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ULTI~ATE STRENGTHS OF WELDED JOINTS IN TUBULAR STEEL STRUCTURES

by Keith David Sparrow B.Sc.

SUMMARY

An experimental and theoretical investigation of ttle strength of
welded T-,joints has been carried out, and the following tests were
conducted: -

17 No. tests for ultimate axial strength CPu)
17 No. tests fcr wI timate Dending strength (Mu)
71 No. tests for combined axial and bending streng~h

The parameter ranges of the tests ware:-

brace diameter/chord diameter:
chord diameter/chord thickness:
brace thickness/chord thickness:

0.42, 0.53, 0.67, 0.77, 1.0
18. 21, 23, 32
0.63 1.4

All test specimens were steel to BS Grade 43C, with an average
nominal yield strength of 350N/mm2•

The interaction between axial and bending strengtn has been studied
experimentally and theoretically and a relationship has been
established. Formulae are proposed for calculating the ultimate
axial strengths of welded T-joints and the ultimate bending strengths
of welded T-joints.

Numerical analysis of the experimental test results has been carried
out using regression methods. A computer program has been developed
to facilitate this task. Design equations have been deduced as a
result of the regression analysis.
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,A.. theoretical study of T-joint stress distribution under axial and
bending loads has been carried out using an elastic finite element
system called LUSAS. which has been developed at Imperial Collage.
London by Or. P. Lyons. RSSIJlts have beer, plotted using programs
developed at Kingston Polytechnic.

A review of the twenty existing methods for calculating the ultimate
static strengths of welded T, Y. X. K and N-joints in ~ircular
hollow steel sections has also been carried out. Calculated loads
have been compared with 450 existing test loads. and the r~sults
have been analysed statistically. Each formula has been reviewed
and discussed and. as a result of the statistical analysis,
recommendations for design formulae for K. N and X-joints have
been made.
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NOTATION

An Cross-sectional area of tube member

n = O. for chord member
n = 1. for compression branch member
n = 2. for tension branch member

The significance of n is the sarna wherever used as a suffix
in these abbreviations.

dmin Minimum nominal diameter of two branch members at a joint.

dn Diameter of tube member.

e Eccentricity usually of a 'K' type joint.

fcn Applied axial stress in tube member.

fbcn Applied bending stress in tube member.

Fn Applied axial member load.

fyn Specified yield strength (stress) of tube material.

g Gap between branch members along chord member crown -
usually of a 'K' or 'N' type joint.

go Ratio of gap (g) divided by chord diameter (do).

Kl Joint strength parameter for br~cing member angle.

K2 Joint strength parameter for chord prestress.

K3 Joint strength parameter for gap.

K4 Joint strength parameter for local bending effects.
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Intersection length factor (LA =

Intersection section factor (ZB =

L Intersection length between brace and chord members.

M Applied moment at joint.

Mu Ultimate moment of joint.

My Yield moment of joint.

N Applied axial force in chord member.

Nu Ultimate axial force in chord member.

n Dimensionless i.roupN/fyo .Ao.

P Applied axial force at joint in branch member.

PN Allowable normal force in chord at a joint.

P Safe working load of a joint.
n

Pu Ultimate axial force at joint 1n branch member.

q Overlap of branch members usually in 'K' or 'N' type joint.

Rn Radius of tube member.

t Thickness of tube member.n

Ub Of an overlapped K or N-joint: the intersection length
between the two overlapping branch members.

Uc Of an overlapped K or N-joint: the intersection length
between the compression branch only and the chord member.
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Z Inclined length of branch me~ber diameter, along chordn
crown CZ = d /26in9n)n n

B dJ./do

y Ro/to

'r tJ./to

en Angle of inclination of branch member.

v Poisson's ratio.
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CHAPTER I

INTRODUCTION

In 1952 the British company of Stewarts and Lloyds rolled the first
rectangular hollow steel sections (RHS) which were used as stair
treads in the walkways of the first big jib the walki~g dragline
1.oJl400 bul1 t at Corby to strip the overburden in the open cast
iron-are quarries. from these smell beginnings, st:L'IJcturalhollow
sections (SHS) have devalopedto the point where they ara a fLlly
accepted type of structural staal section. Not all countries have
reachad the same stage of development. but in many, a full range of
structural hollow sections is being produced and used in all types
of structural applications. f~llow steel sections (HSSl are usad
as columna, or as members in truss structures. either simple frames,
or complex space frames. Jointing has always been a major problem
for this type of structure and meny ingenious methods have been
evolved. The mast 'popular method for jointing relatively smell
sections has been one which involved some type of bolted connector.
The NODUS system for circular sections developed by the British
Steel Corporation is an example of this joint.

Recent developmentsin the use of hollow steel sections have required
the use of welded connectionsi braced and unbraced, between members.
The welding procedure is fairly str3ightforward 1n RHS. but becomes
more complex far circular hollow sections (CHS). Straight cut
circular sections may only be welded to a curved surface provided
that the weld gap caused by the curve does nat axceed some maximum
value e.g. 3.l7mm. Where this is exceeded the branch tube must be
profile shaped (known as saddling). The profile cutting of ends
may be carried aut by flame cutting. or by flame cutting and
subsequent grinding to clean up the edges. Machines are available
which will flame cut and profile shape the ends of any combination
of diameters and angles required. They will also chamfer the ends
for butt welding.
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1.1. Appl,icatwns of HSS

1.1.1. ~chitectul'a7, Stl'UCtUl'es._-
The covered walkway in Figure 1 is constructed in SHS and glass
to a height of 15 metres. This combination of materials creates
a light and airy internal walkway, appreciated by pedestrians in
cold weather. Designers do not like to be con~ined to rectilinear
forms. One of the advantages of SHS is that designers can use it
to create curves in any three-dimensional form. The clean, good
looks of SHS has long been recognised by Architects, who have often
used it in situations where the steel frame is drarnatically exposed
to view. Typical appl1cationa include banking halls, swimming paola.
ice rinks, stadiums and exhibition pavilions.

1.1.2. Office BuiUi7'lfl8

The structural hollow section has the highest compression strength
to weight ratio of any steel section. Its application to columns
in office buildings is thus quite natural. In addition to
structural efficiency, the compact shape of SHS gives clearer floor
areas. A good example is the Estel Headquarters in Holland which
features SHS not only in the structural framework but also in the
facade units 'Nhich incorporate the central heating syst9ITI.

A ten storey office tower at Hanley uses 304.8 square SHS. commencing
with a thickness of l6mm at the ground floor and reducing to l2.Smm
at the upper floor. The columns were supplied in three storey lengths
with temporary shelf angles tack welded to the ends. On site these
were removed after butt welding the two exposed sides, and the butt
welding was completed. The use of HSS in this way eliminated the
need for temporary bracing and made alignment of the columns easier.

The danger of earthquakes in Japan means that their high rise office
buildings must be extremely rigid. Frames using SOD x SOOmm RHS
columns with thicknesses up to 5D~m have been used. Unique shop
~abricated connections consisting of column, internal diaphragms
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at the connection point, and short beam stubs, are popular. These
connections are rigid under bending moments and have the necessary
strength to resist seismic shearing forces.

1.1.3. IndustriaL BuiLdings

These structures must be rugged and economical. SHS is rugged but
can only be economical where an expertise has been acquired in its
application. A very large construction project, presently in
progress, will eventually double the Steel Company of Canada's
steelmaking capacity. Phase 1, which will add 11 million tons per
year, will start in 1980. Over 80,OOOt of structural steel were
used in the complex including a.OOOt of atruc~ural hollow sections.
SHS were used exclusively for roof trusses, most of which had 9

32m span. The high compressive and torsional strength of HSS gava
a more economical design than was possible using conventional hot
rolled sections. HSS trusses are extremely rigid and can be lifted
from one point, therefore, redUCing erection costs. SHS was also
used to provide aesthetic pipe racks. conveyor supports and sign
structures. About 6km of pipe racks have been constructed from
300 x 300mm and 250 x 250mm RHS.

Industrial halls are more common and in total represent a larger
market for SHS. An example 1s the Jumbo jet hangar at London's
Heathrow Airport (Figures 2, 3 & 4). The building is 138m x 81m
and 30m high. The main girders in the roof span 138m between
columns, and the transversa Pratt (N) girders epan 45m. The high
efficiency of SHS in compression easily accommodates the larger
effective lengths required 1n this type of construction. The
savings in joint fabrication more than offset the slight weight
penalty. In this structure the rainwater pipes from tha roof run
within the RHS columns.

SHS storage structures have been widely used to cover bulk materials
such as woed chips, cement, and potash.
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SHS has been accepted for use in the construction of pipe racks.
flare towers and stair towers in heavy water plants and 1.nclear
generating stations.

1.1. 4. T07J)er8

SHS has been widely used for all types of towers in the communications
and electrical industries. All governments are under stl~ng pressure
to conserve the environment. The aesthetics offered by SHS give an
improved appearance (Figure 5).

Tall microwave towers have to be designed to meet very severe
deflection reQuirements imposed by the communications industry.
The low drag coefficient of SHS makes it the natural choice for
such towers.

1. 1. S. Bridges

The aesthetic qualities of SHS combined with its structural efficiency
is the reason why it is widely used in pedestrian footbridge construction.
The eN Tower in Canada is the tallest free-standing structure in the
World. One of its features is a glass enclosed pedestrian passageway
serving as the Tower's main entrance, the bridge consists of three
continuous spans over two concrete piers. The welded 135m long truss
structure is made from 300 x 300nvn RHS chord and 250 x 2S0mm RHS web
(branch) members. The whole structure is 3.5m deep and 4.0m wide.

Pipeline bridges of the type shown in Figure 6 are becoming more
popular since the application of CHS gives a light. flexible structure.
which compares favourably costwise with the alternatives e.g. tunnelling
or pipe jacking.

1.1.6. Space Frames

Since the recent advent of jointing systems the use of SHS in space
frame construction has increased (Figure 7), Large clear spans are
available, with the possibility of accessible storage space
incorporated in the roof of a structure.
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1.1.7. Marine Structures

Round SHS rCHS) h~s found wide application in pile foundations.
It is the only piling material that can be inspected after
driving to check for out-af-straightness and end damoge. Tubular
piling is readily joined in the field to form any desired length.

The Japanese have taken the development of tubular piling one
step further. Through the addition of interlocking devices along
the edges of CHS. a tubular form of sheet piling is obtained.
The high bending strength of this type of pile gives increased
lateral strength for coffer dams and r9taining walls. The
tubular shape can also accept harder driving than conventional
sheet piling.

SHS has beeh extensively used in all of the offshore oil rigs
fabricated throughout the world. It has also been used for
dolphins and mooring towers which are required for loading and
unloading the oil industry's supar tankers. (Figure 8).

1.1.8. Other Uses

These are numerous and include such diverse uses as. scaffolding.
agricultural buildings and mechinery. cattle pans, roll bars for
-agricultural and earth moving equipment, jibs of cranes, (Figures
9, 10, 11), lorry chassis, bents and trusses to support conveyors,
railway ties and crossings, and road sign supports and safety
barriers.
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1.2. U·t;iZ·tsation of the Void in SHS

As mentioned earlier. one use of the void in SHS is as a
pe ssegewey for 1.r.tai:eI' pl pas , drainpipes and/or el.ectr.tcal
condud ts.

A recent development has been the increase in fire protection
by filling the VOid with water. Provided the water supply is
maintained the resulting structure provides infinite fire
resistance. The structure behaves exactly like a boiler.

For many yoars. SHS piling has been concrete filled. Recently.
however. concrete filled SHS columns are being used in
structures. The concrete substantially increases the strength
of the column in additicn to providing increased fire
resistance.

Recent papers give more details of research developments in
both these fields of application1,2,3.

1. 3. Deve Zopment of SHS Around the Worza
1.S.1. United Ki~4dam

A full range of RHS and CHS are manufactur9d in the U.K. by
the British Steel Corporation. RHS are available as square
from 20 x 20 x 2mm to 400 x 400 x l2.Smm or rectangUlar from
50 x 30 x 2.4mrn to 450 x 2S0 x lS.Omm. CHS are available
from 21.3 x 3.2mn tc 457 x 40mm.

The steel is supplied in accordance with 8S 4360 Grades 43C,
SOC, SSC, and WR 50 (weathering steel). In addition. during
1976, a new steel "ROPSTEEL" was introduced for use in the
construction of tractor cab and rollover protection structures.

DThis steel is tested for impact at -29 C according to the
specimen size.

- 6 -



Plane Trusses

At the shopping centre in the new town of Craigavon, 30 miles
south of Belfast, Northern Ireland, there are plane lattice
girders in a roof which is supported by suspension cables
from 21m high masts of HSS "ladder form" 1n Stalcrest
weathering steel to give e clear span of 48m. The building
size is 86m x 120m giving 11.000m2 of floor space. The 12m
span lattice roof girders are 1m deep using 88.9 square HSS
top chords; 76.2 x 50.8 HSS bottom chords with 42.4 diameter
CHS web members.

TrianguZated Roof Trusses

On the new town development at Runcorn, on the south bank of
the Mersey, is a f~ctory structure called the TKK Building.
The roof trusses are triangulated and span 30m at ll.25m centres.
The trusses are 3.7Sm wide and were fabricated and delivered
in halves for site jointing prior to erection. Alternate trusses
are supported on twin columns gm :,igh, the remaining trusses
being carried on lattice girders spanning between the twin
columns.

The roof sheeting is galvanized steel trough decking 8Smm deep
with vapour barrier. insu1atation. three layers of roofing felt
and finished with limestone chippings.

The roof decking spans directly cnto the tep chords of the
triangular girders, which have 114.3 square HSS top chord with
a 139.7 diameter CHS bottom chord. Supporting columns are
254 square HSS set outside the building for architectural
effect. The building was awarded one of the BSC/BCSA Structural
Design Awards for 1975.
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Space Frames

With the development of the Nodus jointing system by the British
Steel Corporation, large truss space frames are now in use. The
Harrow Leisure Centre uses Nodus to cover 43.2 x 43.2m making it

one of the largest clear areas completed 1n the U.K.

HSS has also been extensively used in ether areas such as for
columns in structures, for bridges and parapets, and for
handrails, scaffolding etc.

1.3.2. canada

Since 1962 Stelco's HSS has been produced by the continuous weld
(CW) process. The maximum sizes available from this method are
CHS up to 114.3mm 0.0., square HSS up to 100 x 100mm, and RHS up
to 127 x 76.2mm. The maximum wall thickness is 9.5mm. In 1967
larger sizes were introduced, square SHS up to 305 x 305rnm, RHS up
to 305 x 203mm and CHS up to 406mm 0.0. The standard yield strength
was raised by 248N/mm2 to 350N/mrn2, and the maximum wall thickness
for 350N/mm2 yield strength HSS became ll.4mm. These larger sections
were produced by the Electric Resistance weld (ERW) process.

SHS have been extensively used in Canada in most of the structures
mentioned previously. Stelco have published design rules for welded
joints in SHS based on a joint efficiency concept~. These will be
discussed 1n a later section.

A typical example of the use of HSS in Canada is the Royal Bank o~
Toronto. The office complex includes two triangular office towers
of 41 and 26 storeys, linked by a 130ft high glass-enclosed banking
hall. The hall is clear spanned by a two-way truss system made
entirely from HSS the roof structure is 34.0m wide by 85.3m long
and was assembled on the ground. The two-way trLJss system is
basically a series of 4.3m cube modules constructed from 305 x 30Smm
HSS chords and 152 x l52mm HSS diagonal members. The roof weighed
350 tonnes and was hydraulically jacked up to its ftnal positicn.
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The two long sides of the roof are supported by the two towers and
the two shorter sides by vertical Vierendeel trusses. In addition
to carrying a portion of the roof load, the Vierendeel trusses
give wind resistance to the structure. The connection design of
the trusses was verified by testing at McMaster ~nivers1ty. The
Vierendsel trusses are framed with glass.

1.3.3. Japan

The structural use of tubular steel products in Japan amounts to
0.4 million tons per year at pres~nt, which represents 26% of
total steel tube production. Square HSS of 100 x 100mm were
introduced in 1960. Presently such sections are produced by
various methods such as cold forming, pressing and hot rolling
in sizes up to 1000 x 1000mm. The larger sizes are used for
structures, while the smaller are used for structures and a wide
range of other applications e.g. doors, fences, handrails etc.
Standards for square HSS are specified in the Japanese Industrial
Standard JIS G 3466 in which the materials, sizes, tolerances,
and chemical composition are included. The maximum size at present,
is 300 x 300 x 8, but this is snortly to be revised. Some of the
applications in Japan are:-

ElectPic Transmission Towers

Recent developments have required higher towers for the pylon function.
STK55 is the newest steel developed in Japan for this purpose. This
increase in material strength for HSS has been stimulated by the field
of electric transmission towers.

Tubular.~towers constitute 40% of Japanese transmission towers, and
the demand for this use is about 35,000 tons per year.

Bui~ings

There is an ever increasing trend to use HSS in building structures.
CHS columns are used extensively in multi-storey building frames.
Popular sections for these columns, which are used in office buildings
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which require unbraced figures. are centrifugally cast steel pipes
and heavy square hollow sections.

Other ar9as of use are in bridges. offshore structures. piles. poles
and tunnel supports.

1. 3. 4. France

Spectacular progress has been made in the use of HSS in France due
to the research and development carried out by Cometube and the
French Association of Manufacturers of Steel Tubes. From the small
sections manufactured by early craftsmen. a full range of HSS is
now produced and used in a wide variety of structures. Hollow
hexagonal sections have become popular because they simplify assembly
by simple flat cuts.

Traditional builders found savings of between 20% and 30% of the
weight of steel utilized. The main attraction being the constant
outer dimension of HSS with a variable thickness available.

Much research and development has been carried out 1n France into
t~le use of water filled HSS columns for fire resistance, and concrete
filled HSS columns for increased strength, and improved fire
resistance.

1.3.5. Germany

Before the automatic pipe cutting machine had been developed by the
firm of Mueller in Opladen 1n Germany. the application of CHS for
steel structures had been restricted to their use as columns for
taking axial load and moments on all sides. The production of RHS
was started in Germany in 1962. and became popular with fabricators
because they required plain intersection only.

In Germany seamless tubes are hot rolled up to an outer diameter of
660mm in accordance with DIN 2448. For welded tubes DIN 2458 gives
the dimensions. The maximum diameter permj,tted is limited only by
the available facilities for transport.
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Rectangular hollow sections are specified in DIN 59410. in which
the sizes and tolerances are included. The maximum size in this
standard is 400 x 400mm in square HSS and 400 x 260mrn 1n RHS.
Figure 12 shows the production program for square HSS of the
German producas of RHS. The difference between the dimensions
of hot rolled and cold Tormed sections can be seen clearly. Cold
formed sections are of smaller size. starting from a width of 15mm.
while hot rolled sections cover the middle and higher dimensions
from 40 x 40mm to 260 x 260mm. The maximum size for RHS is
260 x l80mm.

Steel properties according to German standard DIN 17100 are:-

R St :7-2 tensile strength 360-440N/mm2
yield strength 235N/mm2

St 52-3 tensile strength 510-6lDN/mm2
yield strength 355N/mm2

A recent recommendation for higher grade streels has been made:-

St E 47 tensile strength 560-730N/mm2
yield strength 460N/mm2

St E 70 tensile strength 770-96DN/mm2
yield strength 690N/mm2

The values for higher grade steels reduce as Wall thickness increases.

1.4. Summary of Advantages of Using BoZZow Steel Sections in Structures

Ease of fabrication and construction.

Considerable saving in weight. and therefore reduced transport and
erection costs.
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Larger spans, possible because of the lighter sections.

Ease of accessibility for maintenance, due to smaJ.ler surface
areas.

Effects of wind forces are smaller because of shape. CHS are
particularly useful in offshore structures where the low drag
coefficient reduces the effects of wind and waves.

Torsional rigidity is greatAr than that of conventional sections.

No weak axis 1n bending.

Compdrable cross-section to conventiunal sections.

Reduction i~ stress due to flange instability does not occur.

Contact areas for welding are smaller.
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Figure 1 Covered Walkway in CHS
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Figure 2 Jumbo Jet Hangar at Heathrow Airport (CHS)
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Figure 3 Jumbo Jet Hangar at Heathrow Airport (CHS)



Figure 4 Jurrbo Jet Hangar at Heathrow Airport (CHS)
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Figure 5 Tower Structure (CHS and'RHS)
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Figure 8 Jetty Construction - CHS Piles
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figure 9 Walking Dragline
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Figure 10 CHS Joints On Walking Oragline
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Figure 11 - Mobile Crane
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Figure 12 Production Program for Square HSS Germany
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CHAPTER 2

JOINTS IN HOLLOW STRUCTURAL SECTIONS

2.1. Types of Joint

The main types of joint used in structures using HSS are shown
in Figures 13-16. They are:-

2.1.1. T-Joints

Found generally in Vierendsel structures but may be used elsewhere.

2.1.2. X-Joints

Found generally in Warren girder structures.

2.1.3. N-Joints

Found generally in Pratt girdgr structures.

2.1.4. Y-Joints

These are a variation of the 'T' joint and may be seen 1n various
types of girder structure.

2.1.5. Gross-Joints

These are nat cammon except in tower structures.

2.1.S. MUZtipZe Joints

These involve several bracing members connecting to a chord member..
possibly in more than one olane. This type of joint is often seen
in large three-dimensional offshore rig structures. (Figure 14(c)).

2.2. Categopies of Joint

Joints ~all into the following categories:-

2.2.1. BoZted Joints

Reinforced or unreinforced.
Braced or unbraced.
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2.2.2. WeZded Joints

Reinforced or Unreinforced.
Braced or unbraced.

The bolted joints include such proprietary systems as the British
Steel Corporation's NODUS system. The majority of bolted joints
must be simple and involve welding the members at either aide of
a joint to plates which are then bolted together. Because of the
fabrication problems involved bolted connections are used mostly
at end frame connections.

Welded joints in CHS are easier to fabric since the advent of
automatic tube profiling machines. The welded joint gives a
cleaner appearance, and provided the welding 1s carried out
correctly then the weld property normally ceases to be a .joint
strength parameter. Various types of welding condition are shown
in Figures 14-16. The choice of joint type depends upon several
considerations, not the least of which is the load that is
required to be transmitted by the joint.

Until fairly recently joints in HSS have been designed fairly
conservatively, employing simplified assumptions. While these
assumptions are not incorrect they have lead to some very
conservative designs, especially where joints have been further
reinforced above their design strength.

2.3. Reinfopaement of Joints

This may oe achieved in var:i.ousways:-

2.3.1. Joint-Cans

This procedure involves thick.ening of the chord in the vicinity
of the joint. It has been used fairly extensively. but involves
extra fabrication procedures.
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2.3.2. Gusse~ PZates

Hera the joint is reinforced by welding gusset plates either side
of the branch member in a similar manner to the method used in
conventional sections.

2.3.3. JO'int PZates

Shown in Figure 15. Joint plates and gusset plates tend to make
joint strength indeterminate. They also have the effect of
increasing stress concentration in the joint.

2.3.4. Concpete FiZZing

ResearchS is presently continuing to study the effects of concrete
filled chord members. The expected result would be that, since this
would make the chord member very stiff, then the failure mode would
always be either a buckling or shear failure in one of the branch
members.

2.4. Charoatel'istics of the Vapious Joint Types

2.4.1. T-Joint

The T-joint occurs mast often in Vierendeel types of structure.
The joint itself is, therefore, normally aubj act to a combination
of axial load in the branch member and bending moment applied
through the same member. It is the effect of this combinsd loading
an T-joints in CHS that is described in this present experimental
investigation.

2.4.2. I-Joint

The V-joint may occur in any type of truss where a diagonal member
is inserted to provide extra bracing, or to reduce the effective
length of a compression chord. For large angles of intersection
(900 > a > 600) the V-joint can be considered to act similarly tc
a T-joint, with the appropriate angular correction factor for the
applied load.
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2.4.3. X-Joint, of Which the N-joint is a SpeaiaZ Case

K-joints may be either gapped, in which case there is a discernible
gap between the two bracing members, or overlapped, where as the
name suggests the two bracing members over-lap at the joint.
Overlapping K-joints is a method of improving the strength of a
joint since an additional bracing effect is introduced between
the two branch members. It does, however, involve additional tube
end profiling in CHS which increases the joint cost.

Overlapping K-joints also has the effect of making the joint strength
less predictable and invariably leads to a conservative design.

2.4.4. Joints with Three Bracing Members (Figurte Z7)

Joints with three bracing members have been studied and design rules
for them have been proposed. These are based on a method which
reduces the effect of loads from three bracing members to an equivalent
effect from two braCing members.

2.4.5. X-Joints

This type of jOint occurs mainly In tnwers and larger structures.
It is generally assumed that loads are axial in the branch members.

2. 5. Types of wading

2.5.1. T-Joint

i. Compressive axial load and moment in branch member.

ii. Tensile axial load in branch member.

2.5.2. 'I-Joint

i. Compressive axial load and moment in branch member.

11. Tensile axial load in branch member.
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2.5.3. X-Joint

i. Tensile axial load in one branch member. and compressive
axial load in the other.

ii. Tensile axial load in both branch members.
iii. Compressive axial load in both branch rnembers.

2. 5.4. N-tJ"oint

As K-joint above.

2.5.5. X-Joint

i. Compressive axial load in both branch rnembers,
ii. Tensile axial :oad in both members.

2.5.6. Joint With Three Branch Members

See Figure 17 for the-various combinations of loading possj.ble.

2.6. Tubu'tar eToint Strength GentiiJMl,

Considerable research into the strength of 'T', 'Y', 'K' and 'N'
joints has recently been carried out. Initially, experimental
results were compared with theoretical results obtained from
yield line analyses. HIJwever. this approach was generally
conservative. particularly for CHS. and recently more sophisticated
analyses were carried out based on shell equation sOlutions6, and
finite element methods'. This research has been carried out at
various centres in America8-12~,_Aa-pan13-1'. and Europe18-21 and it
has lead to a number of proposed empirical and semi-empirical
design formulae. In most of the experimental and theoretical work
the following joint parameters have been considered:-

i. Ratio of branch member width or diameter to chord member
width or diameter (di/do).

li. Ratio of thickness of chord member to width or diameter
of chord member (do/to).
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iii. Ratio of thickness of chord member to thickness of branch
member rt]./to)•

iv. Effect on jcint strength of chord member length.
v. Effect on joint strength of chord member support conditions.

The last two parameters above relate to the scale effects encountared
when compar-Lng model test results with full scale truss behaviour.

vi. Effect cn joint strength of concrete filled chords.
vii. Effect on joint strength of different welding conditions.

In most of the test specimens axial loads have been applied to
branch members onlYJ in some cases axial loads have also been
applied to the main chord member. Toprac9, however, considered
CHS joints in which the branch tube was subjected to a combined
axial and bending load. No results were published for these tests.
The effects of positive, zero and negative eccentricities have
been studied in CHS K-joints13.

Attempts have been made to correlate the results of existing
experimental and theoretical research. Problems, however, have
arisen when comparing and correlating test results in RHS and
CHS. due mainly to the different sizes of test specimens and a
lack of data on material properties and failure criteria.
Furthermore, these atternpts have lacked a systematic and unified
approach to the problem of joint strength. This has had an
adverse effect on the usefulness and even the validity of existing
design recommendations,' especially in the case of joints in CHS.

2.7. The Present Investigation

The present investigation. therefore. consists of a review of
existing research and design recommendations for 'T', 'Y'. 'K'
and 'N' joints in CHS and a presentation of the results of CLirrent
experimental and theoretical research into the effects of combined
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axial load and bending moment in T-joints in CHS. The research
program has been carried out at Kingston Polytechnic where a
test-rig has been constructed. The test-rig permits combined
loads to be applied to the joint being tested while deflections,
strains and general joint behaviour are monitored. Theoretical
work has included:-

i. Finite element analysis of CHS T-joint behaviour using
LUSAS, the London University Structures Analysis System
developed by Dr. Paul Lyons at Imperial College.

i1. Statistical evaluation of all existing design formulae
for joints in CHS, using available test data.

iii. Regression analysis of existing T-joint test. results.

iv. Regression analysis of T-joint test results obtained
from the present investigation.

v. Evaluation and presentation of results.

vi. Proposed deSign formulae for:-

Ult~~te axial load of welded T-joints 1n CHS.
U1.t1m~te moment load ef welded T-joints in CHS.
Combined load cases for welded T-joints in CHS.
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Figura 14(a) Gapped K-Joint
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Figure 14(c) Multiple Joint

- 33 -



_+-__RH~l__ .-f-_
1 r

t
I
I

CHS CHS • " " I RHS

I .~HN l_.--[.----"t.--- 1
I r

\
I,.

PlatC2should bC2same length
as width of main.

Figure 15 - Welding Conditions for Joints in HSS - Using Joint Plates

34 -



'RHSI .
I

..
RHS

RHS , I ...

.--.. ...

,

Figure 16 - Welding Conditions for Joints in HSS

- 35 -



No Force

Joint Ca)

Joint Cd)

1 5

Joint (g)

No Force

Joint Cb)

6 4

No For-ce

,I
/

Joint (eJ

3

Joint Ch)

Joint (c)

2

Joint (f)

1 25

Joint (j 1

n = 1, 2, 3, 4, 5, 6 are bracing member numbe~s.

