order to start the optimization

algorithm, initial values of the free parameters have to be

specified. Arbitrary selection of the free parameters is

used for the initial trajectory in the optimization algorithm

for the redundant/hyper-redundant manipulators. The

velocity and acceleration profiles are zero at the initial

and final positions. In order to implement the optimized

trajectory experimentally, optimized fifth-order B-spline

trajectory has to be converted to cubic polynomials due to

input requirements of experimental implementation on

Katana manipulator.

Cost function. G represents the cost (objective) between ini-

tial and final postures

G ¼
ðT

0

XK

i¼1

g2
i ðtÞ

 !
dt (2)

where gi is the required actuator torque to be applied at

joint i, and T is the motion duration. Calculation of the cost

function in equation (2) requires the running of the inverse

dynamic model for T s.

Proposed methods

Proposed penalty algorithm and optimization

The cost function calculations involve running the compu-

tationally intensive inverse dynamic model, which is time

consuming. In conventional methods (such as the fmincon

function in MATLAB), the constraints equations are

handled separately as it is seen from Figure 3(1) and the

cost function is called regardless of whether the constraints

are satisfied or not. In order to improve computational

efficiency of the trajectory optimization algorithm, con-

straints can be handled within the cost function calculations

as seen in Figure 3(2). The proposed approach involves

running the optimization without the conventional con-

straint functions and checking the constraints within the

cost function before calling the inverse dynamic simula-

tion. This way, the inverse dynamic analysis is only eval-

uated when these constraints are satisfied. The proposed

penalty algorithm procedure is summarized as follows:

1. A global variable p is created (the initial values of p

is set to zero) to count the number of cost function

calls where the parameters do not satisfy the con-

straint equations.

2. During the cost function call, if the constraints are

satisfied, the cost value is calculated by calling the

inverse dynamic program in accordance with equa-

tion (2).

3. If any of the constraints are not satisfied, an alter-

native cost value is returned without running the

inverse dynamic model as follows

p ¼ pþ 1 and G ¼ bbð1þ p=10Þ (3)

where bb is a large base value and is set to bb¼ 105.

Equation (3) will ensure that the alternative cost value will

be always updated and increased at each violation of the

constraints to avoid a local minimum to be found outside of

the constraints. The automatic update of alternative cost

value for each cost function call outside the constraints

(independent of the severity of violation) does not distort

the original cost function of the trajectory optimization

algorithm, instead it has an effect of avoiding some con-

straints to be treated as more important than others in the

optimization algorithm. The value of bb is kept constant

during the trajectory optimization process. In theory, this

value can be fixed to any arbitrary value, however, in

Figure 2. Schematic view of a redundant manipulator. Last two
links are nonredundant.
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practice, the performance of an optimization algorithm will

be depended on the selection of the value of bb. The value

of bb should be higher than the worse case cost function

value when constraints are satisfied. Therefore, a value of

bb set to bb ¼ 105 (after some trial and experiments) is

selected for this study.

Proposed virtual link concept

In addition to kinematic constraints that may be imposed on

the position, velocity, and acceleration profiles of each

joint, it is crucial to ensure that the parametric trajectory

functions generated by the trajectory optimization algo-

rithm give a realizable motion within the workspace of the

robotic manipulator. Otherwise, the inverse dynamic simu-

lation will fail to run during the cost function calculation,

and hence the optimization will fail. Because, redundant

robotic manipulators may consist of any number of DOFs

and any length. In this case, each of the redundant links has

an infinite number of solutions for the desired end effector

position. This situation can cause many problems when

executing the optimization, such as the complexity in com-

putational, long computations time, and difficulty in find-

ing the optimal solution between the infinite numbers of

solutions. However, this proposed virtual link concept has

the capability to control a large number of DOFs manipu-

lator while reducing the energy consumption in the optimi-

zation algorithm. Therefore, the distance between the end

of the proposed virtual link (the last redundant link point at

xr, yr) and the end effector (point at fx, fy) must be less than

or equal to (ln�1 þ ln). In this case, the proposed virtual link

will be checked by the proposed penalty algorithm in order

to guarantee a realizable motion within the workspace

envelop. In this instance, the proposed penalty algorithm

and the proposed virtual link concept will be combined and

run together in the trajectory optimization algorithm. This

is equivalent to replacing the redundant links by a single

virtual link Rrm as shown in Figure 2. At each step of the

movement, the position of the redundant/hyper-redundant

robotic manipulators has to satisfy the following constraint,

which can be formulated as follows

Rnrm ¼ max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfx � xrÞ2 þ ðfy � yrÞ2

q
� ln�1 þ ln (4)

where xr and yr can be calculated from the optimization

parameters as follows

xr ¼
Xn�2

i¼1

li cos yi and yr ¼
Xn�2

i¼1

li sin yi (5)

The most important advantage of this proposed

method is that whatever the length of the redundant

links, it will always be acting as a virtual link (as a

single link) (Rrm). Figure 4 demonstrates the simplified

view of Figure 2, and it can be seen from the Figure 4,

the control algorithm in equation (4) enables intersection

of the two circles. This intersection point of two circles

will be satisfied at each step of the movement. Hence,

redundant links position on the workspace is guaranteed

by a virtual link (Rrm) and computational complexity of

the redundant/hyper-redundant links are significantly

Figure 3. (1) Conventional optimization method, constraints are handled as nonlinear inequalities in the constraint function;
(2) proposed optimization method, constraints are handled in the cost function.
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reduced. In addition to the kinematic and dynamic con-

straints, this nonlinear constraint ensures the end effec-

tor is on a reachable point in Cartesian coordinates. In

this criterion, the distance between the origin and end

effector must be less than the sum of all of the link

lengths. The following criterion must satisfy the end

effectors reachable point Reef in Cartesian coordinates

Reef ¼ max
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðf 2

x ðtÞ þ f 2
y ðtÞÞ

q
�
Xn

i¼1

li (6)

for 0 � t � T . Since fx and fy are generated from the

optimization parameters, this constraint can also be

checked before calling the inverse dynamics. The solu-

tion of the optimization problem is obtained using

sequential quadratic programming techniques (such as

the “fmincon” function in MATLAB. The steps of our

proposed energy minimization algorithm based on

inverse dynamic are shown in Figure 5 and detail can

be found as follow:

1. Before executing the optimization algorithm, all

kinematic and dynamic constraints of the mechan-

ism have to be identified. In this example, these

constraints are based on maximum and minimum

values of the position, velocity, acceleration, torque

values, and end effector reachable point Reef in

equation (6) and Rnrm in equation (4).

2. Hereafter, optimization algorithm will begin from

suitable and feasible initial conditions (randomly

for redundant/hyper-redundant case) for a given ini-

tial and final position in the desired coordinate sys-

tem and the duration of motion.

3. Before the cost function calculation algorithm

runs inverse dynamic program, it will check the

kinematic constraints boundary conditions such

as position, velocity, and acceleration profile

and also end effector reachable point Reef in

equation (6) and Rnrm in equation (4) of the

system. In this step of the algorithm, two situa-

tions can occur:

� If the kinematic constraints are not satisfied and

have violated the boundary conditions, the

inverse dynamic analysis will not run. There-

fore, these kinematic boundary conditions in the

cost function will be punished heavily by utiliz-

ing proposed penalty algorithm (as in equation

(3)). After all this, the optimization algorithm

will go back to step 2 in order to find minimum

cost value in the system.

� If the kinematic constraints are satisfied, inverse

dynamic programming will be run in order to

calculate the dynamic cost function. In this case,

two situations can also occur: If the torque lim-

itations or other dynamic constraints are vio-

lated, the dynamic constraint equation will

also be punished by proposed penalty algorithm.

Hence, the optimization algorithm will continue

with step 2. In other cases, if the torque limita-

tion is satisfied, cost value of the system will be

calculated by the inverse DYSIM dynamic pro-

gram. The output of the inverse dynamic will be

the new cost value of the system.

4. This procedure will continue until the optimization

algorithm finds the lowest cost value. The proce-

dure of the optimization algorithm and also the pro-

posed penalty algorithm are shown in Figure 5.