Figure 17 Joints with Three Bracing Members

- 36 -



CHAPTER 3

EXISTING METHODS FOR CALCULATING THE STATIC STRENGTH OF T, Y, K
AND N-JOINTS IN CHS, WHICH ARE AVA1LABLE ~OR AXIAL LOADS ONLY

J .1. Introduction

A systematic correlation of all the available experimental results
with the results calculated from eighteen existing design formulae,
using a statistical analysis to give a basis for discussion of the
apolicability and value of each formula has been carried out. In
all, 245 test results were considered. A summary of the type of
tests and geometrical properties of the joints tested is given in
Table lA. In none of the tests has a value of shear yield stress
been given. In order to have a common basis for comparison, a
value of shear yield stress has been found by dividing the
appropriate yield stress by 1.732 (Von Mises criterion, 1.732 • /:3).

The present investigation considers !ll 18 of the existing proposed
design formulae for T, Y, K and N joints. These are:-

Shear Area22
Column Analogy23
Roark (Theoretical)24
Roark (Empirical)25
Kellogg26
Kurcbane18
Naka. Kato and Kanatan116
Washia. Togo and M1tsui20
Canadian Steel Company Code
Reber7
Toprac and Marshall11
Kato,15
American Petroleum Industry Coda27•
~merican Welding Society Code2S

1941

1956
1964
1965
1969

- (based on work by Bouwkamp13) 1971
1973
1973
1974
1974

Det Norske Veritas29
1974
1974

·since revised 1978.
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Visser30
Harlicot, Mouty, Tournay Verificetiol" Fonnula31
Har11cot, Mouty. TQurnay - Envelope Formula31

.>_____-WS
1976
1976

Some of these design formulae are currently recommended for use in
practice.

When dealing with K-joints, the strength o-f the joint is considered
to be due to a combined strength of two V-joints. In the case of
one compression branch member and one tension branch member the
theoretical load will generally be based upon the lower V-joint
strength i.e. that of the compression branch member. In the case
of a joint with both branch members in compression or tension then
the total effect of the two V-joint mechanisms 1s added in order
to estimate the joint strength.

Effects due to secondary moments have not been directly considered
in any of the design formulae. A correction factor which 'takes
accpunt of these moments has been proposed and is described in the
conclusions to this chapter. Similarly the bracing effect of-over-
l~pping br~nches in K-joints has not been directly con~idered in
any of the relevant formulae except that account 1s taken of the
shearing mechanism along the welded intersection between the two
branch members.

The majority of design formulae has been proposed for restricted
parameter ranges (See Tabla l8l, for example:-

A formula may only apply to T-joints.

A formula may have a recommended range of do/to or d1/do*, outside
which its use is unconfirmed by tests. The results of this selective
analysis are shown in Tables 3-6, pages 105 - 108.

*do •
d1 •
to •

diameter of chord tube.
diameter of branch tLJbe.
thickness of chord tube.
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A further analysis was also carried out, in which all of the
eighteen existing formulae were used in evaluating all the
available T-joint ~r.dK-jcint te3ts. irrespective cf ths
recommended parameter limitations. These results are shown
tn Tables 7-10, pages 109 - 112.

3.2. Existing Met:hods for Catcu"Uztinq Bither the Working Strength
or the Ultimate Strength of a Wetded Tubu7..azo Connection

3.2.1. Sh.ear Area

Historically this method appears to be the earliest method of t ubuIer-
joint design used in practica. First mentioned by Toprac10, who
referA to JOhnson22, "The Welded Tubular Joint Problem in Offshore
Oil Structures", in which it is stated thst this method does not give
a reasonable estimate of the true stress conditions in the joint.

TopraclO used the shear area method to calculate predicted loads fer
his own seven test specimens. From maximum shear stress theory a
value of 20k.s.i. (138N/mm2) for sheer yield stress was chosen, which
was half of the tensilg yield stress. ~!J results are presented
below. together with those obtained by taking a shear yield stress
based on the Von Mises criterion (i.e. tensile yield strass/(3).

TEST PU MEASURED/PU PREDICTED
MAXIMUM SHEAR STRESS THEORV VON MISES

1 0.96 1.18
2 1.06 1.29
3 0.87 1.03
4 0.83 1.26
5 1.09 0.84
6 0.72 0.98
7 0.86 1.04- -ave • 0.91 j!ve • 1.09
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Toprac concluded from his results that the method was inherently
unsafe and, therefore, should be viewed with caution.

The assumed mechanism for the method is one where load acting
around the branch tube circumference causes shear failure in
the chord wall. Limitations which should arise from this
mechanism are due to:-

Variation in parameters of both tubes is ignored (e.g. d1/do,
dalto, t1/to).

Bending and membrane stresses in chord wall are ignored.

It is assumed that faill.re is by shear 'in the chord wall only,
and the selection of a value for the yield shear stress is
arbitrary.

The formula is usually recommended for the ratio of diameter
of branch to diamater of chord. diD < 0.2.

The ultimate load for a joint is found from the formula.

Pu ~ fyo.~.d~.to •••••••••••••••••••••••••• 1 •••••••••••••••••• (3.1)

where

Pu • ultimate axial load on the branch tube.
fyo • yield shear stress.
dl • diameter of branch tube.
to • thickness of chord tube.

allowance may be made for inclination of the branch member i.e.

Pu • fyo.w.d1.to./sin e ~••••••••••••••••••••••••••••••••••••• (3.2)

where e is the angle of intersection of the tubes.

The allowable load is then found by dividing the ultimata load by
an appropriate safety factor.
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The value of shear yield stress is taken as nominal yield stress
divided by 1.732. This is the Von Mises shear criterion and has
been shown to give the safest results.

J. 2. 2. column AnaZogy or CLosed Ri'ng Method23

This was one of the earliest methods used for determining T- and
K-joint strength. A ring consisting of a reBsonable length of
chord extending sYlTYlletr1cal1yon each side of the branch tLlbe is
considered and analysed by column analogy using the equivalant
load system shown in Figure 18. A minimum length of 2.w.ro should
be taken as the effective length. according to the Japanese research.
wher'e:'o = radius of chord tube.

It 1s found that the ultimate punching shear stress of the joint,

Vp • Fyof(6)/O.Sy •• 4 ••••••••••••••••••••••••••••••••••••••••••• (3.3)

where

Vp •
fCS) •

y •
Fyo •

ultimate punching shear stress.
function of diameter of branch/diameter of chord, See
Figure 19 below.
radius of chord/thickness of chord (ro/tol.
shear yield stress of chord material.

The ultimate load is then found by comparing stress Vp with the
stress acting on the joint given by equation 3.29, page 65.

I·~

a·I!)

1·0
F(~)

Figure 18 Equivalent Lead System _F_i~g_u_r~e~19~-~f~(~a~)__F_u~n~c~t~~_o~n
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As part of an investigation to find a design method for reinforced
K-joints, Bouwkamp13 has carried out a column analogy using the
load system shown in Figure 20.

P/2 Pia

Figure 20 Load System for Column Analogy by Bou\~k05mp

It was found that the maximum compression in the outer fibres • 3.3.P
and occurred at point 1.

The maximum tansion in the outer fibres • 2.84.P and occurred at point 5.

It is suggested that the method be adapted for banding by ccnvsr-tmg

bending stress to an equivalent axial stress.

The limitations of the method are:-

The length of ring 1s arbitrarily chosen.
No allowance is made for circumferential resistance to load.
No interaction between the chord and branch tube 1s considered.

Johnson22 says that the method fails because it does not consider
the part of the chord between the two braces, and since the load
from one brace is transferred to another brace through the chord
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then the part of the chord between the two braces must be designed
to carry the load transfer in shear. possibly requiring expensive
reinforcement with rings.

3.2.3. Roark Method I - Proposed by R. J. Roark in 194124

The method originated from experiments to find stresses in hollow
sections due to concentrated loads. The concentratad loads were
applied equally and opposite to the inside surface of the tubes
using a system of levers to apply the load. such that no change
in support forces occurred. Streins were measured using extensometers.

Using the formula given by Nadai32:-

Mx '. [1 + 1J)/4~ .P.ln (2ahrx) and dividing through by the
section modulus of astr1p (t2/S) gave:-o

Sx • KP.ln (eR/x) /t2
o

••••••.••••••••.••..•••.•...•••••.•.••••• (3.4)

where C and K are constants which Roark obta1n~d empirically to give:-

Sx • - P/t2 [0.42.1n (0.215 R/xlJ •• "' II 11.11 II II .... II 11.11 II II (3.5)o

and

max. Sx • -P [ re-- 0.421n (0.215--)
t2 r1o

+ LJ
411'

.•.•...•....•••••.••..•. (3.61

Similerly mex. Sy • .:f.~0.42.ln (0.215 ~)
t2 r1o

+ 6lJl '(3.7)
411' ....

where

Sx • circumferential stress.
Sy • longitudinal stress.
P • axial load in branch member taken as a line load on the

chord member.
t • chord wall thickness.
0

ro • chord redius.
r1 • branch radius.
IJ • Poisson's ratio.
x • chord length.
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riWhen -- > 0.05, which is normally the case, the formulae whenro
~ombin8d, reduce to give an expression for the resultant bending
stress of:-

.••••••••.•••.•.•...•...•..•.....•..•... (3.8)

L ·1
Ca) Uniform Load

Cb) Square Tube Type

Figure 21 - Assumed Load System for Analysis
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The limitations of the method are:-

The effect of interaction of the stiffnssses of the branch tubA
and chord tube is neglected.
The formulae apply to values of the ratio r~/ro around 0.05 while
the practical values are usually nearer to 0.5.
The analysis is based on thin shell theory.

3.2.4. Roark Method 2 - Empi~icaZ FormuZa Prqposed by Roark25

This formula is presented by Roark in "Formulas for Stress and
Strain,,25. as a design method for pipes on supports at intervals.
For an unstiffened pipe resting in s:1.mplesaddle supports there
are high local stresses, longitudinally and circumferentially.
The maximum value of these stresses will not exceed that derived
from the formula.

Pu • • •••••.•..••••.••.•.••••.•.••••.•..•.• (3.9)

where

K • 0.02 - 0.00012 (2aO 90°).

a • 5in-1 d1/do.

Pu • ultim!lte axial load 1n the branch tube.
fyo • yield stress of chord material.
to • thickness of chord tube.
do • diameter of chord tube.
d~ • diameter of branch tube.

This formula has been derived from a study of test results by
Hartenberg33 and Wilson34• and has some limitations on it's use:-

The formula, by implication, applies to T-joints only.
dolto ratio should be greater than 40.
Loads must be axial.
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It is also stated that the maximum value a pipe can sustain as a
concentrated load is about 2.25 times the value ef load that will
produce a maximum stress equal to the yield point of the pipe
met er-t e L.

5.2.5. Ke.lLogg Method - Developed by M. W. KeZlogg Co.26

The method was originally developed in order tG estimate the effect
of concentrated loading on piping. The method makes use of an
approximate solution based on the bending of a beam on an elastic
foundation. Initially the forces considered were nozzle bending
moment and radial thrlJst. To make the method applicable to joint
design the following procedure 15 adopted:-

The primary load in the branch tube at the ,joint is computed. This
stress 1s then applied as a line load to the surface of the chord
(Figures 22 & 23). The intensity of the line load due to axial
forces is increased by a factor of 1.5 and added to the maximum
intensity of line load caused by moment.

The total line load is applied, uniformly distributed, around a

circular section of the tube (Figure 23).

The design formula is:-

fb • 1•17rro (qm + 1.Sqp ) ••••••••••••••••••••••••••••••••••••• (3.10)tI.5
o

qm • M/'II'.r2
1. ·••·······•········ .. · .•......... "'.....•........ (3.11)

qp er P/2.'II".r1 ············•···•··•••····· .....•...•...•..•..•• (3.12)

where

fb = local longitudinal bending stress in chord (Kips/in2).
ro • chord radius (in).
to • chord thickness (in).
qp • line load due to axial load (Kips/in).
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qm
M
p

=
line load due to bending moment (Kips/in).
longitudinal moment at the jcing (Kip.in).
axial load in branch member (Kips).
mean radius of branch (in).

The value of qp may be expressed mare accurately by dividing P by

the actual length of intersection of the branch tube on the chord
tube.

T'he method is acknowledged by the authors as being conservative
possibly because stresses and rotations due to circumferential
moments 1n the branch are ignored.

M

(a)
(e)

( bJ
(d)

Figure 22 - Loads by Kellogg Met hod
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Figure 23 - Kellogg Method for Stresses

If moment loading only is assumed then:-

f'b :a
1.171rO.
t 1· 5 'll'r2o l.

M
.•...••..•...•..•....................•..•. (3.13)

multiplying through by ~~ gives Tb • 1.17 (ra/to)!

It 1s of interest to compare the term.

i 0.71.17 (ra/to) with 0.9 (ra/to) from analysis by Reber and
0.5 (ra/to) from column analogy (Figure 24).

FIGURE 24 - STRESS INTENSIF"ICATION F"ACTORS

le-CO

10.00

10.00 1"- 00 eo. co
GAMMA (RQ/TO)
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It is suggested that the method may also be used to find the
rotation of the joint.

6 = 2.4B.M
E [

ro ] 3/2
t7o 1

........................................ (3 ..14)

where

e • the angle of rotation due to moment M.
E = Young's modulus of e1a~ticity for the material.

3.2.6. EmpiPiaaZ FormuLae ~opo8ed by KUrobane18

The experimental program carried out by Kurobane has been the most
extensive work c~rried out in the field of tubular joint strength.
In all, some 154 tests were carried out on K-joints in hollow steel
sections (Test Nos. 38-191, Table 1). The objectives of the test
program were:-

To investigate the effect of branch sizes and eccentricities.
Those eccentricities chosen were - do/4, 0 and do/4 where do
was the diameter of the chord tube.
To examine the effects of stiffening the chord walls. This was
achieved by incre~sing their ·thickness to 3.2~ or filling them
with concrete.
To examine the effect of changes in intersection angles between
members. Compression branch angles were 30, 45, 60 and 90 degrees.
To examine the influence of axial stress in the chord.
To examine the influence of welding conditions, two methods being
used:-
a. automatic flame cut and weld by covered electrode of 1imetitania

type,
b. saw cutting process and weld by covered electrode of high titania

type.
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From the results a relationship is deduced between Pu. the axial
load causing failure in the joint. and g. the distance between
intersecting lines of tension and compression branches (weld gap],
(See Figure 25).

After selecting certain tests i.e. those with 60.Smm diameter x
2.6mm chords which had failed by local deformation. and had

ocomp~ession branches intersecting at 45 • a least squares method
was used to derive an experimental equation:-

11~+lO II -.......;_9
I ... ~

~A Ii 8
mark angle 0~ ., I-'- 7 ~~"~I

I 8 ,_
0: ~5"M45°-1-6 ~ ~~..._~ I

I@~· I -- ~ I .-
J:;. : :.~Oo'>vG.5° -:1.- 5

;n i o :~~

I 1 I4
P P ~ Ie I-,_ 3

'ifl!! I Q,.
I....!o- 2 i~ 6 I-,_ 1

-5 -4 -3 -2 -1 0
--+ g (cm)

1 2 3 4 5

Figure 25 - Correlation Between Observed Strength P and Gap g

g ~ Smm

P • [8.S33 - 4.21 (g/do) + 2.89 (g/dO)~[0.264 + 1.16 (dl./dOD tons ••(3.15)

unbiased estimate of standard deviation of Pu is given as 0.195 tons.
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s ~ 9lTY1l

P '" [0.7999 - 0.469 (g/do) - 0.373 (g/dO)2][7.908 + 5.94 (dl/dO~ tons •• (3.16)

unbiased estimate of standard deviation of Pu is given as 0.625 tons.

where

g = distance between intersecting lines of tension and compression
branches.

Pu :a P/1.4l4 Sin9. where P = axial lead.
Pu '" ultimate load cf joint.
e :2 angle of intersection of branch and cnord.
do .. diameter of chord tube.
dl = diameter of compression branch.

The correlation between observed and estimated strength is shown in
Figure 26 below ••

10

I V
I lL~

~i"
~

~~
,

I
A C

~£! I

~I 9 ' ·
I I ~

,
I

I I V:~ i i I

II I

I I I

Vi I I I iI ! I I
I 1/1 I i i .L

I
I I , llark Type 01 Join',.._
!/I i I I

I I 0 : If~O. ~"'m
I ,

I t 1

Vi j I j I I I t.i i : .t:;O.,Ctn
I

12

i 0o 2 4 6 8 10 12
----.. P (ton) (Observed Strength)

Figure 26 - Correlation Between Observed and Estimated Strength
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Efficiency of compression branch is given by:-

ti) fyl1"1 = PU/~.ti (dl

where

••••••••••••••• .I •••••••••••••••• (3.17)

Pu • ultimate load estimated from the above empirical equations.
tl = thickness of compression branch.
dl = diameter of compression branch.
fYl a tensile strength of branch material.

This value n is plotted against dl/do ratio in Figure 27.

1.:

1.1

1.0

.. 0.'
0••

O.T

1"1 0.'
O.S

0.4

0.3

0.2

0.1

" J \ },
~&-I\ "f;':o.~ ..,1;-0.6

~ I'. I
,,\ '\ ,

" \!

"""'"-.r-,
<, 'l.........~ ~f.;t., I

....
,,~ ~"

" I
i'-. --r--r-::...,r-, ..._ ,_ r-CI

- : 1f/Z\-O ••

-- :lf/~--O"I

-0.6

1;-0.8

o~3 ~4 LS ~f ~7 ~8 Lt
dl./do

Figure 27 - Efficiency of Compression Branches

Note that 1"1 appears to decrease for increasing dl/do and for
increasing tl./to.
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Strength of a Similar Joint of Different Chord Size and Material

Ps = Pux (fys/5.16J x Cdos/60.S)2

Pu = ultima~e strength of joint.
Ps = ultimate strength of similar jOint.
fys = tensile strength of similar joint material (tons/cm2).
dos· diameter of chord tube (mm) in a ~1milar joint.

The modification should not be usod when OfT is less than 22.8.

From the study of the effects of axial load in the chord it was
found that:-

Type of Axial Load Effect on Joint Strgngth
Large compressive
Slight tensile
Large tensile

10% reduction
20% increase
No apparent change

The probable limitations of the method are:-

Formulae apply only to K-joints.
Loads must be axial.
Formulae are based on test results on very small tube sections.

3.2. '1. !npi~caZ FOl'l71UZaProposed by Na7<.a.1Kato1 Kanatani16

The investigation consisted of 21 tests (Test Nos. 8-29. Table lA)
on T-joints to study:-

The ratio. diameter of chord/thickness of chord. (do/to).
The ratio. diameter of branch/thickness of branch. (d1/t11.
The ratio. thickness of branch/thickness of chord. Ct1/to).

·lN/nvn2 = 0.01 tons/cm2•
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The effects of shear spans and support conditions used in the
testing procedure.
The ejifferences between T- and cross jOints.
The difference between axial tension and axial compression in
the branch tubes of T-joints.

Specimem Chord Btanch II

N~. D x T DfT J X t J;r J/D delt~

C-A-l 139.8" 6. 5 21. S 0.%2 72. 2

:! 114.3)(4.0 :S.6 O.aIS 54.9
3 139. 8x6. 5 :1.5 101.6lf. ... 0 ZS.4 O. i'!7 40.6

" 76.3'( 3. 2 23.8 0.546 33.1

5 0&8.6)( 2.4 :;D.2 0.J4a '"D.4

C-B-l 1l9.!x6.So 21.S Q. 9"~Z -., "._..
.2 101.6x3.2 31.8 O. tzt 46.0
3 n.s 8!UxS.2 :n.8 0.637 J9.ti

139.8x6.S 48. 6x2. 3 21.1 0.348 20.""5 C.1x2.3 11.5 O.Xc) 1;.8

6 34. Ox 2. 3 14.' 0.24J 14.1

C-D·l IJ9.ax~5: 31.1 O.~'7 75.0.
. ~ 114.3:<4.0 28.6 . 0.818 So4~9
l 3 1:13. 8 le 4. 5 31.1 101.6)( co 25.4 o. -:-:: 04Jj. Ij,

" 16.3)(.c.0 19.1 0.5046 33.1
.5. 48.6x2 ... 3).2 O. J.CB :0.4

C--C-l 114.3)(.(.0 28.6 0.%1 74.0
2 89.1xl.2 ZT.6 O. 7SO . SI.l
3 114.3x4.0 28.6 76.3x3.2 23.8 O.6F.J3 41. 9

.. W. Sx2. 9 :;n.S 0.529 31. ~

5 34.0.-.:2 ... 14.2 0.297 17.3

Figure 28 - List of Specimens for Test Program

All specimens reached their ultimate strength as a result of radial
deformations at the central part of the chord i.e. local deformation.

Plotting a graph of P ultimate against a where
a • Sin-1 d~/do, the equation found which gives a best fit to th~
results in the range a = ~/2 to ~/3 (d~/do = 0.26 to 0.87) 1s:-
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Pu = (80a/w + 2.0).fyo.Z/ro - branch tube in compression •••..(3.18)

where

a = Sin-1 (dildo).
Z = Bs.t2/S.0
Bs = 1.52 ro/ro/to.
d1 = diameter of branch tube.
do • diameter of chord tube.
ro = radius of chord tube.
to • thickness of chord tube.
fyo = yield stress of chord tube.

ti P max tension isIt is established that the average ra 0 1 5P max compression ••
The above equation, therefore, is multiplied by 1.5 to give P max
for the branch tube in tension.

P max • (120a/w + 3.0).fyo.Z/ro branch tube in tension .••••(3.19)

Summarising the conclusions which apply to joints in steel to sOkips/in2
(345N/mm2) and of do/to ratio 15 to 40, gives:-

do/to and d1/do may be considered separately when evaluating their
effect on joint strength.
The larger dl/do, the higher is the local strength, but for the
same load intensity in the branch. a joint with smaller d1/do has
higher local strength.
When the shear span exceeds 3do then end conditions do not affect
joint behaviour. However. the stiffening effect of the support still
exists. Reduction in shear span leads to an approximately linear
decrease in joint strength, more especially in the range a • w/S to
~/3 (dildo • 0.5 to 0.87).
Stress concentration increases with a, (dl/do).
Ncte:-...........
An attempt has been made to apply the formula to K-joints by dividing
the right hand side of the equation for Pu by Sine, where e is the
angle of intersection of branch and chord tube, (See Table 2).
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3.2.8. Enroil'icaZ FornruZa by Washw, Togo20

Pu fya [~oj 2. [~~ OJ -1. 5•Cl +

,(1.75 - 2.65a),fCFp)
do

6.52 dl1.(1 - 0.26 Cos2ScJ
do Sin Se

•••• 11 •••• ,. 11 ••• ( 3 11 20 )

where
.Pu ~ ultimate axial load in compression branch.

fyo ~ yield stress of chord material.
do • diameter of chord tube.
to • thickness of chord tube.
dl = diameter of compression branch.
g • gap between bracss measured along crown of chord.
ac = angle of intersection of compression branch and chord.
fCFp) • 1. in the context of this formula·.

The term (1.75 - 2.65 £) is for 0 < g/do > 0.23. and becomes
do

(1.15 - 0.06 j) for 0.23 < g/do < 1.8.
do

Note:-
The most important reference20 to the experimental work leading to
this formula has not been available to date.

This formula has formed the basis of the Oet Norske design rules for
offshore tubular structures. Extensive manipulation of the present
formula has been carried out31 by Herlicot. Mouty and Tournay in
order to simplify some of the terms.

·It has been suggasted31 that this term. which allows for the effects
of secondary bending stresses in the compression bracing member. be
presented as a ratio of axial stress/axial stress plus bending
stress. i.e. f(Fp) = fa/fa + fb.
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3.2.9. Ultimate St~ength Method Proposed by J. Blair Reber7

The method is based on the results of a computer analysis to fil"'ld
the stresses in joints subject primarily to axial luad. Twa
computer programs are used:-

f.i) Scordelis

This program uses 00nn01's equation for cylindrical shells (See
Figure 29). The chord is assumed to be simply supported at
the ends and contains end diaphragms which are perfectly rigid
in their own planes. The results of a parameter study carried
out are shown in Figure 30, where K is the joint strength factor
and hot spot stresses = KP.

LO':'O OISiRISUTION FOR
UNIFORM CEFLECTION

Figure 29 - Analytical Model Used in Scordel1s Progrs,!

HOT-SPOT STRESS. KI'

I( • .t!t..B:~ Ii)
\,'.s d}.l~ ~~----+-~~.~~~~----~-------~----~~..

~
Ilooa Q.151----I-__:'-I-++-l~
lit:

ti..
~ 0.10

0.061--+--+---+

Q.O~----~--~--~----_'----~----~-" u ~ u u u u ~ U
CHORD WA.LL n1ICY.~IESS, T. It.,

Figure 30 - Curves for Predicting Hot Spot Stresses in T-Joil"'lts
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A good mathematical approximation to these curves is given by the
equation:-

0'70fJ.62 do ....... ~ " •••• " • I' " " •• " II r 3" 21)K =

The modification for joint angle 19:-

maximum stress • KP.S1n1•5 e ..................................... ( 3. 22 )

The assumption of a uniform deflection oT the chord, which is required
by the analysis, becomes less valid as the angle (a), between the chord
and the branch, decreases.

(ii) Clough

Using a program by Clough to analyse a series of K- and V-joints having
similar geometries, a compariaon is given with ths stresses found -From
the above equation (See Figures 31 & 32 ).

p .

. ~

MAX. STRESS • KP SIN ,.58 (2)

~ MAX. STRESS. KSI I Ea. (1)

Do Ea. U.I CLOUGH CLOUGH

0.375 i 99.3 101. 0.98
0.431 85.0 89.5 0.95
0.498 72.5 74.0 I 0.98
0.566 63.0 61.4

.1
1.03

0.638 55.3 51.7 1.07
0.693 50.5 42.1 1.20,

Figure 31 - Comparison of Hot Spot Stresses in V-Joints as Computed
from Eguation 3.22 and by Clough Program
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Figure 32 - Relationship Between Maximum K-Joint Stress and
Maximum V-Joint Stress

The hot spot stresses were compared for each type (See Figure 32)
and a single value for the ratio of K- to V-joint stress was
chosen as 0.56 i.e. the stress in an average K-joint is about
56% of that in a V-joint having similar geometry and axial
load.

Test Correlations
The ratio of ultimate load, Pu, to the yield load, PV, is plotted
against d1/do, (See Figure 33(a)).

10.0,-----------------,

8.0 I- •
•• ••• •

~ 6.0 - .. •... ---------.----5.8---
•

• •
4.0-

2.0'-- __ ~~----~---_ ..L.-1----J
tl 0.2 0.4 0.6

"'~
0.8

Figure 33(a) PulPy Versus d~/do for T-JointSJ Fyo • 36-41k.s.i.
(248- 283N/111Tl2)
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~O~------------------------------~

RANGE OF INTERESTI---__;''';'''_---'---...;

1.0 ~ ...L",__-:,-::--_-=-::-- _ _..I_L -'
0.0 Q.2 0.8 1.0

Figure 33(b) PulPy Versus d1/do for K-JointsJ Fy • 36-4lk.s.i.
(24B-283N/mm2)

Note: -
The values of PY used are those found from the Scordelis program.
since in practice it is difficult to measure hot spot stresses as
they usually occur close to the weld.

For T-joints and Y-joints an average value of PulPY of S.B is chosen.
A similar graph of PulPY against d1/do is plotted for K-joints and
an average value of PulPy of 2.5 is chosen (See Figure 33(b)).

In order to relate PulPY for K- and T-joints it is assumed that
PulPY varies with FYo(See Figures 34 & 35).

~Or---------------·---------------~

1.00.0 20.0 40.0 1111.0
fy• ICSI

SO.O 100.0

Figure 34 - PulPy Versus Fyo for K-Joints; d1/do .. 0.638
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I
I
I
I
I

Figure 35 - PulPy Versus Fyo for T. Y and K-Joints

The bottan line in Figure 35 is the dotted line from Figure 34 and
the top line is the assumed behaviour of T- and Y-Joints. This
top line is constructed by first assigning it the same slope as
the K-joint line (PulPY varying with FyoJ and then requiring it
to pass through a PulPy value of 5.8 at a yield stress of 40k.s.i.
(See Figure 33(a)). (27SN/mm2).

For this design method Pu/PV values corresponding to a yield stress
of SOk.s.i •• (345N/mm2), are chosen as being representative of all
yield stresses. The resulting values of Pu/PV then are:-

S.S for T- and V-joints. and
2.9 for K-joints.

In order to relate both by o~e constant a K-joint is considered as
two V-jointsJ in this case. as hot spot stress in a K-joint is
0.56 of the hot spot stress in a V-joir.~. we have for V-joint:-

Pu = 2.9 i.e. Pu = 5.2
PyPy/0.56

Here 5.2 corresponds to ~.6 obtained previously (Figure 35).
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Taking an average of 5.2 and 5.6. we have:-

Pu = 5.4
PY

or expressing this in terms of stres5es:-

maximum stress = 5.4fyo

Pu 2 5.4.Py
I<..Sin1•59

........•...•...................•..•......•... (3.23)

K '"' 0.62doO.7
tl.S dl•lJ. 1

..••...••..•..•...•••........•................ (3.24)

where

Pu ,. axial branch load causing joint failure (kips).
fyo .. chord yield stress (kips/in2)
e .. angle of intersection of joint members.
do '"' diameter of chord (in).
dl. '"' diameter of branch considered (in)•
to '"' thickness of chord (in)
py = branch load causing joint yield (kips) found from Scordelia

program.

The assumptions and limitations involved in this analysis are:-

Joints are non gussetted T, Y and K-joints.
dJ./co is in range 0.25 to 0.75. This means there can be essentially
no overlap between branches.
Joints must be primarily loaded ay axial load on the branch tube,
rather than by branch end moments. Reber states that this
limitation is insignificant because in practice 2/3 of the stress.
or more, is caused by axial load .

.- 62 -



J.2.10. Drrpi'1'iaaZ Fo'l"lmtZa Proposed by A. A. Topl'ac and P. W. Ma:r.shaZ-Z,

Based on Studies in Japan12

A simplified limit Analysis of joints between circular tubes hen been
reported 12 which deriv913 an expression for theoretical ultimate
strength:-

Vp 0.5
130-8)

. f'l_o • -:=B_c__
O.S.y 21l'.ro

................•.................. (3.25)

where

Vp
S
y

= ultimate punching shear stress.
diameter of branch/diameter cf chord (d~/da).
radius of chord/thickness of chord (ra/tal.
radius of chord.

=

ro =

fya = yield stress of chord material.
Be = effectj.ve length of chord chosen far limit analysis.

When the effective length Bc 1s to!!!kenas equal to the chord
circumference· then the last term becomes unity and the equation
is similar to that deduced for square tubes using limit analysis,
i.e.

Vp .. 0.25
13Cl-B)

• .f12_
O.5y

• •••• '·1 •••••••••••••••••••••••••••••••••••• (3. 25 )

with a term for the basic variation of Vp with fyo and y, modified·
by a term for the 13effect.

-It is the limiting factor that the round to round joint must be
as strong, at least, as a square to square joint which requireG
that the minimum effective length of chord, Bc, be equal to the
chord circumference.
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£MPI~ICAL

10
~""SCONSTANT VP FO~
, 0.25S ~S 0.i5

.20

C.2 0.4 0.6 O.S IQ 1.0

Figure 36 - Japanese Results for Cross Joints

Test data have been used to justify an empirical modification of
the expression for ultimate punching shear, leading to Figure 36,
and the expression:-

Vp :a D.?> • fyo
60-0.8336) -=0":.3:":O=-=4-y

.......•....•........••..•......... (3.27)

In this expression the term for the 6 modification has the following
implications: -

i. a value of 1.0 for 6 ,. 0.6,

ii. increasing joint efficiency for larger B ratios. up to a
limicing increase of 1.8 - fold for S • 1.0.

Note that for the mid range of diameter ratios (8 from 0.25 to 0.75)
the assumption of constant punching shear also provides a reasonable
fit to the data of Figure 36, in line with earlier results. For very
small S ratios there is little experimental justification for the
large ~ncreases in joint efficiency predicted by the S-modifier in
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the above equation. for example:-

B = 0.25. then 0.3
-.,...,~~B (1--0. 833a J

= 1.5. i.s. efficiency 150!'~•

It has. therefore. been recommended that a modifier of unity be
recommended for values of S less than 0.6. This is consistent
with the results for square tubes.

Considering equation 3.27 when a is less than 0.6 giv8s:-

Vp .. fyo
-=-o~.3:-':O~4-y

fyo • to
0.304 re

.•.•......•.....•... _ (3.28)

i.e. increasing chord thickness (to) increases punching shear,
increasing chord radius (ro) decreases punching shear..

The value of Vp found 'from equation 3.27 should be compared with a
stress acting on the joint calculated from the following for.mula:-

Vp • T ~ + f!?lka kbJ
Sin e •••••••.•••..•.••••••••.•••.•••...•• (3.29)

where

T a thickness of branch tube/thickness of chord tube.
fa = axial stress in branch tube.
fb .. bending stress at joint in branch tube.
ka ., relative length fact~r (See Figure 37).
kb .. relative section factor (See Figure 37).
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figure 37 - True Intersection Line Effects

As mentioned previously it is suggested that the best results are
obtained far ~ in the range 0.25 - 0.75.

3.3.11. Design Fo~tae Proposed by Kato1S

The equations proposed are those found from nearly 200 tests carried
out by the Society of Steel Construction in Japan19•

In this investigation the ultimate load is defined as the peak load
soan after yielding (Figura 38(a)). When gradual increase of load
is observed after yieldi~g the load at which stable plastic deformation
initiates is taken into account for the calculations (Figure 38(b)).

The ultimate load Pyo is found as follows:-

The point where the tangent A of that part of the P - 0 curve,
where stable plastic deformation occurs, meets the initial tangent
gives Py. (Figure 36(b)).
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Figure 38 - DeTinition oT Ultimate Load (Yield Load) in Investigations
by ISSC

The line going through. zero and the point of the curve Tor P =
Py meets the tangent at a point which gives pya.

2
3

The design equations found are:-

Axial Load

Pyo/fyo.t2 a 7.3/(1 - 0.833.d1/do)o
for inclined branch Pyo = Pya/Sin 9.

••••••••• It •••••••••••••••• (3. 30)

Longitudinal Moment

MYO/fyo.t~ = [0.3 (do/to) + 5J • (d1/do)2.do •••••••••••••••••• (3.31)

Circumferential Moment

MYO/TYO.t~ = -[0.03 (do/tol + 6.1]. (dl./do)2.do •••••••••••••••• (3.32)
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where

Pya = ultimate axial load on branch tube.
Mya = ultimate moment on joint.
fyo :: yield stress of chord material.
d1 = diameter of branch tube.
do = diameter aT chord tube.
to = thickness of chord tube.

For application of the above formulae the following conditions
should be obeyed:-

do/to ratio should be in the range 40-100.

d1/do ratio should be in the range 0.2-0.6.

3.2.12. American PetroZeum Industry - Code for the Design of
Fixed Offshore PZatforms27

Punching shear acting on the chord Vp = Tsine[fa + fbl
Lka kbJ

•••••••••• (3.33)

where

T = thickness of branch/thickness of chord.
a • angle of intersection of tubes at the joint.
fa • stress due to axial load in the branch.
fb = stress due to longitudinal moment at the jOint.
ka = relative length factor (See Figure 37).
kb = relative section factor (See Figure 37) •

The value of Vp must not be greater than the punching shear
capacity calculated from:-

Vp = QB.Qf.fyo/0.9yo.7 ......•.•.•.•..•.•.•.•..•.•..•.•...•... (3.34)

where

QS • 0.31 S(l - 0.6336) for S > 0.6.
QB • 1 for B < 0.6.
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B = diameter of branch tUbe/diameter of chord (d1/do).
Of = 1.22 - O.SA for A > 0.44.
Of = 1 for A < 0.44.
A = ( ifa i ... Ifb I )/0. 6fyo •
fyo = yield stress of tube material (chord).
y = radius of chord/thickness of chord (~o/to).

Other recommendations are:-

Brace axial loads and bending moments essential to the integrity of
the structure should be included in the calculation of punching
shear. For diagonal braces, only the load component perpendicular
to the chord wall need be considered and full advantage may be
taken of the increased length of the potential failure surface.

-0

sscr ION A-A

1 HR('lIG H _
BRACe

Figure 39 - Detail of Overlapping Joint

It is suggested that:-

The overlap should taka about 50% of the acting pl.

The brace thickness should never exceed that of the chord.

Moments caused by eccentricity of brace working lines should be
considered in the structural analysis.

The brace which is largest or carried the largest load shall have
the maximum contact with the chord.

- 69 -



If an increased chord wall thickness is required at the joint, it
must be extended past the outside edge of the bracing a minimum of
do/4 o~ 3001TUT1(whichever is greater).

Where incrased brace wall thickness is required, it must extend
a minimum of one brace diameter or 600mm (whichever is greater)
from the joint.

A joint may be considered nominally concentric (zero eccentricity)
if the braces are offset to obtain a minimum of 2 clear inches
between them along the chord surface.

Where joints cannot be provided with the minimum of SOmm between
braces they must be considered as overlapping and designed as
follcws :-

pI = + .••••.•...........•.........• (3.35)

where

pI allowable total load component perpendicular to the chord.
chord thickness.
actual length of contact for that portion of the brace in
contact with the chord. (Also called Uc).
allowable shear stress for weld between braces.
lesser of:-
i. weld throat thickness.
ii. thickness of thinner brace Ctbl.

12 a projected chord length (one sidel of the overlapping weld,
measured perpendicular to the chord. (Also called Ubl.

=

=

Vw
tw =

(See Figure 39).

Formulse for calculating intersection lengtl,s 11 and 12 are given
on page 40 Appendix B.
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3.2.13. American Wetding Society28 - Section 10 - Design of
New Struatures

The code uses a simplified npproach to calculate the punching ahear
at a joint:-

Vp = p ........•.•.•.•..•..•........................ (3.36)
t x Lo

and

Vp > fyo/O.9.yO.7* ..•••......•..•.•..••••.•......•.......•... (3.37)

P is the axial load in the branch of a T- or K-joint.
t is the thickness of the chord.o
L is the length of intersection of branch and chord tube • 2.~.r.k.
Vp is the allowable punching shear stress.

where

k .. x + y + 3 Ix2 + y2
.. 1/(2'11'Sin6)
.. 1 (3 - 132)

3'1f (2 - 132)

••••••••••••••••••••••••••••••••••••• (3 •38 )

x

y

a .. diameter of branch/diameter of chord.
r .. shortast distance from centra line of branch to tha toa of

the connecting weld on the main member outside surface
(affective radius of intersection).

fyo .. specified minimum yield strength of the main member steel. but
not more than 2/3 of the tensile strength.

y .. radius of chord tube/thickness of chord.
a • angle of intersection of tubes ar the joint.

The value of k equal to 1 may be used as a conservative approximation.

The value of the punching shear acting, Vp. may also be calculated using
the formula given in the API Code, page 68.

*The alternate form of the equation for ultimate punching shear.
VpCult) = fyo/O.5yo.? is used in the present investigation.
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Uneven Distribution of Load

To prevent progressive failure of the weld and insecure ductile
behaviour of the joint, the minimum welds provided in simple.
r, Y or K connections shall be capable of developing, at their
ultimate breaKing strength, the lesser of brace member yield
strength or Vp on the main member shear ares.

Ultimate breaking strength of fillet welds and partial penetration
groove welds shall be computed as:-

2.67 x basic allowable stress for 60 and 70k.s.i. tensile strength,
and 2.21 x basic allowable stress for higher strength levels.

LameZZar Tearing

Due to occasional inconsistencies in cross sectional properties,
tensile stress in the through thickness direction shall not
exceed 20 k.s.i. CI38N/mm2), regardless of specified yield strength.

For best results using this, and all punching shear methods, the
following limitations apply:-

Loads should be primarily axial.

Diameter ratio of the tubes should be in the range 0.25-0.75, and
preferably less than O.S.

3.2.14. Canadian Standards Association Std.G40.20, on the Manufacture
of HoZLow StructuraZ Section8~

'K' and 'N' Joints

The code provides joint efficiency graphs based on the research
of Bouwkamp13. (See Figures 40 & 41 )•

Joint efficiency = ratio of test failure load to ce Icul etad theoretical
ultimate load of the tension web member.
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It is seen from the Figures that for 100% efficiency minimum to/do
values may be reduced from 0.09 to 0.05 for zero eccentricity joints,
and from 0.09 to 0.03 for negative eccentricity joints.

Here t = thickness of chord tube and do = diameter of chord tube.
o

Limitations

The method is not valid when the wall of the diagonal tube is
thicker than the wall of the main chord.

The method considers the effect of do/to and d~/do parameters only.

The value of the joint strength appears to depend mainly upon the
size oT the diagonal and the do/to ratio of the chord.

T-Joints

For a < 0.2, a shear area method is racommende:-

Pu • SSY·1T·ds.to ...••..•...........•••........................ (3.39)

where

Pu .. ultimate axial load in the branch tube.
Ssy .. sheer yield strength.
ds .. distance between toes'oT welds (Figure 42 )•
t .. thickness aT chord tube.
0

B .. diameter aT branch/diameter of chord.

Basis for ProposaL

The results aT 34 tests carried out by J. G. Bouwkamp (Test Nos.
192-225, Table lA).
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Figure 42 - Section Showing Distance Between Toes of Welds, ds.
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3.2.15. RuZes for the Design and Conet~~tion and Inspeation qi
F1'-xed Offshore Struatures - Det Norske veri.tae .1974

= ••• ~ 4 •••• !3 ..391Punching shear stress Tp t ~
t o

I + sine

and rp > lesser of np ,fyo/13 or no .ru

where

ti '"' thickness of branch tube.
t .. thickness of chord tube.
0

e II angle of intersection of tubes.
aa .. stress due to axial load.
ab .. stress due to bending load.
np .. permissible usage factor

functional loads np .. 0.5.
environmental loads np • 0.67.

fyo • specified minimum upper yield stress of material.
TU II ultimate punching shear stress.
TU .. l.2f~o for 0.25 < S < 0.85.

.;y 10.0 < y < 20

y .. radius of chord/thickness of chord.

X-.Joints

To be treated as two separate V-joints if, P1Sin61 ~ P2Sin62' or
g* > go (See Figure 43).

For all overlapping joints the total load component, pI, perpendicular
to the chord must not be greater than:-

.......................•..•.............• (3.40)

.. Gap between adjacent branch tubes
Diameter of chord tube
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whe:-e

Ll = circumferential length of brace at connection.
L" :: proj ected chord length (1 s i.de l of the uverlap;:ing weld.<.

measured perpendicular to the chord.
'rw = TlP.fyo/l3 (see above for definitions).
tw = lesser of overlapping weld throat thickness. and the

thickness t of the thinner brece.

(See Figure 44).
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The Value of Ultimate Pur~hing Shear Stress TU is GiVen Below for
the Following Types of Joint:-

T-Joint - Compression in Branch

TU = 1.2fyo/!y 0.25 ~ B ~ 0.85
io s v s 20

T-Joint - Tension in Branch

TU ~ CO.37 + 0.9S6) fyo/lYS 0.2 s 8 ~ 1.00

9 ~ y ~ 30
Y-Joint - COmpre8sion in Branch

TU • 2.4 Sine.fyo/Cl + Sinel/-Y 0.25 ~ 6 ~ 0.85
10 ::y:: 20
300::6 ~ 900

I-Joint - Tension in Branch

TU • 1.91 CO.38 + 61 Sine.fyo/Cl + SineJ6/-Y 0.2 ~ 6 ~ 0.85
10 ~ y ~ 30

300~ e ~ 900

Cruciform Joint - Compression in Qpposite Branches

TU • 1.18fyo/Cl.2 - 616y 0.25 ~ 6 ~ 1.00
10 ~ y ~ 25

N- and X-Joints

TU ,. 1.2fyo/f.Y.f(91)·fCS1)·fCg) 0.25 ~ S ~ 0.85
fCel) = sinSl 10 ~ y :: 55

f(BI) • Cl + 6.1Bl)/4.2Bl 30 s e ~ SO
f(g) ,. (2.4 + 1.8gJ/C2.4 + 7g) 0 ~ g ~ go
where 61 • compression brace diameter/chord diameter
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Additional, Recormzeruiations

If an increased wall thickness. or special steel. is required in
the chord at the joint. it is to be extended past the outside
edge of the bracing by a minimum of do/4 er 300mm (whichever is
greater) •

For the purposes of this code a Joint is considered to be over-
lapping if there is less than 50mm clear gap. between adjacent
braces. along the surface of the chord.

A joint may be considered nominally concentric (zero eccentricity)
if the braces ara offset along tha centre line of the chord in
order to achieve the minimum 50mm gap.

The overlap should be preferably proportioned to transfer at least
50% of the allowable t~tal load component perpendicular to the
chord.

Brace wall thickness should never exceed that of the chord.

Where braces carry substantially different loads and/or one brace
is thicker than the other. the heavier brace should be the through
brace and it's full circumference welded to the chord.

Where braces tend to overlap at congested joints the following
correct~ve measures may be made:-

1. Where primary braces are substantially thicker than the
secondary braces. they may be made the through members
with the secondary braces designed as overlapping members.

ii. The chord may be given an enla~ged joint section.

iii. A spherical joint may be used.
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iv. Secondary braces causing interference may be offset.

Limitations

The formula er-a given for certain parameter rangs!:,(see page 79).

Basis of ProposaZ

A punching shear method. For diagrammatic representation see
Figure 44.

3.2.16. Design Formuta Proposed by Visser

Solutions for unstiffened tubular joints are obtained using the
SATE program (a finite element solution fer thin shells).
Originally the work was to check the design of cross-joints,
but the solutions are applied to T- and K-joints. The stress
concentration factors (S.C.F.) for the joints analysed- are
approximated by the following formula:-

SIC.F. = ............ (3.41)

where

tl • thickness of branch tube.
to • thickness of chord tube.
ro • radius of chord tube.
rl • radius of branch tube.
S • angle of intersection of tubas as joint.

The following equations. found in reference9, are used:-
Vp • tl Sine. fa

to ka
Vp • QS.Qflfyo/OI9yo.7

-Tha Author analyses 14 fictitious T. K and X-joints. varying the
chord wall thickness only.
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re-arranging. fa = Vp.toka/tl.Sin9
and substituting for Vp, with Q8 ::I

For 0.5 < rl/ro < 1.0, gives:-
0.3/Crl/t Cl.0 - 0.833 rl/ro))o

fa
[
t [r-r= .~ O. ~-3 t~J .Sine. rll-1

- 0.833 r!:lJ fyo ........... (3.42)

where

fyo yield stress of chord tube.
ka a function of (See Figure 37).

Qf ::I load factor (Qf .. 1, for fa < 0.25 fyo) •
y = radius of chord/thickness of cnor-d,
fa • allowable brace' stress.

The dimenaionless quantity in square brackets is called the punching
•shear number (P.S.N.J.

Stress Concentration Factors in Unstiffer.ed Tubular Joints
S.C.F. Punching Shear No. S.C.P./P.S.N.

T1 3.3 1.1 3.0
T2 6.6 2.3 2.9
T3 4.0 1.8 2.2
T4 8.0 . 3.7 2.2
TS 16.0 7.3 2.2
TB 4.8 2.4 2.0
T7 9.6 4.9 2.0
Ta 8.0 3.7 2.2
Kl 4.0 2.0 2.0
K2 12.0 6.7 1.8
K3 4.0 2.0 2.0
K4 4.0 2.0 2.0
Xl 4.2 1.3 3.2
X2 10.4 4.0 2.6

The results of analyses using stress ~oncentrBtion factor (S.C.F.)
and punching shear number (P.S.N.) are summarised above. It i~
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seen from these results that the punching shear number is
approximately half of the stress concentration factor.

Summarising giv8S:-

fa =
(S.C.F.) f2 yo •••••••••••.••••••••••••••••••• , •••••••• (3 ..43J

where S.C.F. stress concentration facter (Equation 3.41).

It is noted that the analysis was carried out varying only the
chord wall thickness parameter. The Author claims that a full
study of a braced K-joint would entail considering 13 geometric
parameters. Furthermore, he suggests that unst1ffened joints
are only practical if their S.C.F.'s are less than 10.

Visser did not, in fact, intend that his method be used as a
design formula, but it is included in this present study as
the stress concentration factor approach is of general interest
and becomes more useful in the study of the effects of fatigue
loading on joints in C.H.S.

3.2.17. Harticot, MoutYI Tournary Verification Formutae31

Extensive parametric studies have been carried out in order to
simplify the Washio, Togo Formula20• Each term in the original
equation has been simplified, and the whole equation multiplied
by c constant of correlation between the strength predicted by
the equation and experimental results. It is not, however.
stated which experimental results are considered.

3.2.17.1. y- and T-Joints

Pu [toJO.s [dq_lY [l+Sine-]f eIN l*[~ 5.32 to d1 fyo Cdo] dTJ' 2Sin9 LeIN+eI~ 1-0.23

fo fo2]
fyo + fyo ...•.........•..•......•.........•.............•.. (3.44)

*This term allows for the effects of secondary bending stress in the
branch member only and is not intended for application to joints
with primary bending moments applied.
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The equation is for tensile and compressive branch members.

y

y

0.2 for branch in compression.
0.5 for branch in tension.

The last term is taken as unity when the chord preload is tensile
(i.e. fa is a tensile stress),

Limitations of the method are:-

0.2S S B s 1.0

do10 ~ - ~ 66to

3.2.17.2. N- and X-Joint8

(i) N- and X-Joint8 with Gap Between Branalz Member8
0.17 + S/doPu ~ equation 3.44 x 0.1 + g/do ••••••••••••••••••• (3.45)

For joints without secondary bending stress omit the term:-

eIN
eIN + eIM

For fo tensile the term [1-0. 23 [:~o + :~~2jJ is taken as
unity-

(ii) N- and X-Joint8 With OVerl,apping Branah Members

PlSin61 ~ W n[tO.Ll eIN· ] + 2 tr L2]
- U eIN + ern

............ (3.46 )

Limitations are as for equation 3.44 above. both for joints
with gap and overlap. Also:-

gldo ~ 0.66
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If the last two conditions are not fulfilled then the joint should
be designed as separate V-joints using equation 3.44 above.

Pu

3.2.17.3. X-Joints

to .fyo. 1 [1-0.23 rfo 1- fo2 J~ (3.47)
1. 2 - B Sinel L fyo fyo2 U

A.

where

A = 7.4 for compressive load in bra~ch member.
A .. 11.1 for tensile load in branch member.

The last term is taken as unity when fo is a tensile stress.

L-imitations

0.2S ~ B ~ LOO

8 ~ E.2. ~ 66
to

300 ~ e ~ 900

3.2.18. HarLicotJ Tournay, Mooty Simplified FormuLae (''Enve?'ope
F01.'l1rUZae" )

3.2.18.1. T- and I-Joints

Pu s 2.87 .to.dl fYO[~ y 1 + Sine 1
2Sine2

........................... (3.48)

where

y = 0.2 for branch in compression.
Y .. O.S for branch in tension.

3.2.18.2. N- and K-Joints with Gaps

Pu ••••••••••••••••• fI ••••••••• (3.49)

where

B = 3.16 for compression load in chord.
B = 5.85 for tension load in chord.
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Simplifying assumptions that have been in order to produce these
envelope formulae are:-

The connection bears no loads outside the jOint.

Joint eccentricity is ignored provided that it is lass than do/e.

The effect of dIldo is ignored.

The term g/do is taken at it's smallest value i.e. 1.1 for g/do = 0.6.

The term which allows Tor chord preload is taken as the extreme
values, 1 for tension and 0.54 for compression.

The limitations are aa for the general formulae given previously
(Pages 83 to 85) •

3.2.18.3. X-Joints

No envelope Tormula has been produced as the general formula is
relatively simple to use.

3.3. SUTI'I'fra%jiof E:cisting Recommendations on Tl K, Y and N-Joints

The general recommendations drawn from existing research work are:-

Joint strength increases with increasing diameter ratio.

Joint strength increases with decreasing diameter/thickness ratio
in tha chord.

Joint strength 1s generally not significantly affected by the
thickness of the branch tuba, however an effect 1s more likely
in a joint with overlapping branches than one with separate
branches.

The effect of axial load in the chord on the joint strength has
been studied and the results and summarised overleaf:-
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Author Type of Effect of Axial Load in Chord
Joint

Tension Compression -
Toprac11 Cross None shown 27% reduction for full

chord utilization

Bouwkamp13 K None None

Outta35
(quotes Sarrmet) Cross None None

Outta35 20% reduction for 60%
(quotes Washio) K or N None chord utilization

KLIrobane18 K Small load - Large load - 10%
20% increase reduction
Large load -
none

Joint strength may be increased by bracing or sleeving11•

3.3.1. T-Joint Reaommendations

Diameter ratio ahould be in the range 0.25 - 0.75.

If the diameter ratio is less than 0.25 then the simple shear
area method gives a good ass~ssment of joint strength.

Loads must be primarily axial.

The diameter ratio optimises at a value of 0.5 for T-joints.

3.3.2. K- and N-Joint Reaommendations

do/to > 3D + do/40

where

do = diameter of chord tube (ins).
to ~ thickness of chord tube (ins).
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Positive joint eccentricity should be avoided.

Negative joint eccentricity should not exceed O.25a~.

In order to ansure overlapping. the height of intersection H.
due to overlap oT diagonal members. should not be less than
O.65do. Here do is th6 diameter OT chord tube.

Diameter ratio aT branch to chord tube should not be less than
0.4.

Thickness ratio OT branch to chord tube should not be greater
than 1.0.

oInclination OT diagonal members should not be less than 30 to
ensure proper joint welding.

Loads must be primarily axial.

Buckling stability should be checked if do/to is greater than
3300/fyo or B is greater than 0.25. Her9:-

do = diameter of chord tube.
to'· thickness aT chord tube.
fyo • yield stress (kip/in2).
8 • diameter ratio of branch and main chord.

K-joints should be treated as two separate V-joints if:-

or g > go

(Sea Figure 44 Page 78).

Total load component perpendicular to chord must not be greater
than rTp.t Ll + 2.T.t .L21LOW w :J
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Interconnection of branch tubes in a welded K-joint increases
the ability of the joint to transmit loads.

100% efficiency fer K-joints may be obtained independently of
the diameter ratio, by having a minimum value of chord
Thickness/chard diameter ratio.

3.4. CaZauZation of Ultimate Loads, Pu, and the Ratios, Pu (ewptt)/
Pu ((Jaw) Usi?1(J the E3!isti?1(J Design FOmt""{'Zae

This section gives the results for the ultimate loads calculated
from the existing eighteen formula (see pages 37 & 38), also
the application of these formulae has roeen straightforward, with
the exception of Bouwkamp's method13 (K-joints) used in the Stalco
design recommendstion4• In the latter cese no explicit formula
exists and some simplification has been introduced when taking a
joint efficiency value for given do/to and d1/do ratiosJ for
example, whenever do/to is greater than 33 (for negative eccentricity
joints) the joint efficiency has been taken as 100%; for val~es of
do/to equal to 100 and 50 the corresponding values of joint efficiency
have been assumed equal to 70% and 80% respectively. The majority of
the 206 K-joint tests considered have a do/to less than 33 and a joint
efficiency of 100%, and the theoretical joint strength according to
Bouwkamp's method is then equal to the strength of the tension branch
member.

The complete test data, showing specimen dimensions, yield stress
and experimental failure loads is given in Table 1 (page lA to 4A ),
and a summary is given in Table lA (page 103). All the considered
tests have been carried out on T- and K-joints.

The values of failure loads, Pu, calculated for all 245 tests from
the existing formulae, taking account of the recommended parameter
ranges (see Table 16, page 104) are given in Appendix A.
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The values of failure loads. Pu. calculated for all 245 tests
from the existing formulae. regardless of the recommended
parameter range, are given in Appendix A.

The corresponding values of the ratios of experimental to
calculated failure loads, using the existing formulae, are
given in Apoendix A. These tables show. in detail, the degree
of agreement between the experimental and calculated failure
loads for each group of tests. for each of the existing formulae.
The values of means and standard deviations of these ratios are
given 1n Tables 3 to 10 respectively (page 105 to 112).

Histograms are given in Figures 45 to 48, based on means of
Pu ratios in Tables 3-6. calculated for those tests for which
the selected existing formulae are recommended.

3.S. Disoussion ot the Resutts Obtained tor Each Existing FormuZa

3.S.1. Shear Area (Tabtes 1 - 10)

The use of this very basic formula gave some of the better results
for T- and K-joints in the present investigation.

The values of means and standard deviations of the ratio Pu
(experimental) to Pu (calculated) are given in Table 3. Histograms.
based on these Pu ratios. are given in Figure 45. No limitations
in parameter ranges are considered.

For T-joint tests, only 2 out of 39 tests had a Pu ratio less than
0.85 (see Table 2), the mean value for all T- tests being 1.OB.
Table 2 and the histogram in Figure 45 indicate that safe results
using this formula may be obtained if a safety factor of between
25% and 50% is introduced.

For K-joint tests. better results were obtained for Kurobane's and
Bouwkamp's tests. (Test Nos. 38-225, Tables 2 & 5)~ than for the
Delft tests (Test Nos. 226-243).
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It is interesting to note that the formula gave better results
for Kurobane's K-joint tests than the Author's own proposed
formula.

Originally this method was used for design of T-joints only.
having low di/do ratios. Stelcoit• for example. reconmends the
value d1/do less than or equal to 0.2. The results of the
present investigation appear to justify the use of this formula
for d1/do ratios between 0.2 and 1.0.

It appears that the use of the shear area formula for K-joints
under estimates the strength of overlapped (negative eccentricity)
joints and over estimates the strength of gap joints (positive
eccentricity) I (see Tables 2 & 5, Test Nos. 38 - 243).

3.5.2. Columna Analogy23 (Tables 1 - 10)

The method gave very conservative results, with high values of
Pu ratios and corresponding standard deviations (Tables 3 & 5).
This may be due to the way in which the influence of d1/do and
ra/to are introduced in the formula.

It has been found to be unsuitable in the present investigation
both for T- and K-joints.

3.5.3. Roark 12it (Tables 1 - 10)

The method is not applicable to any of the existing tests. However.
if used outside the recommended parameter range it gave bad results
for all the tests (Table 7). This may be because the formulae were
originally derived from thin shell theory.