Experimental implementation and results

Optimum trajectory planning for three-link redundant
manipulator on Cartesian coordinate

The proposed methods were implemented in Simulink. All

these required parameters are summarized in Table 1. Fig-

ure 6 shows the corresponding optimized manipulative task

with varying durations of motion in temporal trajectory

position. The temporal positions in this figure clearly show

us the manipulator’s behaviour during the simulations. It

can be seen from the figure that the robotic manipulator has

followed different paths for each duration of motion with-

out violating the kinematic and dynamic constraint condi-

tions. Figure 7 shows the output determinant of the

augmented matrix for varying durations of optimum

motion of redundant trajectories. This determinant is a

good candidate to indicate a singularity point of the result-

ing trajectories. In Figure 7, while approaching a singular-

ity point at t ¼ 1:1 s, t ¼ 1:55 s, t ¼ 2 s, and t ¼ 2:65 s, for

Figure 4. Simplified model of the virtual link in Figure 2.
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the durations of motion of t ¼ 2 s, t ¼ 4 s, t ¼ 6 s, and

t ¼ 8 s, respectively, the determinants of the redundant

manipulator become zero indicating singularity configura-

tions. At these singularity points, relative angles of link 4 to

the link 3 of the robotic manipulators are almost 0� as

indicated in the red-colour link as shown in Figure 7. How-

ever, the current robotic configurations allow the robotic

manipulator to move away from singularity point and it

quickly recovers from such a situation without stopping

or/and stucking in a singular point during the desired

motion. Although a smoothness of passing through singu-

larity points is not guaranteed completely, all of the deter-

minants changed their signs around the singularity points

and motion continued. Figure 8 presents the comparison

between the theoretically simulated optimized velocity pro-

files (reference) and the experimentally recorded optimized

velocity profiles (actual) for links 2, 3, and 4, respectively.

The velocities do not violate the velocity constraints. As

expected, experimental results of the velocities support the

simulation results, and the identical velocity profiles

between the demand and actual velocity have been

observed. As it can be seen from the velocity profile for

4 s, the link 2 is the slowest link among the other two links.

In this duration of the motion, the robotic manipulator

attempts to move the link 3 and link 4 away rapidly from

the initial point, and this movement results in a high velo-

city profile for the link 3 and link 4 during that motion.

While approaching a singular point at 1.1 s (as shown in

output determinant for 4-s motion in Figure 7), there is a

sudden and sharp decline in the velocity profiles of link 3

and link 4. At a singular point at 1.1 s, the speeds of the link

3 and link 4 reach almost zero velocity for this duration of

motion. In addition to this, link 2 becomes perpendicular to

the x coordinate as shown in “temporal for 4 s” profile as

Figure 5. Proposed optimization procedure.
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shown in Figure 7. This duration of motion is also demon-

strated in the actuator torque profiles as in Figure 9, which

shows the theoretical comparison of variation of torque

requirements with various durations of motion for the opti-

mal redundant trajectories. As a result of this, a sudden

decrease in the torque profile of link 2 is observed at

0.26 normalized time as shown in Figure 9 and it reaches

zero torque magnitude at this duration of motion. After 0.4

normalized seconds, link 2 is taking the position almost

vertical to the x axis, therefore it has an almost zero torque

magnitude until the end of the simulation. Furthermore, the

duration of the motion of 6 s has almost the same velocity

and determinant profiles as the duration of motion of 4 s

during the given task. As is seen from the velocity profile of

6 s of motion in Figure 8, they are inherently slower than

the velocity profile of 4 s. In the duration of motion of 6 s,

the velocity profiles of the link 3 and link 4 also have a

sudden and sharp decline before they reach the 1.55 s of

simulation time. Similar to the velocity profile of 4 s

Table 1. Parameters for Katana 450.