3.5.4. Roark 225 (Tables 1 - 10)

The method gave bad results. It is applicable when do/to> 40 and 6.
the angle of intersection of branch and chord, is equal to 900, a
requirement suited to thin shell conditions. No advantage was gained
·fron.these limitations. their main effect being,· to drastically reduce
the range of application of the formulae.
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3.~.5. Kellogg26 (Tables 1 - 10)

As the originsl authors predicted. the method is very conservative
for all the test results. Standard deviations for all testa were
in the range 0.5 to 3.37 except for the Delft tests where it was
0.36. It. generally. gave better results for T-joint tests than
for K-joint tests.

No restrictions are imposed on the use of this formula. In view
of the unsatisfactory results obtained in this present investigation
it's use would lead to very uneconomic designs.

3.5.6. KUPobane1S (Tables 1 - 10)

This method was proposed for K-joints only. and the formula appears
to have been derived on the basis of the Author's 151 tests. Only
small diameter tubes were considered. the d~/do and do/to ratios
varying between (0.36 - 0.8) and(ls - 24) respectively (see Table 1).
The results were unsafe whenever negative eccentricity occurred in
the Author's tests (small diameter tubes). For the larger diameter
tubes (Bouwkamp's tests). the results were unsafe for positive and
negative eccentricities. as shown below:-

TEST POSITIVE GAP NEGATIVE GAP
Ave. Std. Dev. Ave. Std. Oev.

Kurobane 1.15 0.29 0.88 0.25(38 - 191)
Bouwkamp 0.93 0.41 0.96 0.49(192 - 225)

It is interesting to note that the 'best fit' line in the graph
in Figure 26 appears to have been drawn for only a limited number
of tests and not for all the 151 tests.
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J.B.7. Naka~ Kato & Ranatani16 (Tabtes 1 - 10)

This method gave very good results for T-joints. the calculated
Pu ratios being always greater than one (Tables 2 ~nd 3), This
applied even to the tests outside the recommended range of do/to
ratios (se6 Table 7J, Furthermore. the standard de'liat1ons are
reasonably low when related to the mean values of Pu ratios.

The use of the modified formula for analysing K-joints has led
to little success when dealing with small diameter tubes
(Kurobane's Tests). and gave unsatisfactory results when
applied to larger diameter tubes (Bouwkamp's Tests). (See
Table 9),

3.S.B. Washio20 (TabZes 1 - 10)

The formula is applicable to K-joints with positive gaps only,
for which it gave verx satisfactory results.

More conservative results were obtained for smaller diameter
K-joints (Kurobans's Tests, Table 5).

Very good results were obtained for the nine Delft K-joint tests.

The limitation of this formula to K-joints with positive gap only,
imposes a severe restriction on it's application in practice) most
of the other joint parameters. however, are taken into consideration.

3.5.9. Rebep's Fo~Za7 (Tabtes 1 - 10)

The values of means and standard deviations of Pu (exptl)/Pu (calc)
obtained using Reber's formula were found to be conservative
(T-joints) or unsafe (K-joints), (See Tables 3 & 5).

The results were found to be more satisfactory in the case of
T-joint tests carried out by Naka, Kato and Kanatani16•
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3.5.10. Toprac11 (TabZes 1 - 10)

The method gave very conservative results with large standard
deviations (Tables 4 & 6).

3.5.11. Kato1S (TabZes 1 - 10)

The method gave very unsatisfactory results. as seen in Tables
4 and 6.

3.5.12. American PetroZeum Industry FormuZa (A.P.I.)27 (TabZes 1 - 10)

Comments made for Toprac's formula apply equally here.

3.5.13. American Welding Soaiety FonnuZa28 (TabZes 1 - 10)

The use of this formula gave reasonably good results for T-joints
with do/to ratios less than 25) and conservative results for do/to
ratios larger than 25. In the case of K-joints the results were
only satisfactory for small diameter tubes.

The method 1s based on the shear area formula. 1n which a modified
punching shear stress based on the do/to ratios is used: this is
the reeson for the l~~er calculated Pu loads for higher values of
the ratio do/to.

3.5.14. BOUWkamp's Formuta4(Tables 1 - 10)

The design procedure was originally proposed for K-joints only.
It is. therefore. not used for T-joints in the present investigation.

In the case of K-joints the following observations can be made:-

For specimens with smaller diameter tubes CKurobane's and Oelft
tests) the use of the formula gave unsafe results. as seen 1n
Table 6 and Figure 47).

For specimens with larger diameter tubes (Bouwkamp's tests) the
use of the formula gave much better results.
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It is seen from Figures 40 & 41 that the efficiency of the
joint is independent of the d1/do ratio when do/to is smaller
than 20 (zero eccentricity) or 33 (negative 8ccentricity).

The higher value of do/to for negative eccentricity jo1nts is
because overlapping increases the strength of a joint.

While the efficiency of the joint depends. generally. on do/to
and d1/do ratios. the strength of the joint depends on the
strength of the branch tube in tension. This may seem to be
a weakness of the method; it does appear. however. that for
small do/to ratios the stren~th of the joint is governed by
the strength of the tensile branch member.

3.5.15. Det Norske Veritas29 (TabLes 1 - 10)

This design method is valid for the ~ange of recommended
parameters given in Table 16. page 104.

The use of the proposed formula for T-joints gave conservative
resultsJ the values of the Pu ratio were greater than 1.25 for
all 24 tests considered.

The use of the proposed formula for K-joints with positive and
negative gaps. gave very good results for small diameter tubes
CKurobane's tests. Table 6).

For larger diameter K-joints (Bouwkamp's tests) the results were
conservative.

3.5.16. Visser30 (TabLes 1 - 10)

The method gave unsafe results for the whole range of existing
T- and K-joint tests (Tables 4 & 6). This may be due to the
way in which the formula was derived. the only parameter
considered being the chord wall thickness. It was also expected
that any attempt to apply the stress concentration factor
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approach to joint design formulae would not be successful, since
there is no evidence of a relationship between S.C.F. and Pu.
Redistribution of stress after initial yield in the joint will
preclude any possible relationship.

3.5.17. Harticot, Mouty, Tournay31 (TabZes 1 - 10) Generat FormuZa

3.5.17.1. T- and Y-Joints

It can be SBen in Figure 45 that the accuracy of the proposed
formula was not as good as some of the other formulae considered.
Two points, however, are of significant interest:-

i. The formula is of the same general form as the N·- and K-joint
formula of Washio) therefor~, it is more suitable to use in
practice where engineers are happier with a form of equation
they commonly recognise.

ii. The formula has a higher average ratio of ultimate calculated
load to ultimate experimental load and corresponding standard
deviation than some of the other'formulae but none of the
individual ratios is less than one. Considering the relatively
small number (37) of test results available. this last fact may
be important when considering this formula as a proposed design
method.

3.5.17.2. K- and N-Joints

The aim of the French appears to have been to modify the Washio,
Togo formula, in order to simplify its use and to show the
relationship to the Oet Norske Veritas formula. ThIs has.
apparently. been done successfully by an in-depth analysis
of all the parameter terms involved. However, the modification
of the gap function has had an error introduced. This is because
some of the experimental data on Kurobane's original graph, which
is used for this exercise (Figure 49), has been plotted in the
wrong position. The continuous gap function int.roduced by the
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French is, therefore, given an incorrect accuracy, and in fact
the original discontinuous function (page 56) is much more
correct. although marginally more complicated to LIse.

Although the average and standard deviation values for the
ratio of calculated load to experimental load have been
reduced when compared to the Washio, Togo formula, a more
reliable and accurate design formula may be achieved by
factoring the Washio, Togo formula by a factor of 2.0. This,
for example, when comparing the two formula for Kurobane's
test results gives:-

FORMULA AVERAGE Pu Ccalc) Std. Deviation
Pu (exctl)

French general l.10 0.36

Washio, Togo 1.125 0.35(factored by 2.0)

In terms of absolute values the French formula has more than 50%
of individual ratio values less than 1, whereas, the factored
Washio, Togo formula has less than 30% of individual ratios values
less than 1.0.

J. 5. 18. Bar Uaot, Mouty, Tournay 31 (TabZea 1 - 10) Envelope FOI'mU'lae

T- Y- K- and N-Joints, .l

The results of T-, V-, K-, and N-joints using the "envelope" formulae
have been found to be very conservative. In view of the greater
acclJracy obtained using other formulae including the French General
Formula it is not considered necessary to use these envelope formulae
for joint design.
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3.6. Reaently AvaiZahZe Experimenr;aZ and Theoretical Data

Additional test results have recently been published for T, K and
X-joint tests101,102J also there hsve besn further proposals fer
design formulaelOl.l02.

Summarising, these formulae are:-

J.6.1. Panl Plummer

T or V-Joint with Axial Load in Branch Member

Pu K.fyo.to2 [~~ ~ d~ Isin a
do

0.19 ~ dl. ~ 0
do

.................... (3. 50 )

where

K .. 3.1 for compressive axial load in branch.
K .. 11.5 for tensile axial load in branch.

Cross (X) Joint with Axial Load in Branch Members

Pu .. K.fyo.to2 [~~JO.64 /s1n e ................... (3.51)

where

K .. 16.31 for compressive axial load and 0.19 ~ dl.~ 0.8.
do

K = 30 for compressive axial load and 0.8 ~ ~ ~ 1.0.
do

K .. 22.75 for tensile axial load and D.19,~ ~ ~ 0.8 •
do

The formula becomes:-

Pu .. 41.Sfyo.to2 [~~ 3.42 Isin e

for tensile axial load and 0.6 ~ ~ ~ 1.0.
do

. .....................•.•.•.. (3.52)
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Equations 3.50, 3.51 and 3.52 have been found by "correlation" using
data from 346 joint tests. No numerical statistical data is given
for the degree of correlation achieved but graphs appear to show
good correlation between the proposedf'orrnula and thOS9 of ,~FJI, Det
Norske Veritas and Washio, Togo.

3.6.2. KUrobanel Makimo~ Mitsui

Cross Joint

Pu
0.81

••.•............................ (3.53)6.57

T-Joint

Pu = 6.43 + 4.6 [~~ 2 J fyo.to2 ........................... (3.54)

T, Y and K-Joint

Pu • + 3.79 [~22J[(1 + ; tan-1 (0.4 -

- 0.187 cos2e] (1 + 0.254 n - 0.339

7.14 [1

[1 + 0.0392 cos a
fyo.to2/sin9 •••••••••••• ~••••••••••••••••••••••••••••••••••••• (3.55)

where

n .. Fo/fyo.Ao

A regression method has been used to derive equations 3.53, 3.54
and 3.55. Test results used 1n the analysis are the same as those
presented by Pan and Plummer, but with some inexplicable variation
in ultimate loads, due, possibly, to rounding errors in conversion
to SI units.

The criterion for the mathematical model was that it should give
the best explanation of variation of ultimate strength data for
the minimum number of independent 'Jariables. (This criterion roay
be automatically included in regression analysis by using the
stepwise regression method, see Chapter 8).
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3.6.3. UZtimate Strenath of X-Joints

x- joints were not previous ly considered for critical review because:-

1. tile only existing formula was than gi van by Oat Norsk.e Veri tes ,

11. very few X-joint test results had been published. Recent

developments have, however, made consideration of these joints

available.

Formulae now available for calculation of .ultimate strengths of
X- joints are:-

Tensile Load in Branch Members

1. Harlicot, Mouty, Tournay

Pu • 5.5 fyo.d1.to/BC1.2 - S)Cdo/2to) •.••...•...•....•..... (3.56)

2. Pan. Plunvner (See page 98 )

Equation 3.51.

Compressive Load in Branch MerrtJers

1. Harlicot, Mouty. Tournay

Pu = 3.71 fyo.dl.to/BC1.2 - B)Cdo/2to) .••...••.•.•.••.•..••. C3.Si)

2. Oat Norska Verltas

Pu • 1.18 fyo.d1.to~/BC1.2 - B)(do/2to) .•.•••..••••.....•... (3·.58)

3. Pan, Plummer

Equation 3.51.

4. Kurobane

Equation 3.53.
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FORMULA TYPE OF JOINT RATIO PU(EXPTL)/PU(CALC) NO. OF TESTS
MEAN STANDARD DEVIATION f--.-------.__ .__ -----_._

Harlicot, X-tension 1.45 (0.31) Cl.45 32
Tournay.
Mouty
Pan, Plummer X-tension 1.72 (0.34) 0.59 32

Harlicot. X-compression 0.94 (0. OB) 0.077 27
Tournay.
Mouty
Pan, Plummer X-compression 0.96 (0.19) 0.19 27

oet Norske X-compression 0.94 (0.08) 0.077 27

Kurobane X-compression 0.92 (0.09) 0.086 27

Results of a Review of r10re Recent Joint Strength Formulae and Previously
Considered Formulae. Based on Recently Available Test Results

FORMULA TYPE OF JOINT RATIO PUCEXPTL)/PUCCALC) NO. OF TESTS
MEAN STANDARD DEVIATION

Pan. Plummer T-joint 1.843 (0.21) 0.385 76
Harl1cot. T-jpint 1.25 (0.24) 0.294 76
Tournay,
Mouty
N.K.K. T-joint 0.99 (0.2) 0.198 76
A.W.S. T-joint 1.07 (0.19) 0.207 76
Dutch Code T-joint 1.38 (0.21) 0.308 76
Kurobane T-joint 1.06 (0.21) 0.221 76
Harlicot, K-joint 0.857 (0.266) 0.22B 346
Tournay,
Mouty
oet Norske K-joint 2.119 (0.49) 1.030 427
Washio, Toga K-joint 1.006 (0.25) 0.257 322
Kurobane K-joint 1.065 (0.41) 0.436 427
Dutch Code K-joii1t 1.366 (0.27) 0.366 346
Shear Area K-joint 1.133 (0.47) 0.534 427

Thr standard deviation given in brackets is for the mean ratio
adjusted to 1.00.
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3.6.4. Discussion and Conclusion

X-Joints

~.. Irl Tension

The formula proposed by Harlicot, Tournay and Mouty gave the
best results: mean ratio of 1.45 with standard deviation of
0.45.

ii. In Compression

The formula proposed by Harlicot, Tournay and Mouty gave the
best results: mean ratio of 0.94 with standard deviation of
0.077 •

T-joints

The formula proposed by Naka, Kato and Kanatani gave a marginally
better result than the American Welding Society Formula, but was
slightly unsafe with a mean ratio of 0.987 compared with 1.069:
standard deviations of the ratio '1lera0.198 and 0.207 respectively.

K-Joints

The formula proposed by Washio, Togo gave the best result: Mean
ratio of 1.006 with standard deviation of 0.26. This formula was
applicable to all of the 427 tests.

- 102 -



tf),_ -<t en
Cl iJ.lN r-I CO
-' UJ ,:: 0::1 LO LO ~ c::- c::- 0
UJ er ~ N LJ1 .n r-I I I LO
.. -t i--' N N N c::- CO !.f) 0,
>- tf)Z ~ ll')

'-oJ N o:r

c::- O 0 Cl C') Cl
Cl 0 0 Cl") r-, CO

0 0 0 0 0 0 0

+> r-I r-I r-I r-I r-I Cl Cl
<, I I I I I 0 ..
.-! c::- ll') CO Cl C') r-I C')
+> 0 Cl") Cl") CO Cl") LJ1

Cl 0 0 0 0 0

Cl Cl Cl 0 0

0 N r-, Cl .:t- ll') 0) Cl")..... CC c:t" LJ1 N CO N N....... I I I I I I ..
0 LJ1 r-I r-I in N Cl .....
"0 N N N r-I r-I N N

.:t- O N CO Cl r-,
CC Cl LO CO r-, Cl CC

0 0 0 0 0 0 0 .
"0 Cl r-I Cl Cl Cl r-I Cl
<, I ! I I , I I ..
r-f N .:t- LI'l CC Cl") N N
1:] N N "" Cl") Cl") o:r .:t-

o 0 0 0 0 0 0

Cl Cl Cl Cl Cl Cl Cl

.... CO
J: .-! 0

U"O .... N ,~
IX) c:t"Z'-'E .:t- .(1') CO CC r-I CO

C:S::0 r-I r-I 0 .:t- r-I r-I r-,
Q::c('-' I I c:t" I I I ..
CDI-! r-I o:f r-I r-, Cl CO CO

Cl ........ (I") r-I N CO .:t- .:t-

o
-c CO
I-! 0

Cl CO Cl r-, Cl") c:t",.., ,.., Cl c:t" LI'l r-, r-I (I")
Cl 0 E c:t" r-I c::- N r-I 0

Q::"C I I I Cl I .. .:t-
0'-''-' CO .:t- O) CC CO c::- r-I

J: r-I r-I r-I CO r-I r-I
U N ,..., N r-I r-I

u..
Cl~

Z
UJI-! ~ ~ ~ ~ ~ ~ ~
a...Cl>-'""l~

0

CJ') r-I LO Cl") LO
Cl CO r-. C') N .:t- .:t-
Z ........ N (I") r-I N N N

I I I I I I ..
~ r-I CO C') CO N CO .:t-
CJ') N (I') C') N .:t-
UJ r-I N N~

>- .. C
CD 0 >0 "f"f

+J +> .u c:
J: 1'C"f"f c: en .i-f Cl c. c:.c.
u ~ c: ~"f"f en c: 5 0 tJ

~
(J 10 Q)"C ~ 10 10 .j.l Q)
10 .. oj.) .c. 0 Cl ..c ~ oj.) cn.i-J

UJ ~ I'C III +>.c. > E 3 '+- bQ>O
CJ') C. ~ c: :::J.i-J"f"f :::J r-I C:r-I
UJ 0 I'C III 0 Cl c: :::J 0 Q) ..-I 0c::: ~ Z~ CJ'):E:~ ~ CD Cl ~a..

- 103 -

iJ
Clen

Q)
r-I
.Q
<0~-



CD
r-I

I ~Q I. .
Or-l

u VI 'V
re~ 00

"- '...
'U bOb(
r-I
OJ 'V VI
3

0 (I")
N.
C

0
+-I
<,
.-l r-I
+-I V

Cl
C)

Q 0 '0 0 0
tl) C) en Cl C) I

V V
Cl
(I")

0
0 00 C

0 o:r r-I V V
.j.J 0 0
<, o:r V I I I I
0 " 1\

0 0'U Lt') 0
r-I V N N

Lt') r-, IJ') Lt') 1.0" Lt') Lt') Lt')
r-, CO r-, r-, CO r-, r-, CO CO· . . . . · · . .

0 Cl 0 0 0 0 Cl 0 0 0
"0 N r-I
<, . I . I I I I I I i I
.-l Cl 0
'U v LS") v CO I.t'I IJ1 LS") Il'I Lt') LS")

N N N N N N N N N· . . . . · · . .
0 0 0 0 0 Cl 0 0 0

~
Cl I- ~
+-I (\')

Cl Ne N :>I ~
I1l N bO - N~ I1l 0 CC) OlD ..... Q)
llJ Cl r-I ~ II') lD P"'I .j.JP"'I

~I~c, ~ I1l N N ; Cl .ll ..... Q .... l"- CC) III Q

I1l ~ c r-I N e ~ c N .... N N ~ I1l ~ (\')
r-I -c I1l I1l 0 l"- Q II') · · O~ 0 r...
::::J ~ .:,(. .:,(. 0 .0 -+-I ..... ~ llJ .... H en 0 3 Z Cl

~ cc · ~ ~ r-I 8 I1l I1l .c Q)

~
0 · · r-I ::::J III

Q) r-I 10 10 r-I .:,(. C III .0 -O.J c, ::3 BS +-I III
0 s: 0 0 0 Q) ::::J I1l I1l cc Q) 0 llJ · · OJ .....u, en u c:: c::: ~ ~ Z~ ::3 c:: I- ~ -c ~ en ..... Cl ::>

- 104 -



en
t-
Z
H
o.,
I...
en
0
H
I-
~

CJ
r-4
ca
CJ

:;J

~.,
t1J
aJ.,

::J
a..
u.. w
0 :sen :::J
H ~en et:>- ~..J
<
~ ~
..J en
tS W··

Cl
H Z
I-

~en
H
t- a:
~ w

I-en ~
~ ~
en <:a..t-
:5 c
en ::!:!
~ z

~
8

(I') ~

~ Cl
Z

$! t-4
CI'J

t- ::l

I I I·> I
IV I

!Cl N co In N 0)· ('I') <::t 0) (I') o::t"C 0 0 0 · ·rtJ .. (1) 0 Cl 0 0+oJ t-CIlen
~ ~~ In " ~I I ,I

II t- o
(1) IQ) co a3 YO L()

I J; 0 Lt1 CI'j o::t zn· 0 · · ·CC N o:t" ..... .....

..... 0

::>U'l :! CC N.• o:t" U'l N>ON r-, 0) N """i..... · (1) 0 0 00 .. "C
0 0 0 0

o..o::t +oJ 0 0 Cl Cl~ en
eN <II '" Ito! '"0
+oJ W

r-,Ill.,
bOW · U'l U"I Cl .....c QI

Q) co e-, V U"I.... 1- ::> · · · ·~'-' -e U'l ct) ..... r-4

I
~

0 IrtJ:s > -t CC It) 53~ CC I co o:t" 00 CC o:t " r-4 C')
.J: ,... · · . · 0 0~ ,.... 1j r-4 0 0 0 Cl
~ >0 <P ~en

+oJf1j dI
I"" " on #Ie ....N

; f! III • 0 I N (0 e-, <it..c:Q)~ Q) U"I C"J Cl a3 C')
+-I ::> III ~ • . · · ·::J .... aJ Cl N U"I r-4 N
0:5t- 0-4en .....

....
e •10 > co r-4 U"I+.J

~ co
!U 0 0 U'l " N
e >0 • N Lt1 r-4 NCI.¥:'-' '0 · · · ·~QCO ., r-4 I 0 0 0 f.. I- N eno I e.,f+-CO ~ ~ ~III 0

I~ III • Lt1 Rl C').. o ., 0) 0
10 :> III > " ,.... 1.1"1.¥: .... aJ · I · · ·lOBI- < U'l C'") ..... .....z ....

•,
III ! r-4 r-4 ,.... V It)

~ U'l U'l V co co0

0 Cl') CC Cl') r-4
0) ..... ~ · 0 0 · ·ot- ..... ~ Cl') 0 0 0 0CO I en

r..f+- ..... r- on ,..
N ""0.0

Q t1J · ..... CD N Cl') U"It- o., Cl ...... N " N• > III ~ · • · 0

I ·< ....0) N N U"I r-4 N• :S I- < r-4
<: -

I ,>- I~
~

>0
+-I bOco 0 ..III e r-4 I 0Q) '0 ca OJ ., .....I- III Q) < e r-4 N 110 e 10e..... CD <: bO Cl ~ ttl 0i 0 r.. .¥: .¥: 0 .0 .. ., .... r..

r.. 8- ttl • r.. r.. r-4 Q ~Q]I ..c: Q)Cl) r-4 co ca r-4 r.. CD ~o r.. ..c: 8 0 0 OJ ~
~~ ca 8!;,1,,0.. en Cl: et: ~ ~ 3:

- 105 -

le
.-!
:::I
F-L)
0+-

S!-+.J
et!
c....
rtJ 0

::J 0....
"0 .,
(II co
+oJ '"'le..... ~..
":I 0c..... OJe ::J
0 .....
z ..... ~
0 ~-,H C.... .... III< IX M CD
H C:>
~ .- e •x
0 '-'

~
~ IX

e~
II

aJ
t- .een CC 3

"2...ca..c:
I .

+oJ 0)
.r::: CIJ
bQ ca.... CJ

'"' .r.:c. (J
0 Cl
+.J Q)

c: '".... Q....
U"I c:

~
Q)v ::JN .r::: r-4

oD
c.,

~
V Q)

V ... 0
N .0 .....

Cl +.J.. (J co
" .... '"l'I1 r-4
I a. :0r-4 C.

10 ttl
en r••., t1J ~CD .f.,)

Q) ID ca

~I l- a)
J:+.J ~

~ .. f+- .....
CD 0 3
.p r.. ""0 c:

I- .... aJ :ll

~I
0 1 c:., r..
I Z 0
I- i:.i



en
I-
~o..,
I
I-

en
(:)....
I-

~
CJ~
co
CJ

:::J

~
~co
CD
~

:::Ja..
U- S0

en i!....en Cl:>- !2c!
~ LL

0
..J en
t5 ~.... Z
I-

~en....
I- 0::< ~t-en UJ
LL

:E:

0 ~
en <
I- a..
..J Cl
::::::I

~en
~ z

~
8
LU

"if" 0::
UJ C!)

a5 z
I-t< (Jl

I- :::J

I I

·:>
"if" U1 "if"~

0') cc ~ cc Cl
U1 "if" 0 U1 "if" er) er) IX)

0 0 . · · · · · ·Ul 1:) r-4 0 r-4 0 0 0 0 0~ ~co enCD -I l- II It- · cc 0 N r-, "if"CD C'.I (.0 Cl
:> 0') 0') IX) ~ 0 "if" r-, IX)

< · . · · · · · ·tTl N tTl N N 0 r-4 er)

· I..... :>
III ~ N C III (I") aJ. ..,. N Cl 0 er) 0 r-, er)

>IN · CC N 0 C ..... 0 0..... 'C · 0 · · · · 0

0 , ~ 0 0 0 0 0 0 0a.. "if" en
"if"

C:N
0
~ ell ·111-101 m "if" e-, m m 0') tobOlIl CD cc ..... cc IX) er) r-, ccI c: CD :> 0 · 0 0 · 0 ·'r'il- < N (Y') ..... r-4 0 0 .....I ~--
-101
cc 0.... >
\:J s ~

C2J 0 V 0 er)
0 "if" r-4 C aJ " aJ co

.J:: ..... 0 0 In ,.._ "if" ..... "if" N cc~ r-, "0 0 0 0 0 • · · 0

~
tTl ~ ..... 0 c c 0 0 0 0:>II en

~O')
C:'I"4N
'" IDCD '" III

0 0.J::CD~ CD U1 cc IX) e-, v 0 CD r-,
.,:>co :> ,.._ to cc L() to cc 0') V
::J '1"4 CD < 0 · 0 0 0 · · ·o c: l- V N V N N 0 ~ ven::::::l ....

'"c 0

III :>~ !l CD 0') ~ U1 Nco 0 N cc cc er) III ('I) 0')c: :>I • 0 o;t N N ('I) (I') vCO~-- '0 · · 0 • · 0 ·~OIX) ~ ..... c 0 0 0 0 0
.. I- N en0 I

~q..aJCO 0~ ell · 0.. o~ III " ~ (I') 0') N N .....CO :> Ul
~ '" 0 CD ,.._ L() CD tTl

'-:'r'iCD 0 0 0 0 0 · ·lOC:I- N (I') ~ ..... 0 ..... (I')
Z::::::l .....

•:>
co ! v III " "~ .... " V IX)

~ v· (I') N (I') ..... ('I) "OJ- "0 · · 0 • 0 · ·CJ I- " ~ ..... 0 0 0 c 0 cCO I en
'" q.. .....0.0
0 co
I- o ~ · aJ to U1 (I') ..... cc• :> co ~ " ~ " L() to N 0 cc< 'r'i CD 0 · 0 · · · · ·~ oc:t- <I III (I') V N N 0 N "if"<::::::1--

I I ..... OJCO a.
~ :>I'" :>0.0

~ CD ~ ......c :J c: :::l ID>'I ~JJ ~~~ .Q ..... CDco
~

.-: .. ..wCD "C co ~ , ~ ..t- 10 CD 10 '" 0 >I 0 >Ir-4 co CJ · · 0'-: 0 r.. 0 10 0 co;2 C 10 H en o :I Z CD 'r'i E '" c:e 8- lot 0 · · ..... ::J III ..... .-I '"a. -101 0- 3 SS .. ,J co '" ::J r... ::J0 '"' 0 ttl · · 8 '" 10 0 ca 0Ll..Q.. I- ~ < < en ..... ::::- J:I- J:I-

- 106 -

10.....
:Jc
t;
0
l+-
Q)
s:
~
bOc

'1"4
en .
::J 0....
"0 ~
CD 10~ lot
10..... q..
::J 0
0..... IDca ::J
0 .....
z - ~
0 i('4 ,.... c:
I- ..... ca< IX ....

~I-t
:>
~ - c •X
Q ....
S W iX

f
~

..
Ql

I- s:en co :t

1:)
C
10
J:.
I .
~ Cl)
.r: Cl:)
bO CO
'r'i '-lr...

.J:.
a. 0
0 10., CD

c: r...
'" 0

~
C

III ~
CD

"if" ::J
N J:. .....en 10
oa :>

CD
~ ..... 0..,. .c ....
N 10 ~

0 CD.. '" r..
" .-4
(I') Co :0I a...... 10 ttl

"-en ID ~-101 ~
co co CD

(/) CD CD .t:l- I- ~en .'
~

.. q.. "!"'4
co c 3
-101

~
c: '" '"'1"4 CD II)
0

~
.::>- ..,
'"'~

I 0I- Z 0



(/l
I-
Z
1-4
Cl..,
I
~

. I

en
0
1-4
I-
~
U
r-I
IQ
U

:la:
~
CD
QI.,

:l
Cl.

IL UJ
0 CC

..Jen ::l
1-4 J:
(/l Cl:>- ~..J

~ u..< 0

..J en
5 ~
1-4 Z...

~Ul
1-4... er;
< UJ... I-
(/l

~
IL <
0 Cl:<(/l u..
I-
..J Cl
::l

~en
UJ z
Cl::

~
:E:
8
UJ

LrI Cl:
UJ

~~ 1-4
cC ~I-

·>s CD n LrI en v· ..... OJ cr) r-, LrI
"0 · · · · ·II) ., cr) r-I 0 0 0

+l enII)
U)
l- iI
~ I· I

'ITCD r-.. r-I 0 crJ
C1 'IT 0 Cl r-I

~ · · · · ·oct' q- r-I N .....

· I~ :> 0 N
cr) &! o::r "v ...... 0a.N · · ·IQI "C 0 Cl

(!)I.O +'
cr) en

"ON
GIs.. CD

oj.) :l...., ·..... en (IJ en r-I
r-IIQGI ID LrI Cl

t!~!: ~ · 0

0 r-I

•.... :>i~ a LrI 0 0 r-I .....
Cl CD o::r " e-,

C!lN • c:o (\") ...... Cl 0
I "C 0 • • • ·"Ccc ., 0 0 Cl Cl Cl

GIN en
....,N
IQ
r-ICO

~::l"'" •et- u CD QI CD cr) 1.0
~

en
r-I ..... CD

~
an LrI cc ccg an- 0 · 0 · ·u- N N Cl .-I Cl

10.... • g r-Ic :> Cls.. .... a 0 CD (1') Cl
01.0 N cr) o::r Cl Cl
.....N • · • • · ·....N ,., cc cr) Cl r-I 0
r-I I J.J

I CON '"UO)

~ ..... ......
10 0 III • oct'
~ . ....,

QI c:o Cl LrI Cl 'IT
~ :> In CD ca Cl cc an

.... GI ~ · · · · ·s c:: t- " III Cl ..... .....
::::l-

0 •
~ :> LrI an 0 cc
~~ a ...... co 0 Cl oct'

CD N (1') " cr)

~~
• · · · · ·"C r-I ..... Cl Cl Cl

:::JI ~
~ca en

l!C4- cr)

IQ 0 CD.c ....., • oct' 0 III III Clo :> III QI co cr) 0 N 0s.. oM Q) :> · · · · ·::JC:I- < 'IT o::r r-I N ......
~:::l"'-

>. I
.c

cal
>0 I~ bO

..fJ .0 0 0en f ...... ....,
CD "C <I 10 Cl) 'CO ....
l- t::! Q) c:: r-I N

~I
c:: ~ c::

r-I III < CO IQ 0

~§ s.. ~ ~ .c .. ...., ..... s..
10 · s.. s..

31
0 co IQ .c CD

CD ...... 10 CO s.. ~ Iii en .co s.. J: 0 0 0 :::J 10 Q)
ILQ. (/l U 0:: 0:: :w: IZ~ :3 0::

- 107 -

10.....
::Je
Cl
't-
Q)
s:....,
1:10c:....co .
:::J 0.....
"tJ .,
Q) QJ., s..
10...... 't-
::J 0
U...... Q)
CO ::J
(,) r-I

Z - ~a le-; t:
~

,... ca
IX .... !...

> .1

~ ... ::: a
)(

Cl

~
IX

~
~

N
Q)

t; J:.
er.! 3

"Cl
C
10
s:
J
+' ID..r:. II')
til) 10.... U
f." ,.
a. C
0 CO
oj.) CD

c: s...... 0
C+-

C
~

Q)
:::J

.r:::. r-I
III l:J:>
Q)
r-I 0.c ....

(I') ." ....,
o::r (,) IC
N "" s..
I ....

CC c. fo(fl Cl.
4i3 C"J

en roo:...., Ct:J ~en +'
Q) cc co

rJl l- Q)
.t::t- .,

rJl ..j,.J

u.i . et- ....
t- Il) 0 ~....,
Cl c: ... ~
t- .... Q) Cl

0

~
c:>- .., s..

ILl I 0
¥. ~ Z (.)



fJ)s....«a::
0
r-tcc
0::I

~
~
ID
CD
~::I

Q;.

LL.

ac
en
1-1en a::>- f2
~ u..« c
...I (/)

cs LU
t:)

1-1 Z.... <en 0::
1-1.... 0:
~ LU....
fJ)

~u..
~c

en <.... ~

~ c
en ~
LU Za::

~
8
LU

tD a::
w t!)
...I Z
ID 1-1« ~....

I· II :>
~ (J) co cc er) er) 0)

• ..... N co q- r-, N
-e . . . . · .

III ~ .04 r-t C C C C
+l CJ)
III
CD
t- II
:It: · I ICD CC er) .-4 C f.C (f')

:> .... IJ') ..... .... ~ In

« . • • . · .
(T) N .-4 .... .... o

·..... :>
(f') ~ :c .... -=t"
q- C .... N

Q.N · · · ·~J, -e 0 0 0
~

(f') en
-eN
CD

'" ID~::I~ · co'toIDID co r-,
.... 'DID QI co (C CC

8~t: :> · · ·CC 0 0 ....

•,.... :>
Q.-=t" B 0 co .... CC

~~
Cl IJ') Cl q- In Cl') -=t"· (f') .... 0 .... c o .... N

I 1:) • • • • · • · •
"OtD ~ 0 0 0 0 0 0 0 0
CDN en
~Nca
.... c.o

"'::I~ •
.... 0 ID Q) 0 IJ') (f') IJ') c:t CC N CJ:I
........ ID :> c:t IJ') 0 ..... co N r-, CC

~.Bt: CC • · · • · • • •.... .... .... 0 c 0 0 ....

ca.... ·I: :>"' ..... ! co co CJ:I 0) IJ')

OIJ') tD c.o r-t ..... .n 0 (Yl co
'toN · Cl') Cl') CD Cl') N IJ') CC L(l

~N '0 · · · · · · · •
.... 1 ~ Cl') N .... 0 ..... 0 0 rot

a~ ,..,
c. rot

~ti ID •~ .~ CD
C

~ :> ID :> c.o CJ:I ..... U1 C ..... cc co
~ID < CC q- (f') (f') ..... " 0 .....se .... · · · • · · · •
:::1-.. (T) (T) N .... N 0 I .... N

C ·..., :>
0"'" c!! c.o 0) Cl .... coIE ..... en en N IJ') cc co Cl')

• rot ..... q- q- -=t" .... Cl') I co
'0 · • · · • • · ·::II ~ .... 0 0 0 0 0 0 0

lit co en
III ttl
C'+-
to C lA
~ .~ • 0e :> III ~ '¢' 0 N co CJ:I .... 0 (J)

~ CD rot q- CD C L(l IJ') .... .....
::11:1- < • · • • · · · ·~:::J-" (I') N .... .... .... 0 .... N

.... CDcc Q.

~ ~'" ~c
+l CD ~ ....

.Q

~
::J C ::I ID..., :ElB C :>,..... Q) E c:

III

o I ~
:.:. .. .. w

CD '0 ID ~ .. ~ ..
l- to Q) cc '" C ~ O~

.... 112 · · c':':' 0 '" 0 cc (J cc

E 8 E t
H en !!~ z Q) '" I: '" I:C · · ID ..... '" .... '"

~i
~ a.. :3 CD C I .;.,J en '" ::I ~ ::I

C ~ to · · .;.,JaJ ,! ~ ~~ !~LL.a. ~ « CC fJ) .... i
- 108 .-

to....
::Iee
l+-

CD
J:.
.;.,J

till
I:
'1"1
10::I 0

'"-e ~
ID CC
~ ~
It).... 'to
::I c
0
r-t Cl)
10 ::J
0 ,...

to
Z - >
S IN c
I- ~ to
CC IX ....

~t-f
::>
~ .-I c: nx
Cl -
~

,"'-3 .J IX

~
II f

CD.... s:en U) 3

"'0
Cca
.t::.
I •.- Q,l
J: ID
~ "'.... to)

"" ..r:.
~ 0
C CC
~ ~
c: ~
'P1

~c:
~

Q)
::I.r::. ....

III It!:>
CD.... c
.Q ...-I
11) ""'er) 0 fq- '"N ....

I 8: :0CC
(T) It: II!

'"'In en CD
+J +J ;..
It) ID CCen CD ID .r:.I- .... ..,

til .fol

~
.. 'to '1"1
III 0 ~
~

0 I! "'" t..
I- .... Q) 9!0 .Q ._
>- ..,

~
t..

UJ I 0~ ~ Z U



en
I-
Z~
Q..,
I
t-

en
Q,_,
I-

~

'"LU
...Js

N
Cl')·Cl')

coo·co

co
CO·Q

Cl

co
N

r

L()

~ .
Cl

L()
('I')

car
Cl')·

('I')
in·

N
(J)·.-!

·:>
OJ
.::I,

10
Cl·

·>
13 cc

N
Cl·Q

L()
r-,
('I'l
•

Cl

IIIco·L()

....
N
III· '"'"N·Cl

N
Cl
Cl·Cl

co
N
Cl·Cl
~·....

N
.-!o·o

'"In·

·"C
.,:0en

·Q)
~

Cl

·o
•:>s

co....· s·o....
N
Cl')·

r-,
o·

co
o·U'1

o:r
Cl')·No N

•:>
c! eno

r-4
•o

'"oL()
Cl

ca
U'1
L()·o
U'1......·et)

Cl

o
~·Cl

co ..... (f)

~- -R ~ ~ ~o 0)" u; Cl ('I') Cl

f t- ~~~----~----~--~~---+----~----r----+----~--__'
0. ....o 0 ento- • +I
• :> III< .....0)
'CI-<~-

•:>
!

•
~

co
Q· '"o•

N.....
'"<"·Cl

L()
oco
•

Q

to
L()·N

......
«rco•
Cl

N
N·

Cl
(Q
N•
Cl

«r
L()·Cl
co«r·N

Cl
C
!tI.co~
::s~

'"'0).c
Q)
Cl:

- 109 -

....
1)(

8...x-,~ 1)(

u

CtI

..ca
~c::
'1"1o..,
•r-



en
I-
Z.....
Q..,.
I
I-

ena
~er::

Cl
.-t
«I
Cl

::J

~ en
+'w
(dC!)

::a$~
a.. er::
la.. ~Q

en ~
H ~en>- <..J Il..
~ Q
< ~
..J Z
tS ~H
l- Sen
H

~I-

~ ~en
H

u.. en
0 ~en 0
I-
~ Cl

en ~
~ :::J

~
<

cg ~
UJ ~
~ Cl:

..- f2

1J I I"I"f
10'""
CQJ. I
8~~ I Ito .. (Y") ..,. Lt") ..... 0 0)

~;~~ ~~

N to r-, N
0 · · 0..... 0 0 0

UJ..c: Cl)
~~ -

!
(f) I

III QJ c I .
+-l+:l..-l
ill • ca 0 .... 0 I 0 (Y")
ID ..... '0 ~ ..,. ..... .... r-I to In II- .....QJ <: 0 0 0 0 0 0

1< s.. (Y") N (f) N ..... 0
f-""ill I

...... 0 IIn >
· v a In 0') 0> Lt") (I") cg
>ON r-, (f) N 0 (f) 0..... 0 (Y") ..... 0 0 0 .....
0 .. "0 0 · · · · 0

Il..<::t .., 0 0 0 0 0 0
<::t en

eN
0
~ ID
ID+-'
bOlD 0 In ..... or- r-, 0 0)
e CD (II co r-.. ..... to (J) Cl')
"l"fl- ~ · · • 0 · ·:..:: .... In ..... crl ..... ..... 0

~
IQ •
"I"f > I1J &! 0 ~ 0 q- .... (f)
0 ("I') CD .... ~

r-, ....
L: - • 0 M I"- ("I') ..,..., e-, "Q · · · • · •
l. ('I') ., .-t 0 0 0 0 0

>0 " en
+-1m

E-;N
CD '" ID ·L:ID+' ID Lt") 0 co I"- .-t 0

I
.., > IQ

~
r-, to CD Lt") Lt") ca

:J "" CD · • • 0 · ·~:St: <::t N ..,. N N 0

"I"f
C • Ito >..,

! CC

~
to N v N

Il:J ca co to " In
C 0 0 Cl Lt1 N N (f)

CIl >-- "0 · • · · • ·~~CO ~ Cl Cl Cl 0 0 0..ON en01-1.., co
IOC+-~OCD • (I') N.. • +' ID N Cl "- to
IQ > :tI <::t to (Cl CD co Lt1
~""Q) > · · · · · ·CtJ;St- < N ..... N ..... .-f Cl
Z -

•>
..... 1B co co <::t 0 "CD C'l .-t v to v 0

«I · co " 0 Lt1 ..,. ('I')x- "0 · · • · • ·OCD"
., .... Cl ..... Cl Cl 0

101-1 en
c.;, ....
Q.C+-o 0 IIJI- • .., •
• > ID l N N ~I to N to
<""ID Cl C) I"- ca N• :S I- 0 • 0 0 0< .... ..,. N Il\j N N 0

>0 I~
~...~ ,..... Q)

Cl) i _..::

ICD " ID
l- tt! CD s..

.... ItJ 0 • 0 0.Jtt. 0 s..
E § CD H en ~~ z CDs.. 0 0:1 0 I III

Co ., 3 Ql 0 +' IIIo c.;, 0 ~ <I 0 +'1Il d I ~l.I.ll.. I- <: en._.

- 110 -

It!
1""4
:;,

E
0....
Qls:
+'
b.Q
e
.,..;
al .
::a 0...
't:I ..,
QJ «I
+' '"III..... 't-::a Clc..... Ql
10 ::J
:J .....

10
Z - >
0
H IN c:
I- .... III;:s IX .....

~>
~ .... I: II

X
Q ....
~

I
W IX

~ • e
Ql

l- s:en Cl) :I

-:rc:
tV-=I •
+' Cl)
.c; Cl)
b.Q 8.,..;

'" .c;
c. 0
0 10.., Q)

c "".... cec:
LO ~ Cl
<::t ::J
N .c; .....

I:l ~oe
QJ..,. .-t 0..,. ~ .....

N ", ~
0 10.. ..-I """ .-f

C'l C- O), C. bO
1""4 Cl 11)

J ..
ID ID CD
+-l ~ >
ID ID coen QJ \11 .c,.... I- ..,

en ~
LiJ .. C+- ...... al 0 3

+'
Cl C "" ""I- .,..; Cl III0 l c:>- .., ...
W I 0~ I- :: (.)



en
I-
Z
roto.,
I~

en
Hen
>-
...I

~<

r-,
N

('I')
en

Cl

8·~

o::r~·Cl

N
IJ1

Cl

N <:T
..-1 f.I1· .CtJ Cl

co N
IJ1 ~· .('I') ~

('I')
o::r•
Cl

ccen·Cl

·o.T

0')
\n·o

N
r-,
o·o
erJ....
o

•>
! Cl('I')

(I')·o
co
t")
N
•o

"Q)·c:t ~~

·>a

Cl
CC('I')
•o

Cl')
IJ1·N

Lt)
cc
•

Cl

U'lcc~·o
Ncc•
Cl

"or"4
Cl

Cl
..-1....
•

Cl

('I')
cc·Cl

en
en
Lt)
•

Cl

encc
t")

•
t")

0')
ca

cco::r•
Cl

U1
en·Cl

Clm
•

Cl ·Cl
u:I
u:I·~

Nccen·o
L()
IJ1•~

o+J
0--
s""~7 ~
~ ca en~ ~ ('I')~~----~----~--~-----r----+---~~---+----~--~

co 0 CIJ
.Q .+J
o > CIJ

'" '" Q)::JJ:I-~:J""

Q)
III· ~

•o

o

N
cc•~ ·c:t

Lt)

g
•

Cl

U1
Cl·~

(I')

~·Cl
"c:ten•cc

·c:t

o

cao

N

"·o N o

N

tl
~I

o
'"s:II)
i

•>
c!

('I')
""·Cl

III....
cc

....o
N·cc - .

N

"ca·Cl
Il'Icoco

cc·"
~· ·N

•>
! U1~

cc·.... ·o
oo::r
Lt)·o

•
~

N
N
•

N

·~
8

- 111 -

D

IX



en
0
1-1
~
~
0
.-f
10
0

:J

~.,
III
CD~

:Ja.
enu, Cl:

0 ~en
~1-1

en
~>-~

~
a.
c

~ ~
5 z
1-1

~~
m 81-1

S ~
m ~
~ 1-1

en~
m ::l~ 0
~ c
en UJ

~ en
::l
UJ

~
0 ~.....

~
3
J:
et:« f2...

LI I
I:: CD ·0.....>1(,).0 IIII s ..... C11 a:l ot- C11 r-, CD
e.j.) · co CD N co ot- V N

'0 · • · · · · · ·10 III 4-J ..... 0 ..... Cl Cl 0 Cl
oM Cl)

1Il.c..j.).j.)
III

!Il CD t:.,., .... · (I')III CD Cl «l ca a:l Cl N
all""'l"C » Cl III ot- CC ..... IJ'l III
t- .....Ql -c · · • · · · ·I <C r.. et) 1""'1 N 1""'1 1""'1 .-f 0loC--Ql

·- :>
(I') 8 (Cl
qo · 0

CoN '0 ·(BJ, ~ Cl
(I') en

"ON
~ m..,:::J., · (ClC!-mUl (Cl

1""'1 10 Ql CD ·a~t: :> Cl«

•:>~ s ot- (I') N III ..... f6 ~Coer III CO ..... ..... ot-
(8~ · "., N er 1""'1 .-f C C

"C · · • · · • •
I ., 0 0 0 0 Cl 0 0"CCO CllQlN.j.)N

10.....m ·.j.)::J.j.) Cl) Cl CO II! (I') III ~ ccC!-om :> 0 r--, N CD ..... N
f"'4 ..... CD < · · · · · · •~~t: f"'4 0 f"'4 0 0 0 0

CO
oM •f,.... :> v (Cl CD 0) CD U1
Olll ~ CO N 0') CO ,..... e-, 0
erN • N CO 0') III et) N III
....N 'tJ · • • · • · ·..... I oioI (I') 1""'1 N ..... 0 P"'4 0
~~ er.
i C!- .-f
10 0 III · CO co ".JtI! • .j.) CD ..... (I') ..... III
:1 :;,. III :> ..... (I') v (I') Cl") Cl .....
~ ..... CD < · · · · · · ·aJ:St: (I') N (I') N ..... ..... 0

0 ·~ :> ..... N er) " ..... CO0,... 8 ~ co co co N ..... co

~~
• 0It' ..... 0It' V V P"'4

-0 • · · · • · ·~ .-f 0 0 0 0 0 C
::l I en~«l

Q) (I')
CC!-10 0 m •.0 .~ U1 0 " f"'4 co r"'I ""'o :> Ul CD 0 U1 (I') CIl Cl II! IIIr.. .... ID :> • · • • · · ·::J:5~ < (I') ..... N .-f .... P""i 0

:..:: .....

I

~.a
>t

I., .0 .-. OJrn

I ~ ~CD "0 UJ II- ea ID ea r..
..... CD (,) · · O~ 0 r..
~8. e 1-1 (/) .s~ z CD

I 0 · · IIIr.. 0 0. ~ a. :::c 0) 0 .j.) III
o '"' 0 10 · · +lID t! 3!u..o.. ~ :..:: -< cC cn ....

10.....~
~
0
C!-

CD
J:
+I

1:10
C.....Ul •:::J 0.....
'"0 +I
CD ctl.j.) r..
10.... '+-
B 0
..... CD
10 ::J
(,) .....

10
Z ....,.. ::-
0 ic-&M C~ .... 10-c IX .... Ql
1-1 e:>
t'!I - e u

)(
Q '-'

~
L~ IX

~
II 2!Ql

~ J:en III ~

"C
C
ItI
J:
I •
+I Q
J: ID~ «J..... tJ
~ .r.:.c. 0
,:) 10., OJ

C r....... 0
C!-c:

~
Cl)
::J

J: .....en It!>
0)

'"" 0
J:l .....

er) co +I
v (.) fN .....

'""I C. ~co
C11 0-

III IfJ
Ul ......., ID ~in +I
:0 en 10en I- 0) .c:I- ~

tJ) .w
~ .. C!- oM

ID 0 3:
+I r.. '"0 I::~ 'S III m

"i c:
>-1 ..,

""~ I 0~ z (.)

- 112 -



!IQ. aa -- I• OCT NORSKE HARLlCOT,MOUTY
• VERITAS TQ...RNAY-GE:NE:RPL
II AVe: 2.02

AvE ._
1.77

• S - 0.44- S - O.~
ea.co t

t.co ~co ~co ~co ~~
RAT-IO P rrcsri /p (CA..C}

~CI:) r-------~------~------_r-------.------~~----~
• ~ 8L..AIR
• RESe:R
• RIlE: - 1.91
• S -0.49

~ICFN lIELOING
SOCIETY-A.. W. 5
FIVE - 2. 07
S - O. OS

.. 00 l.oo (l.,ca ~oo
RATIO P (TEST) /? (CALC)

ec.aa
• 9-EAR AREA ~.I<ATO
• I"ETHCX) KFNATAI'lI

• FIVE - 1. OS FIVE - 1.40
• S - 0.18 S - O. sem.co

~

11-1

~

lOo Cl:) -
!"-'I ~ ..-

,.ca &CO o..CO j~co ~ca !l..ca
RflTIO p rre::ST) /P tCFLC)

Figure 45.Histograms for T-jo1nt tests

- 113 -



~m ~----.--+----------------~------~.------~------~l-
I

dJ ,rln
~ I 0 J ---:--1

.. AMf""..R I CAN WELD rNC3
• SOCIETY-A. W.S
II AVE: - 2.. 37
.. S - 1.60

t30LJllJKAt1P METHOD
STEl..CO
AVE: - 1.30
S - 0.S9

e.oo
~TI 0 P (TEST) /P (CQ,LC)

~co r-------._------._------~------~--------------_
• OCT NORSKE:
• VERITAS
II AVE: - 2.. 70
It S - 1.20

HARLlCOT, MOUTY
"iO!.JRNAY-GE:NERAL
AVE: - 1.06
S -0.63

s.co &co &~ .00 ~~ Soc
RATIO P (Te:ST) /P (CALC)

~oo ~------~------+-----~~----------------------~i
I
I

• srEFR AREA
It I"ETHOD
• AVE: - 1.4S..S - 0.60

KUROBAI'E
I"ETHOD
Ave: - O. ~
S - 0.4S

1.00 &co t~ ~oo ~oo ~~
RATIO P (lEST) /P 'CALC)

~co r-------+---------------~----------------------_
• UFlSHIO
• F"ORM...JL.A
• AVE: - 1.60
It S - 1.03

..

J' BLAIR
RESER
Ave: - 1. e54
S -0.99

I

I
!
I, I

I I I i-W
i.co e.oo

jl
F igu re 46. H1 s tograms fo r Bouw kamp's K- join t t a st 5 RATIO P (TEST) /P (CALC)

- 114 -



iIIi) '.--'
• BOUIJ-<Ai"F I"ETl-OO OCT NORSKE: .I~
• STELCO ve::RITAS
II AVe: .. 1. OS FNE. .. 1. SO

" S -0.42 S -0.40
q eo

pt ICIJ

~ 010

--~..,- - 1.00 &00 .. co 1.CO 2.00 ~(JQ

RATIO? (TE:Sn .I'P (CFLC)
\.,

• UJASHIO 1" 9L..AIR

~
• rORM'~ RE:EIE:R
• AVE:. - 2.. 20 AVe: - 1.09

I.. S - 0.7 S - O.~

~
eo

M
CIJ

rrl ..,

- ~
•

1.00 &00 LOO ~OO ~co ~~
_- RATIO? tTE:ST) /? tCAL.C)'

HFIRl..lCOT,MOUTY
TOl..RNFIY-GENE:RAL.
Ave::. .. 1. 10
S .. O.as

1.00 &00 0.00 I.co "'.00 ~co
RATIO P (TE:Sl')/? (CALC)

UIO

~
• SHEAR FlREA KUROBANE
• METHOD METHOD
• AVE - 1.24 Ave: - 1. oe

~ eo " S - 0.34 S - 0.31

~
(J)
-f
rh .eo

• Ft'ERICPN WEl...DING
• SOCIE:TY-A.W.S
,. Ave::: - 1. 62
.. S -o.co

1.,00 O.CO I .00 g.. 00

RATIO P(TEST)/P(CALC)
Figure 47. Histograms for Kwroban~s K-joint tests

- 115 -



~..---

eo

i

I
I
r
I~~ ~~~ __--~~J

.. SH:..FR AREA
• r-ETHOO
• FIVE: - 1. 24
" S - 0.43

~~ ~= ~~ ~~
RATIO F> tTl:::STI /P (CA..C)

I

• A'£R I CAN u.EL.O I NG
• SOCIE:TY-A. W. S
• AVE: - 1.71
• S -0.86

BO...J<Ar"'P ME:THOO
STEJ..CO
AVe:: - 1. 10
S -0.43

~= ~= ~= ~~
RATIO F> (TE::STI /? (eA-C)

"1' BL..AIR
~
FIVE: - 1. 14
S - 0.e54

• UJASHIO
• F"0R'1UI...J=I
• FIVE: - e. 03
" S -0.79

I.~..=0·00
RAT I 0 P (TE::STI /P (CA..C)

• OCT NORSKE:
• VERITRS
• Ave::: - t. as
" S - 0.73

l.CO ZoCO LOO ~= il.oo

F i Hi RATIO P rrcs'n /P <CALC)gure 48. stograms for al} }-joint tests
- .llo -



r---- ---1-' --.--..
Q

I • • • II

I I

I
.._.___.___ J I

~~
L 1

I ,
J

I II
~

0
"0
<, 0
be "0
(0 <,
0 bO

0
I er.
IJ1 ~- .. .-I

0 ::J
.-I Q)

IIIe,

~
c:
't"l
0....,,
~

0 f..
0a 'io-

e
0
.,;
~
0
C
:J
Cf-

0
"Cl n.
<, ttl
bII (.!J

Lt'
co C"I

0 0)

N <;t-
I

Ion OJ
r-, M

:J
bO
.,;
u,

Ir-- ~
0

CXJ Ion 0 cO IJ1
(0 Cl") N r-; OJ
N er) <;t- V Ion

Cl Cl Cl 0 0
u u U II II
0 0 0 0 0
"C "0 "0 "0 "0
<, <, " <, "... ... r-I .-t .-t
"0 "C "0 "0 '0

• x Il 0 4 0.., Q
0 0- -

o

- 117 -



CHAPTER 4

FINITE ELEMENT METHOD USED IN THE PRESENT INVESTIGATION FOR ANALYSING
T··JOINTS·

4.1. Finite E"LementComputep Sy8tem

4. 1. 1. General.

The finite element displacement method is an analytical technique
that can provide the solution to a wide range of structural and
continuous problems. The basic theory is general and has besn
well established, and matrix notation is convenient for the
implementation of the method of digital computing machines. A
virtue of the finite element method is the similarity of computer
code required for various types of problems J thus a method can
form the basis for the development of large general purpose
structural analysis systems. The system used for the analysis
of the T-joint considered in this present investigation is the
LUSAS·· system. This has been developed at Imperial College in
London by Or. P. Lyons36• The system has been developed for
the linear static analysis of one, two and three-dirransional
structures and contains a comprehensive range of elements which
pennit a wide range of modelling capabilities. The modularity
of LUSAS has permitted new facilities to be added easily and
qulckly.

In addition to the usual facilities provided in finite element
computer systems the LUSAS system incorporates some special
facilities some of which are described below.

4.1.2. Maahine Independenae and Requipements

Most of the system has been written in ANSIt fortran, which is
acceptable to the majority of alternative computer installations.
The system requires a minimum central memory equivalent to 2Sk of
60 bit words, within which a wide range of problems can be sclved.

• See Section 4.7. page 164 fcr notation.
··London University Structural Analysis System.
t American National Standards Institute.
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4.1.3. ModuLar Internal. Data St1"'.A.CJtureand DynamiC!VeCJtorArray

The internal data is organised in a modular way by the use of a
single dynamic vector array which is divided into a string of data
records. The lengths of the data records are determined automatically
during execution according to the tndividual problem requirements.
and the positions of the first and last location of each record are
recorded in a pointer table. This technique ensures an economical
use of the available central memory and enables control infonnation
and numerical data to be transferred from one module of subroutines
to another using a simple common statement containing the single
dynamic vector array. This dynamic array also simplifies the
re-start facility. since a simple transfer statement can be used
to save the whole core image on secondary storage at any stage
in the computation. Also. user control of the array size minimises
the amount of central memory required.

4.1.4. ModuLar Comput~r System Structure

The system is organised in a modular way by grouping subroutines
into overlay modules each of which performs a logically well
de-fined function. The system consists of several of these overlay
modules which are stored in a library on permanent disc file and
brought in turn into the computer central memory. This overlay
procedure allows cons9cutive modules to occupy the same area of
central memory and so reduces the total central memory requirements.

4.1.5. Independent User options

The user has control over the internal computations of the computer
system by the use of several options. For example the type of data
processing. amount of data process,ing. solution order. and type of
output can be controlled by the user.

The system is also flexible enough to permit the assimilation of a
user's external subroutine into the main program. For example it
may be required to introduce a subroutine which permits additional
arithmetic to be performed on post solution data.
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4.1.6. The Computer System

The computer system is divided into nine primary overlay modules,
one of which is optional. Each ovarlay module. which consists of
a group of subroutines that carry out a well dsfined task, is
called. in turn. into the central memory by a simple main progra~,
which remains in core throughout problem execution and contains
the single dynamic vector array. The length of the dynamic vector
array is determined by two statements in the main program, and is
easily adjusted by the user to suit each particular problem. The
first four overlays process the data input. the fifth computes the
segment lengths of the dynamic vector array required for the
problem. the sixth retrieves data and computes the characteristic
matrices for each element. the seventh assembles the structure
stiffness method and solves the displacements for each load case
by the frontal technique31, and the eig~ uses these displacements
to compute and output the stresses for each element. and the
displacements and reactions for the structure. ' The ninth overlay
module is optional and can be supplied by the user to post-process
the results according to his or her particular requirements. The
sixth overlay module is served by a subset of thirteen secondary
ovarlay modules sach of which contains a family of finite element
subroutines for each particular structure type.