Link 2 Link 3 Link 4

Parameters
Mass of link (kg) 1.022 0.882 0.969
Length of link (mm) 190 139 273.4
Distance from CoG to

end link (mm)
95 35.3 163.4

Inertia of link (kg�m2) 0.0445 0.0445 0.0114
Friction coefficient of

link (N�ms/rad)
1.8 1.5 0.39

Mass of gear (kg) 0.233 0.233 0.182
Gear ratio 371 371 100

Limits
Absolute angle (deg) 132� 245� 224�

Relative angle (deg) þ102�/�30� þ/�122.5� þ/�112�

Max velocity (deg/s) 72.52 73.53 136.8
Max acceleration (deg/s3) 2321 2353 4378
Torque (N�m) 17 13 9

−0.5 0 0.5
0.4

0.45

0.5

0.55

0.6

End−effector trajectory of t = 4 s

y 
(m

)

−0.5 0 0.5
0.4

0.45

0.5

0.55

0.6

End−effector trajectory of t = 6 s

−0.5 0 0.5
0.4

0.45

0.5

0.55

0.6

0.65
End−effector trajectory of t = 8 s

y 
(m

)

−0.5 0 0.5
0.4

0.45

0.5

0.55

0.6

End−effector trajectory of t = 10 s

Non−optimum path Optimum path (simulation) Optimum path (experimental)

−0.5 0 0.5
0

0.2

0.4

0.6

y 
(m

)

Optimum temporal position for t = 4 s

−0.5 0 0.5
0

0.2

0.4

0.6
Optimum temporal position for t = 6 s

−0.5 0 0.5
0

0.2

0.4

0.6

y 
(m

)

Optimum temporal position for t = 8 s

x (m)
−0.5 0 0.5
0

0.2

0.4

0.6
Optimum temporal position for t = 10 s

x (m)

final pointinitial point

Figure 6. Initial non-optimum path, tracking performance
between reference path, and experimental output.

−0.4 −0.2 0 0.2
0

0.1

0.2

0.3

0.4

0.5

0.6

x (m)

y 
(m

)

Temporal for 4 s

−0.4 −0.2 0 0.2
0

0.1

0.2

0.3

0.4

0.5

0.6

x (m)

y 
(m

)

Temporal for 6 s

−0.4 −0.2 0 0.2
0

0.1

0.2

0.3

0.4

0.5

0.6

x (m)

Temporal for 8 s

y 
(m

)

−0.4 −0.2 0 0.2
0

0.1

0.2

0.3

0.4

0.5

0.6

x (m)

y 
(m

)

Temporal for 10 s

0 1 2 3 4
−0.04

−0.02

0

0.02

0.04
Output determinant for t = 4 s motion

Time (s)
0 2 4 6

−0.04

−0.02

0

0.02

0.04
Output determinant for t = 6 s motion

Time (s)

0 2 4 6 8
−0.04

−0.02

0

0.02

0.04
Output determinant for t = 8 s motion

Time (s)
0 5 10

−0.04

−0.02

0

0.02

0.04
Output determinant for t = 10 s motion

Time (s)

Singularity point

Singularity point

1.55 s

Singularity point

1.1 s finalInitial

2.55 s2 s 4.15 s

Singularity point

Figure 7. Three-link redundant manipulator positions for the
singularity points of the output determinants with varying dura-
tions of motion.
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motion, in the duration of motion at 1.55 s, the velocity

profiles of the link 3 and link 4 becomes almost zero.

Similarly, in this singular configuration of the motion, link

4 is in the zero angle position relative to the link 3. In this

duration of motion, the required torque profile is decreas-

ing, and the necessary torque profile of 6-s motion is clearly

less than the duration of motion of 4-s profile. Correspond-

ingly, link 2 also takes the position as perpendicular to the x

axis between the 0.4 and 1 normalized second of the torque

profile of 6-s motion. Hence, the torque magnitude of link 2

has almost zero magnitude between these normalized times

until the end of the desired motion. In the duration of

motion of 8-s profile, unlike other movements in 4, 6, and

10 s, there are nearly two singular configuration points at 2

and 4.15 s of the motion. The corresponding manipulator’s

configurations at these durations of motion are shown in

“temporal position for 8 s” profile as shown in Figure 7. In

the first singular point of the duration (at 2 s of motion),

unlike other decline velocity curve profiles in 4, 6, and 10 s

of the motion, it is quite sudden and sharper. In the duration

of motion of 4.15 s, another singularity point occurs as

shown in the output determinant for 8-s motion profile in

Figure 7. For this duration of motion, the velocity profiles

of link 3 and link 4 are once again approaching 0� as shown

in the velocity profile for 8 s in Figure 8. In the second

singular configuration of the manipulator, all of the torque

profiles of the manipulator have been observed as zero

torque magnitude for a short period of time as shown in

Figure 9. The duration of the motion of 10-s profile indi-

cates that the singularity point has occurred at the duration

of motion of 2.65 s. Similar to the other movements, the

velocity profile of link 3 and link 4 is approaching zero

velocity at this duration of motion as shown in velocity

profile for 10 s in Figure 8. In addition, the torque profile

of link 3 and link 4 have a much smoother and lower torque

magnitude among the others as shown in Figure 9. The

recorded optimum current profiles of the various durations

of motion of the experimental results are shown in Figure 9.

In order to calculate the optimum current profile for each

duration of motion, the experimental trajectories were car-

ried out five times, and the current required in each of the

actuators was recorded five times and averaged for each

sampling of the simulation time. The optimum initial required

current profile of link 3 is high and about 300 mA. Further-

more, the optimum initial required current profile of link 4 is

also high and starting from 100 mA. If we compare these

values with the values of optimum initial torque requirements

of link 3 and link 4 in Figure 9, the comparison will clearly
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show us the experimental results which strongly support the

theoretical outcomes.

As expected, the motion duration has a significant

impact on the outcome of the cost function. It can be seen

from the Table 2 that as the time of the motion is increased,

the energy consumption is increased. After optimization,

the cost value is reduced remarkably, and the considerable

improvement achieved approximately 56.57% in 4-s

motion in theoretical study. The corresponding experimen-

tal cost values for varying durations of motions are also

demonstrated in Table 2 and maximum energy reduction

was observed to be approximately 43.001%, which corre-

sponds to the duration of motion of 4-s profile in the experi-

mental study.

In addition to the Katana 450 manipulator, the effective-

ness of the proposed methods is also demonstrated experi-

mentally by utilizing the Denso VP-6242G industrial

robotic manipulator based on links 2, 3, and 4. For the

Denso VP-6242G manipulator, it has an external control

box, which is developed by Quanser company. The custom-

designed controller box contains six amplifiers and built-in

FFþPID (feedforward, proportional, integral, derivative)

controllers. Carrying load capacity is approximately 2000

g. Dynamic modeling of the robots is also based on Lagran-

gian dynamics, which describes the system in terms of its

energy. To construct the inverse dynamic model of the

systems, the DYSIM software is utilized. The maximum

reachable point of the manipulator is approximately 0.6844

m from the actuator 2 base point.

Link 2, 3, and 4 of the Denso manipulator (rotary joints 2,

3, and 4) are considered for the implementation of three-link

redundant manipulator. For the redundant scheme, the manip-

ulator task consists of transporting a load mass of 0.45 kg

from an initial point at ðxi ¼ �0:4185; yi ¼ 0:5945Þ m

to a destination at ðxf ¼ 0:3285; yf ¼ 0:3935Þ m in Car-

tesian space as shown in Figure 10. The proposed methods

were implemented in Simulink. All required parameters of

the Denso are also summarized in Table 3.

It can be seen from the Table 4 that as the time of the

motion is increased, the energy consumption is increased.

After optimization, the cost value is reduced remarkably,

and the considerable improvement achieved approximately

48.33% in 4-s motion in theoretical study. The correspond-

ing experimental cost values for varying durations of

motions are also demonstrated in Table 4 and maximum

energy reduction was observed to be approximately

40.19%, which corresponds to the duration of motion of

4-s profile in the experimental study.

In order to evaluate the outputs observed above, it is

clear that the robotic manipulator has a very wide working

space because the system has a redundant structure. As a

result of this, it is much easier to get rid of the singularity

Table 2. Cost values for Katana robot.