Simplified flow charts for the overall system and for the primary and
secondary overlay modules of LUSAS are given in Figures 50 & 51
and the subdivisions of the dynamic vector during each phase of
analysis are shown in Figures 52 to 56.

4.1.7. Data PTocessOPs

The data input for LUSAS has been designed to be compact. self-
explanatory and in a free format field. A free format subroutine
and a data generation subroutine are kept in the central memory
during the data processing phase. Thus. the alphanumeric characters
in each column of a card are read and assembled into complete numbers
l"rwords. allowing flexibil1 ty in the m:i.xingof numbers and words in
input record formats. Data is input in the normal manner i.e.
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Element connectivities (node numbering)
Node co-ordinates
Material properties
Boundary restraints
Loadcases

but with some additional advantages.

Incremental generation 1s available for use with all data input
records38•

Gaps may be left in the numbering cf nodes without affecting the
requirements of the central memory.

The node numbers of any element can be overwritten by the node
numbers of any new element, even if the number of nodes is
different.

All data input records can be overwritten by the inclusion of
updated information, except in the case of load data where
additional load at a node already specified as being loaded,
is added to the load previously imposed.

The solution of the structure load deflection equations in LUSAS
is carried out by random access frontal solution technique. This
solution technique, as with many others, requires that the equations
are reduced in certain order to keep the front width (akin to band·

I

width), and therefore the total number of arithmetic operations. to
a minimum. For the frontal solution this is governed by the crder
in which the elements are presented. In LUSAS the ordering of
elements may be controlled by the user according to anyone of the
following procedures:-

SoLution Order Ascending

This procedure is used when the element numbering is dcroas the
narrow direction of tha structure and, t tIer-afore.in opt:lmum
condition.
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SoLution Order Presented

This procedure is adopted when it is convenient to carry out a
solution in the order in which elements are presented or generated.

Boluirion Order' i. ",' + 1-
" "-I i + 2k, i + Jk ...... J

This procedure enables a manual user specification for the order
of elemental solution. where i and j are positive integer element
numbers. and k is a positive or negative integer. as i. j. ~.

As a special case. the series may only consist of 1.

4.1.8. Finite Etement Library

Finite element types implemented in the LUSAS system include joint
elements. spar and beam elements. extensional elements. flexural
elements, axi-symmetric elements, extensional-flexural plate
elements, doubly curve~ thin shell elements. doubly curved thick
shell ~lements. and solid three-dimensional elements. The
characteristic matrices of nearly all of the standard elements
incorporated in the computer system are computed using numerical
integration. A detailed description of most of the elements can
be found in the text by Z1enkiewicz39•

LUSAS also contains several elements ISOFLEX and ISOBEAMl that have
been specially developed for use in the ~nalysis of plates in
flexure, and cellular structures. The element selected for the
prasent linear analysis of T-joints was called QSL8 a semi-loaf.
doubly curved quadrilateral thin shell element (See Section 4.6.2.
page 158).

4.1.9. ~e-SoZution ~oae88or

The pre-solution processor retrieves data stored in the dynamic
vector array and assembles each of the individual el~~ent records
in turn. Each element record includes arrays of the element node
numbers, number of variables at each node, node destinations.
support node destinations. node appearance codes. node coordinates.
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elastic properties. thermal properties. support values. support
codes whether free. restrained or spring. constant body forces.
body force potentials. nodal initial stresses and strains, node
numbers for each variable. equation numbers. front destinations
and variable appearance codes. see Figure 52. This data is
then transferred to the appropriate secondary element overlay
module where the element stress matrices ars computed and written
onto tape. the stiffness matrix is computed. and the element load
vector due to constant body forces and body force potentials is
~alculated. Control is then returned to the primary overlay
module where the stiffness matrix and element load vectors are
modif:1.edin accordance with the support conditions. The concentrated.
loads for nodes making their last appearance are added into the
element load vector. and the second element record which contains
the solution data. including the element load vector. is transferred
to tape followed by the element stiffness matrix.

4.1.10. Random Access Front ~ocessop

The computational procedure of the finite element displacement method
requires the solution of the matrix equation:-

Ko • P ••••••••••••••••••••••.••••••..•.•..•...•......•.•.••..•. (4.1)

where K is the coefficient or structure stiffness matrix. 6 is the
vector of unknown displacements. and P is the vector of applied loads.
This matrix equation constitutes a set of. perhaps. several thousand
simultaneous equations. the coefficient matrix of which 1s symmetrical.
positive-definite and banded about the diagonal. Theoretically the
various direct solution algorithms that have been developed to date
are similar. but their computer implementation differs Significantly.
Thus. the principle scientific discipline involved is that of system
engineering. and it is in this area that considerable research has
been carried out in the quest for efficient equation solvers~3.~4.~5.46.
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The algorithm which solves a set of linear algebraic equations
with the minimum of arithmetic operations is Gaussian elimination.
or one of ita closely associated techniques. For ~ymmetric
positive-definite equations. Gaussian elimination is guaranteed
to be numerically stable irrespective of the order in which the
equations are eliminated. and with floating point arithmetic a
pivotal search is unnecessary.

Virtually all structure stiffness matrices. as found in the finite
element method. are not only banded about the diagonal but exhibit
areas of sparsity within this band. The fundamental requirement
for the efficient solution of these etructure equations is to
avoid superfluous arithmetic operations on the zeros. Basically.
there are twa ways of handling sparsity:-

i. In the data structure by excluding all zero coefficients from
storage.

ii. In the computations by excluding all operations on zero
coefficients.

Each approach has its advantages. but it is not clear which is to
be preferred in general.

An elegant solution procedure for avoiding the zero coefficients
within the band of a structure stiffness matrix is frontal technique,
as developed by Irons37 and Bamford47• The computer algorithm is
based an Gaussian elimination and takes advantage of both the symmetry
and sparsity found in structural stiffness matrices. Large variations
of local band width are handled in a compact area of central memory.
and numerical operations on zeros are essentially avoided. Consequently.
the method is particularly efficient for finite elements with side
nodes. or for bifurcated structures. when re-entrant sparseness occurs.
The solution proceeds according to the ordering of the elements for
Which ther9 is an optimum. and the node numbering is irrelevant. In
general, elem~nt ordering is more natural and straightforward to use
than node ordering, especially when a computer system 1s enhanced with
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a reordering option. For these reasons, the frontal technique has
been incorporated into the general finite element computer system
described here, together with a user specj_fted solution order
facility. Iro~s37 has presented a detailed description and Fortran
listing of the frontal technique and it is from this that the
present solution routine has been developed.

The principle of the frontal solution is indicated by the Gaussian
algorithm itself. The elimination of 6r for row r of a system of
equations leads to a modificatian of the coefficients in the
remaining raws according to:-

•••.••.•...•....••...•.•....•..•.•.••..•. (4.2)

P '"i .. •.••.•.•.••.••••••..•.•••.••...••...•.••..•. (4.3)

where the modifications are only far non-zero admissible pairs i, j.
The elimination reduces the matrix K to an upper triangular matrix.
The terms Kij for the overall stiffness matrix and Pi far the overall
load vector are the sum of the individual element contributions, an~
need nat be fully summed when the above modification is executed.
However, it can be seen from· the expressions that the terms Kir
(which is equal to Kri by symmetry), Krj, Krr and Pr or row r, must
be fully summed before 6 can be eliminated. It, therefore, does

I'

nat matter in which order the element contributions are added to Kij
and Pi' or in which order the 6r are eliminated provided that row r
1s fully summed. Also the only variables required in the central
memory are the active coefficients of Kij and the active terms of
Pi which are to be modified. The coefficients of Kij form a densely
populated triangular array which excludes the zeros outside the band
and this is often smaller than the corresponding triangle of
coefficients required for a band algorithm. These coefficients
continually change but the frontal technique avoids disturbing the
active variables Tesiding in care by using the rows and columns
vacated by recently eliminated equations. Thus, the frontal technique
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continuously alternates between the assembly of the element
contributions to Tonn the overall stiffness matrix, B!1d the
elimination of completed equations. The reduced equations are
S3V8d on secondary storage to be retr-iaved later for the back-
sUbstitution phase. The dimension of the triangle of stiffness
coefficients 1s termed the front width, and this changes as the
solution proceeds. It is important that the element stiffness
matrices and load vectors are introduced into the central
memory in an optimum order to keep the front width to a minirnum.
The maximum area of central memory required for a solution is
dependent on the maximum frent width.

The beck-substitution phase reads the element records and reduced
equations from tape in reversed crder and calculates the
displacements according to:-

p •
6n :II Kn •••••••••••••••••••••••••••••••••••••••••••••••••••••• [4.4)

nn

and

IS .. (P.·
i 1

j-n
j-f+l Kij* 0j)/Kii* for i < n •••••••••••••••.•• (4.5)

where n is the total number of unknown displacements.

The houskeeping for the frontal soluticn orocedure can be briefly
illustrated by reference to the simple structure shown in Figura 57,
which has only one variable at each node.

Element number 1 with variables 1, 2, 6 is introduced into the central
memory and its coefficients are assembled into locations in the overall
stiffness and load vectors in accordance with its destination vector
(1, 2, 3). Since variable 1 appears for the last time it is eliminated
and the reduced equation preserved on backing storage. The positions
of the active variables remaining in the core are {a, 2. 6}.
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Element number 2 with variables 2, 3, 7 is now introduced.
Variable 2 already has a place in the second location, variable
3 is new so is given the vacant place in the first equation,
and var:l.able7 is also new so is given a placo in the Pour-th
location. The destination vector for element number 2 is. thus,
(2, 1, 4). Since variable 3 appears for the last time it is
eliminated and the reduced equation preserved on backing storage.
The position of active variables remaining in core are {O, 2, 6, 7}.

Finally, element number 3 with var~ables 2. 7. 6 is introduced and
since all of these variables are already active the destinations
are obviously (2. 4, 3). All of these variables appear for the
last time and accordingly are eliminated.

From the preceding example it can be seen that the maximum size of
problem is limited by the amount of cantral memory available for
the overall stiffness and load vector arrays. The random access
front processor implemented in LUSAS is organise~ to provide a
maximum amount of storage for these arrays, by segmenting the
dynamic vector array for each phase of the solution as shown in
Figure 55. The elimination phase for the first solution is
critical and the only arrays used in addition to the overall
stiffness and load arrays are the arrays for the current active
nodes and variables, the array for element record 2 which consists
essentially of element loads, and the buffer array which is used
for element stiffness matrices and r.educed equation coefficients
consecutively. The latter action is possible since the element
stiffness coefficients are immediately assembled into the overall
stiffness matrix as they appear in core, leaving the equation
buffer free to receive the next set of reduced equation coefficients.
For elements with large stiffness matrices. for example, the 32 node
isoparametric solid element with 4656 stiffness coefficients, the
buffer length is minimised by fragmenting the stiffness record into
several shorter records. With these core saving arrangements up to
95% of the dynamic vector array is available for the overall stiffness
matrix and load vectors.
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The frontal solution processor implemented can take account of
elements with different numbers of variables at each node. This
has been achieved by operating with the desti"ation and appearance
code for each variable instead of e8ch node of the element. This
approach is more efficient in that there is a greater likelihood
of finding a vacant position in the front for a single variable
than a vacant position for a node with a particular number of
variables. Also this approach has greater flexibility and can
accommodate. for example. the coupling of individual variables.
The implementation of such facilities involv~s modifications to
only the pre-processing routines which must determine the
appropriate destination and appearance codes of each variable.

Every tape r~ading operation after the initial forward elimination
process, must access the records in reversed order. The original
version of the frontal program required the computer action
BACKSPACE-READ-BACKSPACE. but this is costly, both in peripheral
and central processin~ timet. In the present program this action
was avoided by a simple modification which involves the use of
random access disc transfers. The frontal solution procedure
requires the tape records to be accessed sequentially by both
forward and backward reading. If, during the creation of a series
of records, the random access position of each record is stored
with the following records, and so on) then the series of records
can be read backwards because as each record is read the position
on disc of the next record is given. This procedure is completely
dynamic because only the exact length of each record, which varies
throughout the solution, is transferred to disc. This procedure
has the advantage of being straightforward to implement and does
not require the use of further valuable central memory locations.

The computational efficiency of the front processor was improved
further by the incorporation of a machine code subroutine of the
innermost reduction loop.

+Of the order of 30x the cost of a READ statement for a CDC6S00
computer.
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The success of implementing both the random access and machine
coda subroutine facilities can be judged from the following
example. The problem was a shell roof which was idealised with ~
mixed mesh of beam and shell elements, and reQuired the solution
of 1512 equations with a maximum front width of 108. The computer
used was a CDC6S00 and the total problem costs included data
pre-processing, the assembly of the element characteristic matrices,
the solution of equations and the output post-processing phases. A
comparison of computer costs with and without the machine code and
random access facilities are given in Table 11.

The refined diagonal decay criterion for the estimation of round-off
damage, as suggested by Irons, was incorporated into the frontal
solution. During the forward elimination ~rocess the diagonal
stiffness terms decrease monotonically but remain positive. If
the final pivotal value is small, compared with the proceeding
values. ill-conditioning would be suspected. In the program each
time a diagonal term is modified during the elimination. its
initial value squared is accumulated into an extra overall load
vector. The criterion is that ratio of the square root of this
sum divided by the final value of the diagonal should not exceed
a certain value:-

Ccrit ••••• a .••••••••••••••••••••••••••••••••••••• (4.6)Kii (final)

If Ccrit is greater than 104 then ill-conditioning is suspected but
the solution continues. If C it is greater than lOll fate' ill-er -
conditioning is assumed, and the solution is terminated. The program
prints out the node number and variable which caused the problem to
enable the user to, perhaps, correct the fault.

4.1.11. Post-SoZution Processor

The post-solution processor retrieves, from tape. the overall
solution vector of displacements, and calculates and outputs the
element stresses. displacements at each node and reactions to
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earth. for each load case. There are several output options
available which may be required by the user, including element
stresses with respect to the element local coordinates, as
opposed to system coordinates. averaged nodal stresses. and
force components as opposed to stress com~onents. The output
is concise and self-explanatory with many texts.

External user supplied subroutines can be incorporated into the
computer system to post-process and output the results in
accordance with the user's particular requirements. Since the
element records. reduced equations and element results for a
problem are stored on disc. it would be possible for the user
to update the element load vectors or stiffness matrices and
resolve. This would enable simple non-linear or dynamic problems
to be tackled.

4.2. Thin Ptate FZexure EZement8

4.2.1. Introduction

In tha finite element analysis of plates with arbitrary boundaries
or shells comprised of flat plates, triangular and quadrilateral
flexural elements having three variables at the vertioes. are
commonly used. Elements with this simple nodal configuration have
the advantage of being readily incorporated into computer systems
which accept only elements with a constant number of variables at
each node. They can also be used in conjunction with the standard
grillage beam element for the analysis of. for example. a ribbed
plate.

Elements with a linear stress response

M • f(l. x, yJ ••••••••••••••••••••••••••••••••••••••••••••••••• (4.7)

are known to have a good performance. A conforming plate flexure
displacement element. with only the lateral displacement and its
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two first derivatives at the vertices, cannot accommodate this
linear stress response because there is only sufficient information
to define a linear variation of the tangential rotation along each
side as opposed to the required quadratic variation. It is possible
that a hybrid formulation could succeed, but as an alternative. a
higher order element could be created by the introduction of a
midside node at which a tangential rotation is specified48,49,SO.
This additional rotation variable would have the minor disadvantage
of producing'an element with different numbers of nodal variables,
but this is preferable to the use of higher order derivatives, which
require special treatment for abrupt changes of plate thickness or
properties. If the departure from linearity of the midside
tangential rotation 1s used instead of the absclute velue50, then
such an element can still be used in conjunction with a standard
grillage beam element, simply by constraining this variable to
zero in the presence of a beam. A midside node can also be used
to define curved element boundaries and this gives an improved
geometric definition for many structures.

A unified formulation which includes triangular and quadrilateral
elements with the ·aforementioned nodal configurations does not
exist. Furthermore. nearly all individual formulations, to date,
fail to satisfy the requirements for thin plate flexure elements.

The classical requirements for thin plate flexure elements are that
the assumed displacements should be ccntinuous within each element
and across the element boundaries, and should provide every state
of constant curvature including rigid body motions. Also, the
Kirchhoff thin plate theory. in which normals to the middle surface
remain straight and normal to the mid-surface during deformation,
is required to exclude shear deformations. In the displacement
formulation. if these requirements are fulfilled then the principle
of minimum potential energy is valid, and convergence to the
correct solution is ensured. However, IronsS1 has shown that it
is impofsible to specify simple polynomial expressions for shape
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functions that ensure both displacement (CO) and slope CCl)
continuity, when only three variables are prescribed at the
element vertices. Consequently, earlier attempts to produce
satisfactory elements included formulations which either
introduced complex functions to satisfy slope continuity. or
violated this requirement precipitating precarious convergence
characteristics. For example, the fully conforming triangles
of 8azeley et a152 and Clough and Tocher53• and the fully
conforming quadrilaterals of Clough and Felippa5~ and Veubeke55•
all require complex computer code, whilst the simple non-conforming
triangle also by 8azeley et al has limited convergence properties.

The hybrid method, pioneered by Piarf.3avoids the difficulties
encountered with the conventional displacement formulations, and
some of the more notable work has been carried out by Allman~9.58,
Severn and Taylor59, Wolf60, and Torbe and Church61• However,
hybrid elements are prone to spurious mechanismstS2,60, and the
formulation is often cumbersome. but is is generally recognised
that they are capable of providing accurate solutions63•

In recent years. it has been established that a necessary and
sufficient condition for convergence to the correct solution is
that an element should pass the patch test6~,65,66. This test
in itself does not remove the"difficulties encountered with the
formulation of plate flexure elements. but it does broaden the
search to include, for example. non-conforming elements. elements
with approximately integrated energy. and elements in which the
Kirchhoff requirement for thin plates is imposed discretely.
Regrettably there are relatively few simple elements which pass
the patch test.

Irons and Razzaque67•SO have developed synthetic versions of Allman's
triangular elements which are based on an incompatible displacement
formulation with smoothed derivatives. These elements pass the patch
test and are coded into a shape functio~ subroutine. but the higher
order element cannot accommodate curved boundaries.

------------------------------------------------------~'A purtabation which carries no strain energy.
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A radical approach for the formulation of plate flexure elements
is to proceed. initially from the basic equations of elasticity
and allow shear deformations to occur68• 69,70.71.61. 72i". The
Kirchhoff hypothesis for thin plates is then invoked by applying
constraints at discrete points within the element domain. for
example. at the nodes. the boundaries. or the Gauss points73.7~,75.76.77.
Irons and Razzaque73.78.48 used this technique to formulate a higher
order quadrilateral with a good performance. but this element does not
pass the patch test for quadrilateral geometry.

4.2.2. Requirements [or Thin PLate FLexure ELements

The requirements for thin plate flexure elements may be summarised
as fa llows :-

i. The elements should be capable of being used in triangular
and quadrilateral form and should be capable of representing
tapering thickness and curved boundaries when necessary. In
general, quadrilateral elements are preferred requiring less
data preparation and computer output and fer a given number
of variables can give greater accuracy. Triangular elements
are occasionally required when the element size is refined
in the vicinity of rapidly varying stress fields, or for
irregular boundaries.

1i. The nodal configuration should be simple and permit the
standard grillage beam element to be incorporated into an
idealization. Second or higher order derivatives should
be avoided and low order elements should have a constant
number of variables at each node.

iii. As a mesh of arbitrarily shaped elements is refined.
convergence to the correct solution should be ensured.
With certain provisos. the existence of fine-mesh
convergence for an element can be established by the
patch test6~.65. The convergence of a mesh comprised
of both triangular and quadrilateral elements should
also be established.

tNote also the extensive work based on Ahmads' stacked shell
element79 80 81 82 78 8~
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Iv. The equations produced should not be ill-conditioned and
fail for certain geometries.

v. The coarse mesh performance should be such that if an
idealization is In error the results are not unreasonable.

vi. The element(s) should be easy to implement and computationally
efficient. A shape function subroutine is easy to implement.
and reduced numerical integration invites computational
efficiency. Ideally. it should be possible to code a family
of elements into a single compact shape function subroutine
thus saving a substantial area of computer core.

vii. The stresses should be available at the nodes to be consistent
with the majority of finite element system output schemes.
Sometimes stress output at the Gauss points 1s acceptable if
the accuracy is improved84•

4. 3. Theory for Conatrained Thin P7Ate Etements

The derivation commences with the three dimensional equations of
elasticity which include shearing deformations. Thus. the in-plane
and lateral displacements u. v and ware specified independently.
and are in coordinate directions shown in Figure 59. The Kirchhoff
hypothesis for thin plates wi.thout shearing deformations is then
invoked discretly by applying constraints to the displacement field.

4. 3. 1. Basic As8W11Ptions

The basic assumptions for a plate including shearing deformations
are:-

i. The deflections are small.

ii. Lines originally normal to the mid-surface remain straight
during the deformations.

1il. Stresses and strains, normal to the mid-surface. are always
negligible.
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For thin plates the additional assumption required 1s:-

iv. Lines originally normal to the mid-surface remain roOMlel
during the deformations. i.e. zero shear strain.

4.3.2. Derivation of the Thin PZate Theory

From the basic assumptions for a plate with transverse shearing
deformations. the displacements of any point x. y and z in the
plate can be specified as:-

6 =H = f::~} (4.8)

where e and e are the rotations of the normals to the mid-surface
x y

with the sign convention of Figure 60.

From this definition of displacements the strain components can be
expressed as:-

e:x

ey

e: = {~}= Yxy =

Yxz

lyyZ

<5urx
15vry.
15 <5u + v
~ ~-----
<5 <5w + u

~ Oz

o (I)
w + v
-, -,

...•.••••••••.••••••••••••• (4.9)

where e: is the in-plane strain components and e: the transversen s
shear strain components.
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Combining equations 4.8 and 4.9 for the in-plane components of
strain gives:-

r 09

1l-rx
e: = z -09n x .-

0
y

de oe
_J_ - x
d -6-
Y x

= ZE ., ••• (4.10)
T

Noting that ex ,. °v and er y
z

be rewritten a8:-

.. °u. the rotational derivativesrz

62
unx z

E:
f

= 62v
cS 0Y z
02 02u + vn ny z x z

••....•.....•...•.....••....•........•.. (4.11)

The displacement field is now constrained to effectively exclude
transverse shear strains as required by the Kirchhoff hypothesis.
see assumption (iv). by the technique described in a subsequent
section. The evaluation of the element stiffness matrix now
involves only in-plane stress and strain products. The in-plane
stress components a are given by the usual equation:-n

.. o
n e: n .....•..•.••.•.•......•.......•.•..••..•......•..... (4.12)

where 0 is the conventional membrane modulus matrix where:-n

d dR, 0x
0 .. dR, dn y

0 0 dxy

.••.•........••.........•.•.•...•.•....••..• (4.13)
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with d d
E

= =x Y 1 '1)2-

dl E
=

1 - '1)2

d E- 2(1 y)xy +

..................... " .. ~ •••••••• I ••• w .... (4 ..14)

for an isctropic material, in which E is the elastic modulus and
'I) Poisson's ratio.

From the v~riational principle of minimum potential energy the
contribution of the internal stresses to the energy functional
is the volume integral:-

1.. ! eT a dv .••. ""•..•.•• ""•••• ". """. """"". """"• "". ".• "•.•.••••• (4 "15 J2 v n n

Substituting equations 4.10 and 4.12 into this integral,. expanding
and rearranging g1ves:-

dxdydz

.. I! • T'2 fJZ£f On

.. 1 T 2.- fre ro Z2 f n

Z£f dx.dy.dz ••••••.•••....••••.•..• (4.16)

dz e:f dx.dt

The innermost integral contains the coordinate z which can be
integrated explicitly before the integration with respect to x and
y. Thus, the energy integral may be rewritten a9:-

~ rf e:! af dx .~dy ••••••••••••••••••••••••••••••••••••••••••••••••• (4.17)

where af = .•....•........•.••................••.•....••• (4.18)

.. fD z2 dz
n ".•..• "."""""" .. """""."."" .••.. ".".,, .•..• ,,•. (4 ..19)

so that the final integration may be carried out with respect to
x and y only.
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The generalised stress vector Of represents the conventional
flexural stress resultants of thin plate theory:-

= {M M M }T> I X.Y xy ~ • • • • • ~ • • • • • • • " " • II " • " • .. , " ., " " " IF II • " " " " " " • " " .. " r. 4 ..20 )

and the generalised strain vector Ef represents the conventional
curvatures. Since the transverse shear strains are only constrained
to be approximately zero. these strains are more appropriately termed

15v
(5=
z

equation 4.11 becomes:-
For approximately zero shear. 15 -0u w'r=r

z x

andpseudo-curvatures.
-15w
(5
Y

62 l -62 lu w-- w I6)(.dz

e:f • 02 ..c -02 •...........•.•....•.... (4.21)v w
oy.dz l6?62 62 -62u + v

OX~Oy6y.dz 6X:'"6z

The integration of equation 4.19 gives the conventional flexural
rigidity Df where:-

Of =
[

Ox
OL
o

OL
Oy
D

...... · (4.211

For orthotropy with respect to the x and y axes and 1n the case of
an isotropic material reduces to:-

Ox • Oy '"
Et3

12(1 - ",2)

DL • Et3
12(1 _ ",2)

Oxy = Gt3 :z Et3
12 24(1 + "')

..............•.......•. "..•. (4.23)

where t is the plate thickness alld G the membrane shearing modulus
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The formulation now follows the standard displacement method39•
The displacement field can be expressed in terms of a set of
discrete nodal displacement Se by use of suitable shape functions
N.

= . .......•...•......................................... (4.24)

suitable constraints are applied to exclude shear strains and from
equation 4.21 the flexural strains are defined as:-

••••••••••••••••••••••••••••••••••••••••••••••••••••• (4 •25 )

Where B is the strain matrix which also contains shear constraints.

The element stiffness matrix can be derived from equations 4.17 and
4.25 by virtual work principles as:-

• Tff B .O.B dx.dy .•.......•............................... (4.26)

where 0 is the flexural modulus matrix equation 4.1~ with the suffix
removed for convenience.

4.3.3. Unconstrained Di!pZacement Fietd8

The unconstrained nodal configurations and co-ordinate systems are
shown in Figure 59. The discrete nodal displacements for the ith
node are chosen as the mid-surface displacement wi and the two
rotations of the normal axi and ayi•

By employing suitable shape functions Ni' the global displacement
field can be written as:-

....•.........•..............••..•••••..•. (4.27)

where n is the total number of nodes. For variable thickness
elements. defined by nodel thickness ti, the displacements at
a point ;,n and distance z above the mid-surface, can be given
by expanding equation 4.27 a9:-
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r-

r:
z

J:x1
lu u 0 t Niti

i: 1: -z 0 ..................... (4.28)== tNiti
i=l LNi 0 0 layJ i

where for midside and central nodes the discrete nodal displacements
are changed as:-

•••••••••••••••••••••••••••••••••••••••••••• ( 4 • 29 )

The symbol 6 refers to the departure from linearity of the value
with respect to the values at the corner nodes. The departures
from linearity are:-

AcSj .. ~j
m
L ~i(R.-m+l).iat.

1 ...•.................•............ (4. 30 )

where R.to m refers to the two corner nodes at the extremities
of the side of the midside node j. or all corner nodes for the
central nooe j.

4.3.4. BierarahiaaZ Shape Functions

Hierarchical shape functions take account of the variables specified
as the departure from linearity. For the triangle the shape functions
are conveniently defined in area coordinates L at each node i as:-

Nt • Lt for i • 1.2.3

Ni .. 4Li_3 L
j
_3 for i .. 4.5.6 and j a 5.6,3 ....•........ (4.31)

Ni .. 27LlL2L3 for i .. 7

The area coordinates can be defined in terms of the natural coordinates
.::Is:-

Ll .. ~

L2 .. Tl

L3 .. 1 - ~ - n...
..•••..••.•...............•.•...•••..•.•.••.•. (4.32)
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For the quadrilateral elements the hierarchical shaoe functions
are defined in natural coordinates as:-

Ni 1
(1+~ ) (l+n )

4 0 0

Ni 1 (l_~2) (l"'n)= 2 0

Ni 1 Cl+t;; ) (1-n2)= 2 0

Ni = fl-E;2) O-n2)

where

E;o = E;~i and 1"10 '"' n"1

+or- i = .1,4

for i = 5 and 7 ..................... (4.33)

for i = 5 and 9

for i .. 9

With the definition of the functions Ni established, equations 4.27'
and 4.28 define a unique variation of the displacements within the
element and over any external face and full CO continuity between
adjacent elements is maintained.