Time Non-optimum Optimum Energy saving

Simulation N2m2s N2m2s %
Cost (4 s) 87 38 56.57%
Cost (6 s) 128 62 51.48%
Cost (8 s) 169 92 45.78%
Cost (10 s) 211 122 42.21%

Experimental amp2s amp2s %
Cost (4 s) 72 31 43.001%
Cost (6 s) 99 60 39.22%
Cost (8 s) 144 92 36.21%
Cost (10 s) 176 119 32.54%

Figure 10. Denso model with one redundancy in link 2.

Table 3. Parameters for Denso VP-6242G.

Link 2 Link 3 Link 4

Parameters
Mass of link (kg) 1.125 1.750 1.420
Length of link (mm) 210 220 265
Distance from CoG to end link (mm) 102 104.3 133.2
Inertia of link (kg�m2) 0.0185 0.042 0.0224
Friction coefficient of link (N�ms/rad) 2.4 1.9 0.78
Mass of gear (kg) 0.478 0.473 0.252

Limits
Absolute angle (deg) 120� 160� 120�

Max velocity (deg/s) 85.19 89.10 122.13
Max acceleration (deg/s3) 3311 3323 4218
Torque (N�m) 27 24 11

Table 4. Cost values for Denso robot.

Time Non-optimum Optimum Energy saving

Simulation N2m2s N2m2s %
Cost (4 s) 120 62 48.33%
Cost (6 s) 165 91 44.84%
Cost (8 s) 206 120 41.74%
Cost (10 s) 251 162 35.45%

Experimental amp2s amp2s %
Cost (4 s) 102 61 40.19%
Cost (6 s) 129 83 35.65%
Cost (8 s) 153 105 31.37%
Cost (10 s) 204 143 29.90%
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problems for each joint, therefore, the redundant structure

appears to be quite robust to kind of these problems during

the motion. In addition, due to the wide working space of

the redundant/hyper-redundant structure, there will be a

considerable decrease in the actuator torque profiles dur-

ing the movement of the system, thus the energy con-

sumed by the actuators is considerably reduced.

By introducing a virtual link concept, all the redundant

links are acting as a single link and it leads to controlling

these massive number of DOF’s robotic manipulator easier

and control complexity of the redundant/hyper-redundant

manipulators is reduced. If the robot is asked to go to the

point where it cannot reach, this virtual link constraint

prevents inverse dynamic failure during the optimization

process. Because, a virtual link concept eliminates physi-

cally impossible configurations before running the inverse

dynamic model. The benefit of preventing the inverse

dynamic failure to avoid the user from restarting the fail-

ing program every time and leaving the optimization pro-

gram to decide whether to run the program. In this case,

the optimization algorithm will generate the new optimi-

zation parameter itself without user factor during the simu-

lation. In addition to virtual link constraint, other

constraints are also handled effectively within the cost

function to avoid running the inverse dynamics when the

constraints are not satisfied. Therefore, computational

complexity is reduced by preventing the running of inverse

dynamic analysis.
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Optimum trajectory planning for hyper-redundant
manipulators

An eight-link hyper-redundant (with 6-DOFs redundancy)

manipulator is introduced to verify the proposed methods

for a large number of links. The simulation is carried out

by the program DYSIM. The manipulator task for this

example is to move the load mass from an initial point

Pinitial (xi ¼ 1:54, yi ¼ 0:14) m to a final point Pfinal

(xf ¼ 0, yf ¼ �0:85) m in Cartesian space coordinate

as shown in Figure 11. The viscous friction effects of the

joints are also included with a coefficient of friction “0.6”