4.3.5. Hie'PaPchicat Mapping and the Jacobian Mat"Pi:c

It is now necessary to establish the,relationship between the
Cartesian and natural curvilinear coordinate systems. The x end
y coordinates and thickness t at a point ~n on the mid-surface
can be given in a special fom as:-

{~} n

.•....••.•...•.•••••••.•••...•.•••.•• r4 I' 34 J

where the hierarchical shape functions N are in terms of the
natural ~,n coordinates and the summation is taken over n nodes
on the element periphery which are sufficient to define the
element geometry. When midside nodes are required the nodal. Tcoordinates {x,y,t}i become the departures from linearity
{tx. Ay, ~t}I which are calculated simply as:-
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{flX} {X}fly = Y

_flt i t i

1
2

1-_
2

...•................. (4.35)

where i is now a midside node and 1 and m are the adjacent corner
nodes.

This special form of coordinate transformation. referred to here as
hierarchical mapping. permits the same shape functions to be adopted
far the definition of the displacement field as for the geometry.
Furthermore. the same shape functions apply for the geometry of both
the straight edged elements defined by corner nodes only. and the
curvilinear elements defined by corner and midside nodes. This
approach saves computer time compared with an alternative subparametric
formulation39 which would require the computation of two sets of shape
functions.

The shape functions are in terms of the natural ~.n coordinates and.
therefore. it is now necessary to establish the analytical process
for calculating the strain derivatives of equation 4.21 which are
expressed in Cartesian x. y coordinates.

Since the thickness of these elements is variable. and the mid-surface
planar. then the geometry is a special case of a three-dimensional
solid element. The transformation relationship can. therefore. be
expected to contain zero products which could be avoided in the numerical
process with an explicit derivation. and to be similar to the
two-dimensional relationship. For comparison both the two-dimensional
and special three-dimensional transformation relationships will now
be derived.

From the chain rule the relationship between the natural and
Cartesian derivatives in two-dimensions can be written in matrix
notation as:-
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r'1 r §:J_ Ll px1o~ o~ ox ~
= = (J) ................... (4. 36 )

~d
§::L 5 I l~y J,0

d~· -gyJLOTd 011

where J is defined as the Jacobian matrix. The components of Jean
be found numerically for any position ~,11 within the element from
equation 4.34 as:-

oNi oNi
n o~ 15~

:J(J) '" I: ...•.•...•..••........ (4.37)

i-l oNl oNi
511 "frl

where xi' Yi are the x and y coordinates for corner node i or the
Ax and Ay coordinates for midside node i. The summation is only
for nodes on the element periphery.

Inverting the Jacobian in equation 4 •.36 gives the two-dimensional
transformation relationship explicitly as:-

0 §:J_ -2:J_ 0 li ~l 0
ox 6n t5~ t5~ 6x 6x o~

1 I •••(4.38).. '"det(J)
L 6x ox 0 li h[ 0
6y 6n o~ 611 oy oy on...

where det(J) ox §:J_ ox §:i_• o~ 6n on 6~

For the three-dimensional transformation relationship the natural
coordinate ~ is introduced for convenience. The z coordinate at
any point ~, n, ~ is now given by:-

z t.. - I';
2

................................. ., ..•••.•••....•..•... (4.39)

where the thickness to of the element at the same point is given
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numerically by equation 4.34. From the chain rule in matrix
notation: -

fl [IX §:J_ 6zl rLl r l~x I~I M; e~ oF,; ex
<5 l = l~~~~~J :yJ

= (J)

:yj •••••••••••••••• (4 .40)
5ni
l6 I h §:j_ oz

or;J or; or; er; oz oz

Inverting the Jacobian g;ves:-

.2l ~ - ss: _g_ .2lg_il~ §:L g _§:L <5z
cS., er; cSr; cS., or,; o~ eSt or; o~ on 151"1et

-1 1 ox eSz ox oz eSx oz ex eSz ox <5z t5x oz •••••• (4.41)CJ) • det (J) ~ In - "fti ~ 1t ~ - e~ 1t 5ri~ ~ 15n
ox 2:J.. _ ~ 2:J.. ~il- ~~ ~!l~!l
on or; cr; t5n cr; c~ o~ 01; o~ 0., 151"1c~

A geolTletricalinterpretation of the Jacobian is that the rows oT J
constitute three vectors which are tangential to the coordinate
curve ~. n. r; at the point of intersection and are known as the
covariant base vectors, the columns of J-1 constitute three
vectors which are normal to the coordinate surfaces ~ • constant.
n • constant and I; • constant and are known as contravarient
base vectors.

Mathematically the relationship between the Jacobian J and its
inverse can be written as:-

(J) ..

J~

.•....................................•.......... (4.42)

+

+
J
n

+

Jr;
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and

= 1 ·;J
................ (41143)

det CJ)

where jE etc., are the covariant and contravariant base vectors.
respectively. and the symbol • signifies a vector cross-product.

Since x and y ara functions of ~ and n oxonly. the derivatives ~
and %f must be zero. and the inverse Jacobian can be simpl1ed to:-

2:i. oz sx: oz §.l oz - ~ 6zl- onQn Qr,; Q~ Qr; o~ on Q~
(J)-1 1 (J) - QX k ox QZ ox oz ox OZj ••••••(4.44)= --det on 15r; o~ or; ISn o~ ot on

0 0 ox sx. QX ~o~ on on o~

where det (J)
QZ (~ 21 ox 21• ~ on o~ ).o~ on

On inspection. it can be seen that the first 2 x 2 partition 1s
identical to the inverted two-dimensional Jacobian, equation 4.37.

QZ tNoting from equation 4.39 that ~. 2' and from equation 4.44
QZ 1; dt Z otthat QX • 2 dX = t~ etc •• and substituting these expressions

into equation 4.44 gives:-

1 2:l 1 2:i_ 2z Qt- F QXdet (J) on det (J) o~
(J)-1 ., 1 ox 1 ox 2z ot •....••...... (4.45)

det (J) (J) ~ - F ayon det
0 0 t

2'

-1where the first 2 x 2 partition 1s identical to J for the
two-dimensional Ja~obian. Noting that equation 4.45 gives
- .oz

!!_. the final relationship for the Cartesian x and y
2 or;
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1
01 r 1 .LI_ 1 sx. I _ z ~lrlI :~[r I

det (J) on, det (J) o~ I t ox
I It •••• w • (4.46)-

II I

~~J
I . I

U:JL:y J l- 1 ~I 1 ox I z
det CJ) ani det CJ) se I t

The physical interpretation of equation 4.46 is that for variable
authickness an in-plane strain component. for example €x = ~.

includes a small strain contribution from the change of u over the
thickness. When the plate is constant thickness this contribution
vanishes.

For numerical convenient equations 4.34 and 4.37 can be combined
and expanded to include the necessury components to creat the
transformation relationship of equation 4.46 as:-

x y t Ni Ni N xi 0 0 l
i

ox oy ot n oNi oNi oNi 0 Y:l 0 •••••••• (4.47)-o~ o~ o~ 1: o~ o~ o~i-I
ox oy ot -. oNi ~N1J 0 0 ti
'Ft; I5n on I5n 1Tl on

where as before the i nodal values are summed over the nodes on
the periphery and midside nodes are present the nodal coordinates
become the departures from linearity.

4.3.6. St~in-Di8ptacement ReLations

It is now possible to derive the relationship between the flexural
strains and the discrete nodal displacements. The transformation
relationship. equation 4.46. can be regarded as the standard
two-dimensional transformation with a variable thickness correction.
Thus the flexural strain components. equation 4.11. can be written
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in the form:-

ro2u o2v l r

rll1 lI ou QV 1 I

Qxez OXQl I ox oX ox
15 I [au ovl •••• (4.48 )z- I Tzjoz t oz

o'u 02v 1 oU ~J ot I
oyoz oyoz 0 oy oy ~J 20

where all the derivatives to the right involve only the two-
dimensional transTormation. Since the displacement field will
be constrained to have approximately zero shear strains. the
second derivatives in z can be dealt with by noting that
5u = ow and 5v ow 'equation 4.48 now becomes:-
5z OX 5z = - 5y

52u o2v
Qx5z QXOZ

1 [ow. ow] •••••• (4.49)• + -t ox oy
o2u o2v
oyoz oyoz

The plate flexure strain displacement relationship can now be
written from equations 4.21. 4.28. 4.46 and 4.49 as:-

o2U 52v
-+-oycsz cSxoz

n
• I:i=l

E: =f e .• (4.50)x

1. ot
t oy

+

where the summation is taken over all nodes n and derivatives are
found from the standard two-dimensional relations. In matrix from
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equation 4.50 becomes:-

[Bi •.••• 81 ••••. 6nJ ••••• .,••••••••••••••. ~... (4.51)

or .................................................. (4.52)

where Bi is the submatrix relating the flexural strains at any
point ~. n to the displacement componants of node i. "

4. ;5. ?• Shape Function AlTay

It is r.owpossible to relate all the displacements and derivatives.
at any point within the element, to the discrete nodal displacements.
Using equations 4.28 and 4.50 gives:-

w -. 0 0 l

ISu 0 0 1 tiISz r Ni
ISv 0 1 0 Iwoz -t Niti
ow n oN 0 01: 1 ••••• (4. 53)=

~ox 1..1

OW ISN1 0 0
oy oy
o2u ill. oN1 0 ti oN1
oxoz t ox ox t ox
o2v ill. oN! _ :J.. oNi 0
ISyoz t ay ay t Sy
02u 1S2v lll. oNi-+-oyoz oxcSz t cSyoX ti cSNi ti oN!

-t~ --t cSy
1 1StcSN1+---t ox tSy

or more concisely o· .. .........•.................•.•..... (4. S4 )
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The use of a shape function array is numerically convenient since
on extracting the appropriate rows any element matrix can easily
be formed. However. the shape function array haG yet to be
constrained to preclude shear strains.

4.3.8. Kinematia Const~int8

The unconstrained nodal variables for the triangular and quadrilateral
elements. Figure 58 are now reduced to the constrained nodal
configurations. Figure 59, by the application of sets of independent
shear constraints. The 20 unconstrained variables for ISOFLEX 6 and
ISOFLEX 3 triangles require 8 and 11 constraints respectively, and
the 27 unconstrained variables for the ISOFLEX 8 and ISOFLEX 4
quadrilaterals require 11 and IS constraints respectively. If these
constraints were enforced so that the shear strains were exactly
zero throughout an element domain that the Kirchhoff requirement
for thin plates would be satisfied exactly. However, the constraints
adopted here are enforced so that the shear strains are zero at
discrete points within an element domain, but since an element gains
only a small quantity of shear strain energy the Kirchhoff
requirement is effectively satisfied. Furthermore, the unconstrained
variables and applied kinematic constraints are such that the elements
pass the patch test for arbitrary triangular and quadrilateral element
geometry.

i. The midside translation and rotation - 2 constraints along each
edge.

It can be verified that a planar beam element can be formulated in
a similar manner to the technique proposed in this chapter by
specifying unconstrained nodal variables at three nodes Suas (w. r)
i 1,3 with quadratic variations of w f (x2) and tSu z 2= .. ~ ..f (x l,
If the two variables at the central node are eliminated by
constraining the shears to be zero at the two Gauss points, and
the integration for the element stiffness is carried out using
the two point Gauss rule, then the resulting element stiffness
matrix is identical to that given by the standard formulation based
on a variation of w ..f (x3) with explicit integration.
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For the ISOFLEX elements the transverse tangential shear strain 'Yt
is constrained to zero at the two Gauss points on 8ach edge of the
element. If each adge is imagined to bA a na~row beam then these
constraint positions ~re ideal in accordance with the optimum
constraint positions for the correspn~ding beam element. Furthermore,
boundary constraints have the advan~age of being identical for two
adjacent elements even though the computation is repeated. The
direction of t~e tangent at each Gauss point for curvilinear or
ltraight element boundaries is given by the covariant base vectors
J~ or In, equation 4.42.

ii. The two rotations at the centre - 2 constraints.

The work done during a rigid body displacement of an element is zero
requiring the shear forces in the x and y directions to be zero.
These shear forces can be found by integrating the shear stresses
over the elsment area and since stresses are proportional to strains
this reduces to the following integrations:-

!Yxz dA .. o ••••••••••••••••••••••••••••••••••••••••••••••• (4 • 55 )

fv dA'yz = o . ...........•...............•... , .•............ (4 ..56)

These integrations are computed numerically.

1ii. The central lateral deflection - 1 constraint.

From vertical equi11brium:-

fVy dA or f(6yxz
6x +

6Yyz1 dA
oy

.. o ..••.....••...•..•....•.... (4.57)

and Green's theorem can be used to give a transformed version which
avoids second derivatives75 a9:-

fa ds II 0n •.•.•.•..•.•••..••.•....•.••...........••.......•.. (4.58)

where y is the normsl shear strain and dS is around the periphery.n
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This integral is computed using the two point Gauss rule along
each edge of the element. This constraint applies to the
quadrilateral elements only since the addition of a central
lateral displacement variable to the triangular elements did
not affect their performance. For the quadrilateral element
to pass the patch test it is an inescapable requirement that
it should respond with w as a quadratic in x and y74-76, A

quadrilateral element has x ~ f(l. ~8 n, ~n) and on expanding
w s x2, the term ;2 ,,2 appears. This term is provided here
by the central variable for w which uses the buble function
Cl ~2) Cl ,,2).

iv. Midside rotation 1 constraint on each edge.

For the lower order elements the tangential rotations are enforced
to be linear along each edge of the element simply by excluding
the midside tangential-rotation ~et' the departure from linearity,
from the element computations.

Extracting the appropriate rows from the shape function array,
equation 4.53, transforming the edge snears and integrating the
shears over the area and arround the periphery gives for the
quadrilaterals, for example:-

• 0
•

~A MB] f:~j• .•.....•....... (4.59)

0 llx16 llxll

(ax12) (axal

•

fy dAxz
fy dAyz
fYn ds

where ~A are the variables for the required nodal configuration and
~B are the unwanted variables, and the array sizes in breckets refer
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to the triangles. After transforming the columns of M for the
tangential and normal rotations at the midsides the variables
0A and oB are:-

= (w. ex. ey,Ji •.•. M
tj
,

I
I

I
'I

•••••••••••••• (4 •60 )

where i refers to corner nodes, j refers to midside nodes and k
refers to the central node.

From equation 4.59 the unwanted variables can be expressed in
terms of the wanted variables as:-

-M -1 MA (3A
S ••••••.••••••..•••.•.•••.•.•..••.•.••.••.. (4.61)·

Rearranging the columns of the unconstrained shape function array,
equation 4.53, to coincide with the wanted and unwanted nodal
variables. and introducing the above expression gives:-

(0 * ) .........•...........•..... (4. 62 )

or

cS* II ....••...•..•.......•.....••..........•.......... (4.63)

h
_1were Wc II WA - Ws MS MA and is the constrained shape function

array which gives the displacements and strain variables at any
point ~. n within the element in terms of required element
variables (3e.

The inversion of the matrix MS followed by a matrix multiplication
for the product MS-1MA can be avoided and solved collectively by a
scheme suggested by Faddeeva86. The product is equivalent to the
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solution o~ n systems of a special form:-

••••••••••••••••••••••••••••••••••••••••••••• I r 4 • 64 )

where I is the square n by n unit matrix which is the same size
as MS. Sy annulling all the rows in the lower left corner. and
by the addition of suitable linear combinations of the first n,
rows. the product MB-- MA is obtained in the lower right corner.
This can be accomplished by the ordinary forward elimination of
the Gauss process.

4.3.9. NUme~eaZZy Integrated Stiffness Matrix

Introducing the standard 9xpression:-

dx dy = IJI d~ dn ..••.•..•..•.••••....•..•...•.•••.•.•••••.••. (4.65)

and noting that B is a function of ~. n equation 4.26 can be
rewritten in the form:-

II .................................... (4.66)

or in submatrix form:-

KiBj • /1 /1 B T 0 BjlJI d~.dn
-1 -1 i

................................. (4.67)

eWhere Kij is a typical submatrix linking nodes i and j. When
Tevaluating the triple product 8iD Sj advantage should be taken

of the sparSity of Band D. thus saving many unnecessary matrix
manipulations.

The integration of the stiffness coefficients is carried out
numerically. and equation 4.67 is replaced by a weighted surnnation
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of the values at certain points in the element:-

=
n
E Wp [f(~P' np)]

i=l
•• Cl ••• II ••••••••••• C • II ••••••••••• III ••••• r 4.68)

r i1 T I Iwhere Lf(~p, np~ = B 0 BIJ is evaluated at th~ appropriate
sampling points ~p, np and Wp is the corresponding weight
coefficient at this point.

4.3.10. NodaZ and Dist-Ributed Loading

As with other finite element displacement models, the force-
displacement relationship taKes the form:-

.. •••.••••••.•••.•..................•.•... (4.69)

-ewhere F represents a set of unique nodal forces required to maintain
equilibrium at 6e • o. Those forces may be associated with external
surface tractions. body forces and initial strains. In the present
context we will consider only the following constituents:-

:II •••••••••••••••••••••••••••••••••••••••••••••• (4 •70)

-e -ewhere Fl, F2 are the consistent nodal forces associated with
concentrated nodal loads and distributed pressures respectively.

-e will consist of three force components forThe vector F corner
nodes and one for a midside node. Thus, for example:-

-e PxiFl
Fe -e with Fi Mxi for corner nodes::: Fi :II

MYi •••••••• (4.71)
-eF or Fi .. (~Mxi) for midside nodesn

where ~M is associated with the departure from linearity of thex
tangential rotation 66T, but since this has no physical 3ignificance
it will, in general, be neglected.
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-eThe consistent nodal forces F2 due to a distributed pressure q
over the area of an element can be determined simply as:-

-eF :0 -/ WT q dA
A

••••••••• " •••• a II • C a II ••••• II II • II • .l (L',.. 72)

where dA is the infinitesimal surface area dxdy. and Where
refers to the first row of tr.e shape function array for the
lateral deflection. The integration is carried out numerically
and concurrently with the stiffness integration. In general q
will vary over the surface of an element and must. therefore.
be interpolated from the values specified at the nodes as:-

n
q .. 1:

i ..1
..•••••..•••..••••••.......•......•.......... (4.73)

where Ni here refers to the standard shape functions for an
element with n nodes as opposed to the hierarchical shape
functions mentioned previously.

4.4. Reduced Numerical, Integroation and Spurious Meanani8Tr1s

The reduced numerical integration rules adopted here permit an
economical evaluation of the element integrals. and the resulting
stiffness matrix gives an improved structural response over the
correct order of integration.t The reduced numerical integration
employed here is the three-point rule for the triangles and the
four-point rule for the quadrilaterals39• (i.e. 2 x 2 Gauss points).
However. to prevent spurious mechanisms the stiffness of the higher
order quadrilateral is integrated by a five-point rule suggested by
Irons76 as:-

4
+ 0.95 1: (±0.s9234888.±0.59234888).(4.75)

1

+For Gaussian integration in one dimension n points gives exact values
for the integral of a polynomial of degree 2n-1.
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where b = (1 - ~ a) and 8 = (3b)-!, and with a = 0.2
becames:-

4
= 0.2f(O,0) + 0.95 r (±0.59234888. ±0.59234888] .•(4.75)

Ideally the stiffness matrix for an element should have a rank of:
(the number of nodal variables (the number of rigid body notions
available)7~. The ISOFLEX plate flexure elements, therefore, require
a rank of:-

9 3 = 6 for ISOFLEX 3

12 3 ~ 9 for ISOFLEX 6
12 3 ~ S for ISOFLEX 4
16 3 = 13 for ISOFLEX 8

Since each integration point can contribute, at most, 3 (the rank
of the modulus matrix) the integration rules mentioned previously,
should provide adequate rank thus avoiding spurious mechanisms.

4.5. Stress smoothing

Since reduced numerical integration has been adopted for the
evaluation of the element integrals it is natural to expect
these integration points to be the mast appropriate stations
for sampling the stresses. These points have the added
attraction of enabling the element stress matrices to be
evaluated concurrently with the stiffness matrix, thus avoiding
further entries to the shape function subroutine and increasing
the computational efficiency. For the higher order quadrilateral,
for numerical convenience. the stresses are sampled at the four
carner points of the five-paint rule.

Although the integration points give the mast accurate stresses,
nodal values may be more convenient. ihese noc31 values are
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obtained by a linear and bilinear extrapolation of the values at
the integration points. and is equivalent to a least squares best
fit of the nodal values.

The three integration points for the triangles. or the four
integration points for the quadrilateral are used to constrlJct
a fictitious triangular or quadrilateral element subdomain.
Since the stresses are assumed to vary linearly or bilinearly.
the smoothed stresses. both inside and outside. of the fictitious
element subdomain are given as:-

n
a = E Ni (Ji •••••••••••••••••••••••••••••••••••••••••••••••••• (4.76)

i=l

where a is the smoothed stress at. for example a nods of the
element, Ni are the linear or bilinear shape functions, and (Ji

are the stress values at the n vertices 0'; the fictitious elemerlt.

4.6. S~i-Loof EZement

4.6.1. GeneraZ

Until recently most general thin shell elements have not given
satisfactory solutions when used to analyse problems with, either,
complicated geometries or loading systems~ Sharp corners and
junctions between curved surfaces are examples of the problems
met, particularly in shell structures.

A recently developed element by Irons40 appears to have distinct
advantages in overcoming these and other problems. The element
is non-conforming and it's use is, therefore, confirmed by the
use of the patch test41• It adopts isoparametric concepts for
geometrical and generalised displacement definitions, and the
present version QSL8 used in LUSAS Is an eight noded parabolic
model. Each node has three associated displacement components
and Cl continuity is provided by the introduction of normal
rotation variables at discrete points (Loaf nodes) on the element
boundary.
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Shear constraints are used at the Loaf nodes to eliminate certain
nodal variables. Loaf nodes are points located at the Gaussian
integration positions along the element edges. Since the element
does not permit lateral shear it is restdc"Ced to thin shell
situations. Variations in thickness in individual elements can
be readily handled and thickness discontinuity between adjacent
elements is permitted. Experience!.j·2in static situations has
shown that the element is efficient and accurate, even with
relatively coarse meshes.

4.6.2. The ELement

.1\ quadrilateral Semi-Loaf shell element is shown in Figure 61
Figure 61 also shows the coordinate system and nodal variables
for this element. Three types of node are def1ned:-

1. Corner and midside nodes at which three global displacement
1 i icomponents (u , v ",w ) are taken as node parameters.

2. Loof nodes which are located at the Gaussian quadrature
positions for two-point integration along the element sides.
These nodes are. therefore, positioned at a distance
0.289 (1/2 3) times the side length from the centre. The
nodal parameters of a Loaf node. j. are takan as the twc
rotations ~YZ which are respectively normal and parallel
to the element edge and are expressed with respect to a
local coordinate system defined by the orthogonal unit...
vector systems (X. Y, z).

3. The central node at which the nodal parameters are chosen
to be the three local displacement components and the two
rotations about the isoparametric curvilinear axes ~ and ~.

These are arranged as follows:-
( oe) .. (ul• vi, wI. 9 v9, w9)•••••••••••••• u ,

(aeXZ) (alXZ. 9 T.. • •••••••• It a ••••••••• a XZ)
(aeyZ) '" (a1yZ. . ................... a9yZ ) T
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The 4S degrees of freedom are condensed to 32 by prescribing
constraints on the shear behaviour of the element. Generation
of local coordinate system (X, y. Z) at any point PIx, y. z)
is carried out as follows:-

Compute unit normal vector Z from the vector product:-

Z .. oP oP
~ x on

••••.•••••••.••....••...••.•.•....••••...••.•. (4.77)

One of the in-plane directions is chosen to be the local ~ direction
and is computed from:-

X .. oP
o~

...................................................... (4.78)

The orthogonal set is completed by using the normalised form of
equation 4.77 and equation 4.78 to give:-

v • X x Z

If the global displacements of point P(x. y. z) are denoted by
Cd) .. (u, v. w)T then these values are interpolated by using the
shape functions CN) such that:-

•••••••••••••••.•••••••••••••.•.•••.•••••••• c.(4.i9)

,.
Displacement components of X, V, and Z are denoted by U, V and W
respectively and are projects of Cd) on the unit base vectors, and
are given by the scaler products:-

u .. (X)TCd) • (X)T(N)(oe) .•..••..•..•...•...•••.....•....... (4. ao )
V ,. (y)TCd) .. CyT)CN)(Oe) •••••.•••••..•••••••.•••••.•.•••••• (4.8])

W .. CZ)TCdJ .. (Z)TCN)(oe) •••••••••••••••• , •••••••••••••••••• r 4 •82 )
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4.6.3. In-PZane Behaviour

To calculate the geometric matrix derivatives of IJ and V with
respect to tne local directions X and V, i.e.

aU =
R [aNloX.J

.•.•...••.......••••..••...••••.•••.•.. (4.83)

where oN is a (3 x 9) matrix whose components are given by:-aX
-T r

X.~ X.n ' aNi
cSt

Y .~ Y.n
....

where ~ and n are respectively <SPlat and oP/an. Similar expressions
hold for CU, OV and OV.

oY sx oY

4.6.4. Out Of PZane Behaviour

The out of plane derivatives OU and cV require to be derived.
OZ <SZ

••...........•.......•......•••....... (4. 84 )

where the first term is the contribution from the rotations
at the Loof and central nodes, and the second term is the
contribution from the displacements of the corner. midside and
central nodes.

To evaluate Iou} L a thickness vector Tj is defined at each loof
node and cent~gl node, j.

=

where tj is the shell thickness at node j.
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The rotation shared by adjacent elements Ls given by the vector
Rj = rd x yj and the slope along the element edge, at ~ode j,

'i.s given by 'Sj = tj yJ

These vectors Rj• ~ and Tj are shown in Figure 61.
vectors the term foul L can be expressed as:-

LOZ

~ [CRj)TCX) Lj oj + CSJ)T[X) Lj oj l
j=l r XZ r YZJ

Using these

Csu} L
LOZ

= •••••••• (4.85)

where LJ represents the shape functions for the Loaf and central
nodes.

A similar expression exists for {:~} L

To evaluate {~~} N

interpolated a9:-
the thickness vector at any point P can be

9
f ..

This vector T is not necessarily normal to the mid-surface which
implies that the points (say A and 8) on the two surfaces (inner
and outar) ara not orthogonally opposite.

In the plane XZ:-

[ou1 N

~ZJXZ t

.. Tx OU
t oX ............•...•........... (4. 86 )'"

where t is the shell thickness at the point considered.
and Tx is the component of f along the local X axis.

The component from the YZ plana is similar and must be added
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therefore,

= 1 ....... (j,.CI(t1 .. 87~
t

The expression for [sv1 N is similar.
LOZJ

4.6.5. Shear Constraints

The degrees of freedom corresponding to the displacements (u, v, w)
of the central node are combined to give a deflection normal to the
element, the in-plane components being discarded.

Further variable elimination is made by imposing eleven shear
constraints on the element. The shears constrained to zero are
at the Loaf nodes, along the boundary, and over the element area.

There are then 32 remaining degrees of freedom which are:-

24 displacement components. with respect to global axes. at the
corner and midside nodes.

8 rotations relative to the element edge at each loof ncde
(1.e. 0XZ1.

The eleven constraint equations can be written in matrix form:-

• 0 ............................... "..•..... (4.88)

where (PA) represents the 32 degrees of freedom to be retained.
and (Pe) denotes those 11 the be eliminated.

(C) is a (11 x 43) constraint matrix.
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The local displacement components and their derivatives are
assembled as follows:-

(G) = t-:- u, V. w. su, su, sv, ov. su, av} T
1X oY oX cY sz sz .

= .......•..•....•.•.......•...•......•.. (4.89J

where submatrices SA and S8 are composed of the shape functions
or their local axes derivatives.

Using the constraints conditions of equation 4.88 gives equation 4.89
as:-

CG) =

This is the final shape function array used in the evaluation of
the geometric and mass matrices.

For computational coding convenience only the degrees of freedom
corresponding to the two Loof nodes along an element side are
associated with the midside node lying along that edge. Consequently.
for practical purposes each midside node is assumed to have five
nodal variables (3 displacements and 2 rotations) while each corner
node has only three degrees of freedom (3 displacements),
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4.7. Notation for Finite Element System (LUSAS)

Notation for finite element methods has become universally
standardised. To avoid changing any of t~is notation in the
context of the present work a separate notation is given for
this chapter, 4. only.