Ns/m and gears are also taken into account with all gear

ratios R1�8 ¼ 50. The motion duration is specified as T ¼
2 s. Mass center of gravity of the links are in the middle

of each link and the load mass is m load ¼ 0:3 kg at the

end of the last link. An eight-link hyper-redundant manip-

ulator has eight identical links, and each link length is

selected as 0.2 m. For each link, motor and link inertias

were selected as 0.0001 kg�m2 and 0.0025 kg�m2, respec-

tively. All the links have identical mass,

m1 ¼ . . . ¼ m8 ¼ 0:5 kg and each motor mass was

selected as 0.2 kg. The angle, velocity, acceleration, and

torque constraints are given in Table 5. The DYSIM

program selects 26 generalized coordinates (three for

each links and two for the load) for the robotic manip-

ulator. The system consists of 50 constraints and 58 vari-

ables. The Lagrangian function and the dynamic

equations of motion including constraint equations and

differential–algebraic equations are automatically devel-

oped by the DYSIM program. The program also calcu-

lates the initial conditions of the dependent coordinates

based on the user-defined initial position conditions of

the user-selected eight independent coordinates and the

angle of y1 to angle of y8. In this case, angles of links

y1 to y6 and xL, yL were selected as the motion-defining

variable. In this hyper-redundant scheme, y1 to y6 indi-

cate the relative angle of the redundant links of the

robotic manipulator. The corresponding randomly gener-

ated feasible non-optimum and optimum manipulative

task are shown in temporal trajectory positions and also

corresponding end effector’s (EEF’s) tracking trajectory

as presented in Figure 11. As is seen from the Figure 11,

the EEF tracking curve of the motion trajectory corre-

sponding to non-optimum parameters has almost a

straight-line trajectory apart from the beginning of the

motion. This movement of the manipulator provides high

torque magnitude and sudden ascension on the non-

optimized torque curves for all actuators between the

duration of 1.3 and 1.4 s in the simulation as shown with

0 1 2
−40

−20

0

20

40

60

Link 1 (Redundant)

Time (s)

T
or

qu
e 

pr
of

ile
 (

N
m

)

0 1 2
−30

−20

−10

0

10

20

30
Link 5 (Redundant)

Time (s)

T
or

qu
e 

pr
of

ile
 (

N
m

)

0 1 2
−40

−20

0

20

40

60

Link 2 (Redundant)

Time (s)

0 1 2
−20

−10

0

10

20

30
Link 6 (Redundant)

Time (s)

0 1 2
−40

−20

0

20

40
Link 3 (Redundant)

Time (s)

0 1 2
−50

0

50

100
Link7

Time (s)

0 1 2
−40

−20

0

20

40
Link 4 (Redundant)

Time (s)

0 1 2
−60

−40

−20

0

20

40
Link 8

Time (s)

Optimum Non−optimum

Figure 12. Simulated planned trajectories of non-optimum and optimum torque profiles for hyper-redundant.

Table 5. Parameters for hyper-redundant.

Constraints Links (1, 2, 3, 4, 5, 6, 7, 8)

Relative angles (deg) þ/�122.5�

Velocity (deg/s) þ/�110
Acceleration (deg/s3) þ/�3500
Torque (N�m) 120
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dashes in Figure 12. As is seen from the Figure 13, the

non-optimum cost curve increases rapidly and gives an

initial cost value of G ¼ 8084. On the other hand, the

EEF tracking curve of the motion trajectory correspond-

ing to optimum parameters has a smooth EEF tracking

profile as shown in Figure 11(d). This optimum motion of

the manipulator provides admissible torque magnitude

and avoids sudden increases in torque profile during the

motion as shown in Figure 12. The corresponding

optimized cost curve is increasing smoothly as shown

in Figure 13 and less incline is observed on the curve

of the cost value due to the optimum parameters. After

optimization, the cost function is reduced to G ¼ 5232,

which corresponds to 35.3% reduction along the desired

trajectory.

Conclusion

The article has demonstrated experimentally efficient con-

straint handling technique and effective control algorithm

to prevent running computationally intensive inverse

dynamic model, when all constraints are not satisfied. The

success of the proposed methods relies on the techniques

that the kinematic and dynamic constraints are included in

the cost function as well as introducing the virtual link

concept, where all of the redundant links are acting as a

single link during the motion. The simulation results make

clear the effect of the proposed methods for the redundant/

hyper-redundant robotic manipulators. The proposed meth-

ods not only achieve a reduction in the energy consumption

for the hyper-redundant manipulators but also has the abil-

ity of handling a large number of DOFs manipulators and

constraints without any problems. A variety of constraints

and different cost functions can easily be added to the

proposed optimization procedure.
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