8 strain matrix

Ccrit diagonal decay criterion

extensional modulus matrix

flexural rigidity matrix

E modulus of elasticity for an isotropic materisl

e eccentricity of a plate measured from the plane of the
plate to the reference plane

Fe element nodal force vector

I unit matrix

J the Jacobian matrix

j vector of covariant base vectors

1 vector of contravariant base vectors

K structure stiffness matrix

Ke element stiffness matrix

L area coordinates for a triangle

M flexural moment components
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M ,M
x y flexural moments per unit width perpendicular to the x and

y axes, respectively

M
xy twisting moment per unit length perpendicular to the x dxis

constraint matrices referring to the wanted and unwanted
va~iables respectively

nodal moments about the x and y axes respectively.
N shape funotions

p vector of applied nodal loads

q distributed pressure acting on the surface of an element

rotation vector

s slope veotor

T thickness vector

t thickness of plate

u, v, w global displacement components at a point

w shape function array

partitions of the shape function array which refer to the
wanted and unwanted variables respectively

Wc constrained shape funotion array

Yxy shearing component of strain in the xy plane

Yxz,Yyz transverse shear strain components in the xz and yz planes
respectively
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vector of global displacements

'lector of global df.spLecemant s far ar. element

element displacements associated with the wanted and
unwanted variables

0* vectors of displacements and derivatives at any point within
an element

e: strain vector

e: , e:x y
normal components of strain in the x and y directions
respectively

e: extensional strain componentsy

e: transverse shear strain componentss

e:f flexural strain components (curvatures)

natural coordinate in the zeta direction

n natural coordinate in the eta direction

e ,ex y rotations of normals to the mid-surface about the x and y
axes respectively

9Z rotation about the z axis

v Poisson's ratio

natural coordinate in the xi direction

stress vector

a ,ax y normal components of stress in the x and y directions
respectively
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cr Bxtensional stress components
n

cr
f

n.exural Stl'SSS components (moments)

cr smoothed stress components

aB bending stress

T shearing stress
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. I
r

Pe rc ent ag e IType of code for innermost Standa=d Machine
reduction '1 and tape Fortran~& code, & savingLOOP,
reading action BACKSPACE- r random

READ- access
I BACKSPACE disc

-
For....ard elimination 164 122 27

bO'c .....
w
w Backsubstitution 19 11 40QJ I0
0- II-4Wc.o

GJ Total for problem 287 236 18.... w~-1-4~~csGJ ....I') 4.J
"

:
Total problem cost

(central processing time 59.3 44.7 25
+ I/O) .

Table 11. Comparison of computing costs for the solution
of a problem with ~nd without the machine code
and random access facilities •
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CHAPTER 5

_RESUL.T§..._OF FINITE ELEr'1ENT ANALYSIS OF T-JOINTS 'oNHICH WERE TESTED Ii\!

THE PRESENT INVESTIGATION FOR AXI.A.L AND BENDING LOADS

:;;'.1. Finite Element AnaZ.ysi~

A range of T-joints in CHS has been analysed using the Lusas finite
element system. The range of parameters studied has besn:-

Beta (dl/do) s 0.42. 0.53. 0.S7. 0.77. 1.0

Gamma Cdo/to) = 18. 23. 32

This range of pararretars corresponds to the range of T-joints tested
a9 part of the experimental investigation described in Section 6.4.

Lead systems applied have bsen:-

Axial" load applied to the branch tube.
Bending load. applied as a lateral load to the branch tube.

Fairly coarse meshes were used (Figures 62-64) partly as a point
of prinCiple. also because the elerrent (QSL8) II/asquite
sophisticated. A mesh generation routine developed by Javad185
a~ Imperial College was used in order to simplify data generation.
Half of the T-joint only was analysed for bending load and a

quarter only for axial load. The uss. therefore. of symmetry
gave a considerable reduction in problem size.

In order to keep the results general and increase their range
application the following decisions were taKen:-

1. Stresses were plotted only for given lines of interest on
the T-joint structure. These lines are clearly defined and
ara commonly chosen as being of interest. They are:-
El. 8ranch edge
b. Branch centre line
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c. Chord crown
d. Chord circumference
B. Intersection line of ~horj and branch (Se8 Figure 85)

ii. These lines of interest have been reduced to dimensionless
form by expressing distances to the plotted values as a
ratio of the length of the line. The lines are. therefore
all 100 long and distances to plotted points are plotted as
percentages of 100.

This is possible since the finite element method takes no
account of size factor in the joint analysis i.e. a geometrically
similar but much larger joint would have the same stress
distribution for a wnit load.

iii. Strasses plotted are for unit axial load and unit moment
applied to the joint.

i.e. 1kN axial load
lkNm moment

Stresses output are in N/mm£.

The unit moment load was applied as a lateral load on the
branch member at a fixed distance from the joint i.e. its
free end. This. unfortunately. makes the moment load case
uniquely applicable to the exp6~imental tests carried out
in the present test since in the analysis the effects of shear
at the joint due to the lateral load will vary depending upon
the distance from the joint at which the lateral load is
applied.

&.2. ResuLts of Finite ELement AnaLysis of T-Joints

Stress distributions for a range of diameter ratios (S) and diameter
to thickness ratios Cyl are plctted and shown in Figures 66-53 •

•
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The stresses given are in N/mm2 and are for unit axial load (kN)
and unit moment (kNm). Positions of stresses are plotted as
non-dimensional axes varying from 0 to 100% of the line which
is being studied.

For certain discrete points of interest - so called 'hot-spots' -
the variation of stress 'Nith!n the joint parameters i9 plotted
(Figures 94&95).

A major problem with presentation of this type of analysis is
the enormous volume of data generated. For example. in the
presant investigation using a doubly curved shell element the
data output for each element is:-

Membrane stress and strain.
Flexural stress and strain.
Top surface stress and strain.
Bottom surface stress and strain.

These stresses and strains are given for:-

Component in local V plane.
Component in local X plane.
Component in local XV plane.
Maximum principal component.
Minimum principal component.

For the present investigation the stresses plotted are the meximum
and minimum principal for the top and bottom surfaces.

At present there is no facility available for fully or even partially
interactive graphics to be used for this type of analysis. The
program developed at Kingston to plot the stresses shown uses standard
plotting routines incorporated into a larger general system which
reads data which has been manually extracted from the LUSAS output.
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!;Jerkis continuing in this field and a full system of. at least.
oertialJy interactive gr3phics will soon be available. It will
then be realistically possible to p:ot any. or aJJ, of the d~ta
output from the analysis and tilis will be a major help in
understanding. fully, joint behaviour under elastic loads.

In the present investigation the results given are of general
interest and may later be the basis of a tabulated series of
design charts which can be used to check local stress intensity
when the engineer is assessing a system of joints for a proposed,
Vierendeel frame.

5. 3. Conelusions

Valid discussion of Finite element results is difficult when
comparing the results of theoretical elastic analysis and
experimental ultimate load tests. Lyons has shown36 that using
the semi-loof shell element, even in relatively coarse meshes.
gives convergence to the correct solution. Comparison between
theoretical strains and measured strains 1s shown to be good.

The results of the present elastic analysis. which involved the
variation of the parameters d1/do and do/to, give a graphical
representation of the stress distributions along lines of interest
on the T-joint surfaces. inner and outer. There are no inconsistencies
in the results obtained, and therefore, when plotted to a suitable
scale the graphs may be used to obtain the stresses and strains at
points of interest.

The general conclusions are thus:-

The magnitudes of the principal stresses and their points of
application vary significantly with changing joint parameters
d1/do and do/to (figures 66 to 93).
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Graphs of the major and minor principal top and bottom surface
stresses have beGn plotted for axial load [figLlres 66 to B5)
and bending load (figures D6 to 93). These stresses have been
plotted for unit load and unit moment respectiv8ly and for
dimensionless joint geometry.

Regions of high stress ("hot spots") occur in the vicinity of
the intersection line between branch and cho~d member. These
"hot spot" stresses are greater for moment load than for axial
load, since under axial load there is a more even distribution
of stress around the chord circumference.

Stress concentration factor, the relation between nominal [average)
axial stress in the branch tube, and maximum stress in the joint,
has been found to vary from 2.0 to 5.0 depending mainly on the
parameter dl/do rather than the parameter do/to i.8. the stress
concentration factor decreases as dl/do increases.

Axial load was found to cause a "hot spot" stress at point 0
(figure 94) i.e. the lowest point on the intersection line.

Moment load was found to cause a "hot spot" stress at points A
and B (figure 95), particularly point B on the chord crown close
to the intersection.

The degree of interaction of these two separate "hot spots", when
they combine, depends upon the dl/do ratio of the joint (see
Chapter~~. This interaction is of interest not only for static
joint strength but also for the study of the fatigue strength
of this type of joint.
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CHAPTER 6

EXPERIMENTAL PRCCEDURE FOR THE PRESENT INVESTIG.lHION

6.1. General

In 1896 the Belgian Engineer. Prof. Arthur Vierendeel, proposed
the form of girder that now carries his name. in which the
applied loads are transmitted by tne bending of the members
and the stiffness of the joints. (Figure 97», rather than by
the axial tensile and compressive fcrces of the conventional
truss. The Vierendeel girder is a statically indeterminate
structure. However synmetrical Vierendeel girders can be
satisfactorily designed statically by assuming p~ints of
contraflexllre at the centre of each member104• The resulting
shear and end load distributions are shown in Figure 98 and
the bending moment distribution in Figure 99.

For cases not suitable to this treatment and for the calculation
of deflections, standard plane frame computer programa can be
used to carry out the required analysis. Having determined the
member forces. members can be sized according to the requirements
of SS 449105 or BS 153 for members subject to combined bending
and axial load. There has been, however, no experimental work

... ,...,
up to the present to either confirm or deny this method of design.
especially in the field of Vierendeel framee with circular hollow
section members. For this reason the present investigation has
been carried out at Kingston Polytechnic in conjunction with the
Research Centre of the Brftish Steel Corporation's Tubes Division
at Corby. Specifically, the aim of the research has been to
investigate the ultimate strength of welded T-join~in circular
hollow sections. The load cases considered have been:-

i. Compressive axial load 1r.the branch member.
11. Lateral load In the branch member, causing a primary benMing

moment in the joint at the branch/chord interface.
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iii. A combination of the two loads effects described above in
£i1 and [ii). The interaction between ths two types of
load case has been studiad.

The strength of any type of joint in C.H.S. is governed by several
joint parameters, many of which are common to the joint strength
cf R.H.S. members. As described in Chapte~ 3 several parameter
studies have been aarried out by other investigators. considering
axial load only, and it is generally believed that any design
~ormula to predict joint strength would be of the general form:-

PI • f(d1/do. t1/to, doltol fyo

with additional factors for~-

Effect of branch member inclination.

Effect of axial load in chord member.

Effect of stresses due to secondary moments induced by joint
eccentricity or initial lack of straightness of members.

In the present experimental investigation all three uf the main
joint strength parameters have been varied, altholJ,ghthe actual
chord diameter has been kept constant in order to simplify the
experimental procedure for this series of tests.

The parameter ranges studied have been:-

dl/do 0.42. 0.53, 0.67. 0.77, 1.0

18, 21. 23. 32do/to

t1/to 0.63, 0.74. 0.79. 0.8, 1.0, 1.1, 1.38

The last parameter listed above, La. the thicKness ()f branch
member to thickness of chord member ratio. has not been etudied
explicitly. However, because of the availability of tube
thic~nessee in certain diameters a variation in t1/tC ratios
has occurred which has been studied.
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6. 2. We7,ding

I~ the present study it was decided that the weld between the
branch !"lemberand the chord member should be eliminated as :3 joint
strength parameter. This was achieved by developing a full strength
fillet or fillet-butt weld at this junction. The welding was
carried out under carefully controlled conditions at the British
Steel Corporation's Tubes Division, and as a result there have
been no weld failures in the present series oT tests. Whether
the weld is a fillst weld or a fillet butt weld depends upon
the diameter ratio of the jOint.

Figure 100 shows two bracings. of the same size. meeting main
members of different sizes. In both cases welding conditions
at the crown of the main chord are the same. so for similer loads
in the members identical fillets would be used.

At the flanks. however. conditions differ. ihe curvature of the
large main chord continues to give good fillet weld conditions.
The curvature of the smaller main chord necessitates the provision
of a butt weld. The change from one form of weld to the other
must be continuous and smooth.

For calculating weld sizes. both types are considered as fillet
welds. The fillet-butt preparation is used where the diameter of
the bracing is one third or more of the diameter of the main chord
member, i.e. d1/do greater than 0.33.

6.3. Strength of FiZLet weZds

The safe working load (S.W.L.) for a fillet weld in tension or
compression is a product of:-

The allowable working stress. 0.7 of the nominal or specified
fillet size ("L" 1n Figures 101 & 102) and the length of the
weld.
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The allowable working stresses derived from BS 449 clauses 53c
and 53d are:-

Stael to ss 15 or BS 968 using electrodes to 8S 639 .-Part 2.

Steel to 8S 9S8 using electrodes to BS 639 - Part 4.

Very little research has been carried out to investigate the
effects of weld strengths on joints in C.H.S. Kurobane1S has
stated that in his research program, where various profiling
and welding techniques ware used, it was noted that no failures
occurred due to cracks in the welds or in the heat affected
regions close to the welds.

6. 4. Present Program

The present program of theoretical and experimental work has
been supported by the British Steel Corporation, Tubes Division
at Corby, Nor-therrts,England. Recently there has been a trend
towards using tubular steel in various structures, as illustrated
earlier, and this has required a greater knowledge of structure and
joint behaviour. Very little experimental work on circular hollow
sections (C.H.S.) has been carried out in the United Kingdom and
Kingston Polytechnic was fortunate to be given the present program.
The project has been carried ou~ in conjunction with the Research
Centre at Corby and in co-operation with C.I.D.E.C.T., the
International Committee for the study of joint; in circular
hollow sections.

The problem of joint strength 1n C.H.S. sections is quite complex,
covering very many types, sizes and configuration of jointsl for
example there are T, YI K and N-joints (See Figure 13a) and also
ather joints with rrlorgthan two bracing members. Various countries
have their awn standard diameters of tube and multitudesof tuba
thicknesses. Finally, there are various dif~erent types of load
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which may be applied at any joint. Loads may be axial. shear or
bsnding or any combination of these loads. Also. bending loads
may be moments 1n tha plane of the joint (longitudinal] or
perpendicular to the plane of the joint (circumferential).

The present research program has studied the strength of welded
T-joints in circular hollow steel sections under axial load (Pl.
longitudinal moment (1"1). and comtifne'td one of axial load and
longitudinal moment. The sections studied have all been typical
British Steel Ccrporation commercial sections, manufactured in
grade 43C steel. The chord or main tube diameter has been kept
constant. and by varying its thickness and also the diameter and
thicknsss of the bracing member it has been possible to carry out
tests covering the following joint geometric parameters:-

1. chord diameter 114.3mm

chord thickness 3.6mm
S.Ornm

S.4mm
6.3mm

giving chord diameter to chord thickness ratios do/to of 32,

23. 21 and 18, respectively.

2. chord diameter 114.3mm

brace diameter 48.3mm
60.3mm
76.11'11'11

88.9mm
114.3mm

giving brace diameter to chord diameter ratios d~/do of 0.42.
0.53. D.SS, 0.77 and 1.00, respectively.

- 224 -



3. chord thickness 3.Bmrn

S.Omm
S.4mm
6.3rnm

brace thicknesses 4.0mm
S.Omrn

giving brace thickness to chord thickness ratios t1/to of
between 0.63 and 1.4.

At the outset of the research program it was decided that the type
of welding would be kept the same for all joints, and it was of
lOmm fillet weld. In this way the weld condition was eliminat9d
as a joint parameter in the present study. This assumption was
later confirmed by the fact that in all the tests for ultimate
joint strength the welded joints held despite some very large
member rotations.

Loads studied have been axial load applied to the joint through
the bracing member. and longitudinal moment applied to the joint
as a lateral load perpendicular to the bracing member. Tests
have been carried out for pure axial load. pure bending load
(including the associated shear load at the joint), and for
combinations of axial and bending loads. The latter tests
were carried out in order to study the interactive effects ef these
two loads.

Pure longitudinal moment loads on circular hollow steel sections
had not been studied experimentally previously. Similarly the
experimental interactive tests had not been studied previously
except for 2 tests carried out in Japan 19

Instrumentation for the tests consisted of deflection gauges,
electrical resistance strain gauges, a digital datalogger,
hydraulic jack load cells and in some tests brittle lacquer
paint on the joints to give a visual demonstration of stress
pattern.
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6. 5. Experimenta 7., Appar:atus

.6.5.1. Testing_ Rig (See Figure 103)

A rig was designed and constructed in order to carry out the
isolated T-joint tests. A plane frame configuration was chosen
because of the simplicity of construction, and because it was
a statically determinate structure. Construction was in the
horizontal plane to utilise the strong floor which was oresent
in the testing laboratory. One side of the square structure was
constructed in such a way that it could be finely adjusted for
position, to take up discrepancies !n test specimen length.
This side member could also be moved further back in pOSition
to enable a bigger specimen to be tested. or to permit the
insertion oi a jack to give axial load in the specimen chord
member.

All members were of composite construction, consisting of a
central section of 203.2 x 101.6 x 5.85 hollow box to which
152.4 x 76.2 x 12 angles were bolted top and bottom to act as
flanges. The angles were bolted right through the box section.
with E" diameter bolts at centres. to ensure composite action in
resistance to bending. The two larger side members were fixed to
the strong floor using 1" diameter holding down bolts whiqh.
using bolt spacers (detail B Figure 106), also lifted the rig
clear of the floor. The fixed end member had i" mild steel plates
welded to each end with i" fillet weld. The plates were drilled
Tor fixing this member to the side members (detail A Figure 108)
using !" diameter bolts. The fixed end memosr was also bolted to
the floor on a spaced holding down bolt (detail 8 Figure 106).
The moveable end member also had I" mild steel plates welded to
each end. These were drilled for fixing the member to the side
members using !" diameter bolts. These holes were elongated in
order to permit some fine adjustment in position which might be
caused by small variations in the length of test specimens. The
side Members had several Sqts of fixing holes along their length
which gave a v~ri8ty of fixing pOSitions for the moveable end
member.
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The test specimen was bolted, using ~" diameter bolts, between the
fixed end member and the moveable end member. Test sDscimsns had
In mild steel plates welded to the ends of the chord in crder to
facilitate this operation (sea Figure 109). It \vas found. in
later experiments using very high loads. that some additional
clamping of these plates to the end members was required to prevent
damage to the rig.

In the present test series loads were applied by jacking off the
rig members onto the test specime~ (detail C Figure 107). Of the
methods available for applying loads this appeared to be the most
satisfactory, but several problems were encountered.

1. Rotation of the brace member under lateral load (for moment)
caused difficulties in maintaining perpendiculr application
of the load, either laterally for moment load or vertically
for axial load •. This problem was overcome by constructing a
special device for applying the loads at the end of the brace
member (detail 0 Figure 110). This device slotted inside
the brace member and enabled ball and socket joints to be
used on the ends of the jacks. These joints were also used
at the rear of the jacks to enable the jacks to follow the
line of rotation of the brace. The insert part of the load
applying device was machined to give an individual fit 'For
each brace tube of each specimen tested. This ensured a
tight fit and even distribution of load around the brace
circumference.

ii. Initial imperfections in the centering of the brace tu~e
and tha chord tube sometimes meant that the jack, when
located 1n the centre of the brace tube wes pushing slightly
out of plane. This became more serious as the deflection
increased in the non-elastic loading rangs. The problem was
more pronounced in the moment loading sequence and was
overcome by restraining the jacking assembly within the
plane of the rig (detail E Figure 111).

- 227 -



iii. Under very high axial loads it was necessary to place a
large thick steel plate behind the axial jack to prevent
local distortion of the face of the main rig side ~ember.

iv. Difficulties arose during the tests on jointa with combined
loadings. The problem has been to apply simultaneously, an
axial load and a bending moment to a T-joint. It has always
been convenient to think of these loads as being external
loads applied to the branch member.

The two loeds weresimwltaneously applied to study their effect on
the joint and their interaction relationship.

It was first thought that both loads could be increased together
and. in fact, three tests were carried out in this way. It was
noted, however. that as the axial load P was increased the moment
load decreased at some point during the testing, and further
increase of the moment load simply caused a large branch deflection
sideways with a resulting eccentricity of axial load leading to a .
premature joint failure.

It was, therefore, decided that further investigation of this point
of falloff in applied moment was required. Fixed moments were
applied and axial loads increased in increments while deflections.
strains and magnitudes of loads applied were measured.

Furthermore. in order to estimate the secondary moments, at failure,
due to eccentricity of tne axial load two assumptions were made:-

a. That the branch tube, when deflecting sideways did so as shown
in the sketch below (i.e. due to a plastic hinge at the joint.
a rigid body movement occurs).

b. That the angle of deflection e was small.
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To Justify these assumptions the folliwng checks have been made:-

l.:__'!o 2E!}firm assumption (a)

The branch tubes of joints which have been tested to failure have
been checKsd and are found to be straight with no measurable
curvature.

,\new sample joint (13 :' 0.42, t = 5.0, d .. 48, T .. 5.4,

o = 114.3) has been tested and the deflection of the branch
tube under bending load has been plotted. It is seen that even
for very small moments CM a 3% of Mu) there is a measurable
deflection at a point 38mm along the branch from the weld toe,
(see Figure 1121.

2. To aonfirm aSsumption (0)

The measursd angle of deflection has been found to have a maximum
value of 10 (0.02 rad) in the elastic load range (cos e = 0.9998,
sine .. 0.02).

A theoretical branch deflect10n profile has been plotted assuming
that it acts as a fixed ended cantilever. These theoretical
deflections are always found to be much 113ss than those found
in tests because the branch tube has rctational flexibility at
the jOint which, as it increases under increasing ~xiel load. causes
a rigid body movement of the branch as the moment (M) tends towards
the ultimate moment (Mul.

A further problem, when considering secondary moments, can occur
when the axial load is applied. If it Is assumed that the bending
load (PSl has been applied first, then the branch tube may assume
the deflected position shown 1n Figure 113(a).

The axial load PA can, therefore, be applied in either of the
three weys shown 1n Figure 113(b).
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PAl if this loading condition occurs then the branch deflection
would increase and the bending load (Ps) would decrease.
which could edsily be checked by the ~eadings on the
horizontal jack load cell and the dial gauge,

PA2 the ideal case, no eccentricity. PA acts as a pure axial
load, both the load cell and the dial gauge would show no

change.

PA3 in this case the branch deflection would decreasd and the
load cell registering bending load would shown an increase.
This has not happened. however. in any of the tests (at
least not to any significant level),

Therefore, in all tests. in order to eliminate as far as possible
the errors due to secondary moments. the axial load jack was
positicned in such a way that the branch tube showed no secondary
deflection (~e) when the axial load was applied.

It is 36en from graphs of axial load against sideways deflection
that this situation has been achieved in all the tests carri~d
out so far. Figure 113(c). Where (~e) is the secondary deflection
due to eccentricity of the axial load.

It is seen that ~e increases sharply at an axial load (PI) which
corresponds to:-

a. the point where axial deformation of the branch becomes non
linear.

b. the point where applied bending moment decreases.

This is due to the formation of a plastic hinge in the chord wall
at the joint and resulting loss 1n rotational stiffness.
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ConcZusions

i. The system of applying loads has some shortcomings, but
errors have been allowed for in the testing procedure,
and are considered to be minimal.

ii. T-joint branch deflections under moment load appear to
be linear, as the stress level increases and rigid body
rotation occurs.

iii. It is possible to eliminate significa~t ~econdary moments
from the testing procedure by re-positioning the axial load
jack.

iv. At joint failure undar combined loading. i.e •.when the joint
can ne longer sustain its maximum value of combined axial and
moment loading (taken as the loading at which the applied
moment decreases) the maximum eccantric moments may be of
an order of 4-6% of the ultimate moment. (eccentric
moment = pI x (50 + oe); see previous figure), (113(0)).

v. Joints subject to combined loading appear to undergo a loss
of moment resistance when the axial load 1s high enough for
a plastic hinge to be formed at the joint.

The formation of this piastic hinge was first noted by
A. A. Toprac and 1s recently confirmed by the French report
CHarlicot, Mouty, Tournay) for the C.I.D.E.C.T. working
group on C.H.S. joints.

vi. It is possible to relate the fall-off 1n applied moment at
the joint to the sideways deflection and axial deflection
of the branch tube. Values for pI corresponding to fixed
values of M/Mu can. therefore, be found in three ways,
measuring:-

a. the reading on the load cell of the jack giving moment load,
b. axial deflection of the branch tube, relative to the

deflected chord tube,
c. sideways deflection of the branch tube.
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Computer ModeL of Testing Rig (See Figures 114-116)

Theoretical analysis of the rig was carried out using a plane
frame computer analysis program LC29 la standard I.C.L. program).
Loads are input at joints or between joints whereupon they must
be converted to moments and equivalent joint loads. Joints may
be inserted at any pcint in the structure for ease of da~a
preparation. To prevent rotation of the structure at least
two joints must be fixed in directions X and Y. In the actual
rig fixing occurred at all the floor mounting positions. and
for analysis three conditions were chosen for prever.ting this
rotation:-

i.

ii.
Fixing at two joints
Fixing at four joints

i.e. displacements in X and Y
were set to zero.

iii. Fixing at six joints

The computer output lists deformations. translational and rotational.
sheer forces. and bending moments at the joints and member ends
respectively.

Se~eral trial analyses were carried out and it was found that the
results from the conditions listed in (1) above gave the broadest
representation of test rig behaviour.

GeneraL Testing Rig PhiLosopJ~

It is anticipated that the present plane frame structure of th~
testing rig will be modified at some time in the future to convert
it to a three-dimensional structure. rhis would enable a greater
variety of joints to be tested and would elsa mean that out of
plane loading cases could be considered.

This modification would be relatively simple, requiring only the
addition of further modular frame members. For complex joints
the system of applying loads would require 3pecial consideration.



6.5.2. Load AppZ,ication

Loads were applied using Enerpac manu3l1y operated hydraulic
jacks. which were monitored using Mayes electrical resistance
load cells. These were calibrated from 50kN to SOOkN depending
upon the size of jack being used in a particular test.

As mentioned previously, in order to permit the branch tube to
deflect a spscial connection was designed and made which allowed
rotation at the jack head (Figure 110), Similar devices were
fixed to the front and rear of the axial jack to permit rotation
during tests under combined loading. The connection was made to
insert into the tube to prevent local buckling of the tube end
under loads.

8.5. J. Ins"trt.D1lentation

Deflections were measured using Mercer deflection gauges (gauge
constant was ah-/ays O.Olmrn)•

Strains were measured using electrical resistance strain (E.R.S.)
gauges. Two types were used:-

10mm long, 120 0 resistance gauge factor 2.07

3Dmm long, 120 Q resistance gauge factor 2.12

These were glued to the test specimen either in positions which
gave general strain distribution, or in positions of particular
interest, e.g. anticipated "hot spots" for stresses.

Strains were monitored using a Oynamco datalogger model 06.
This comprises a digital voltmeter \·lithancillary equipment
which enables measurements of strain and displacement to be
made on up to 100 input channels continuously, or at predetermined
time intervals. In addition to a visual display. the output
incorporates a teletype and tape punch for obtaining a hard copy
of the voltages recorded. ,l\fteIeach load increment the datalogger
scanned all the gauge channels and recorded the voltages across them.
This data was then output through the teletype on paper tape copy.
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A simple computer program has been written, called LOGl, which
read in this data. along with gauge constants and base voltage
data. The changes in voltage as th8 load increased were then
converted to changes in resistance. Since the change in
resistance of this type of strain gauge was a function of the
increase in length of the wire in the gauge then the amount of
strain on the specimen sample was directly obtained. This
information was printed out and has been plotted (Figures 180
to 210, Appendix BJ.

6.5.4. Test Specimens (See Figure 109)

As previously noted. all specimens were of the type shown in
Figure 109. The chord diameter was kept constant and the
variables were:-

chord thic~ness
branch diameter
branch thickness

Table 12 summarises the tests carried out during the present
research program.

All speciments were Grade 43C steel fabricated and supplied by
the British Steel Corporation, Tubes Division, at Corby. For
material properties see Table 13. The values ef yield stress
and ultimate tensile stress are average values for the specimen
derived from three random tensile tests carried out on coupons
cut from the specimens which were tested for moment only.·

·In most of the axially leaded tests the chords of the test specimens
were deformed and it was difficult to obtain good coupon specimens.
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TA8LE 12 - DETAILS OF TEST SPECIMENS

- - 1
_.

TEST CHORD 8RACE DIT diD tIT TYPE OF LOADo 0 I 0 I 0

OIA iH. nr«. TH.
All 114.3 3.6 48.3 4.0 32 0.42 1.1 Pu
A/2 114.3 3.6 40.3 4.0 32 0.42 1.1 Mu
A/3 114.3 3.6 48.3 4.0 32 0.42 1.1 0.27,0.4,0.6, M/~lu

0.8
8/1 114.3 5.0 48.3 4.0 23 0.42 0.0 Pu
8/2 114.3 5.0 48.3 4.0 23 0.42 0.8 Mu
8/3 114.3 5.0 48.3 4.0 23 0.42 0.8 0.15,.25,0.5, ~'lMu

0.75,0.85
Cil 114.3 5.4 48.3 4.0 21 0.42 0.74 Pu
C/2 114.3 5.4 48.3 4.0 21 0.42 0.74 Mu
C/3 114.3 5.4 48.3 4.0 21 0.42 0.74 0.25,0.5,0.75 MIMu
Oil 114.3 6.3 48.3 4.0 18 0.42 0.63 Pu
0/2 114.3 6.3 48.3- 4.0 18 0.42 0.63 Mu
0/3 114.3 6.~3 48.3 4.0 18 0.42 0.S3 0.25,0.5,0.75 MIMu
Ell 114.3 3.S 60.3 5.0 32 0.53 1.39 Pu
E/2 114.3 3.6 SO.3 5.0 32 0.53 1.39 Mu
E/3 114.3 3.6 60.3 5.0 32 0.53 1.39 0.23,0.46.0.77 M/Mu
Fil 114.3 5.0 SO.3 5.0 23 0.53 1.0 Pu
F/2 114.3 5.0 60.3 5.0 23 0.53 1.0 Mu
F/3 114.3 5.0 60.3 5.0 23 0.53 1.0 0.25,0.5,0.75 MIMu
Gil 114.3 6.3 GO.3 5.0 IS 0.53 0.79 Pu
G/2 114.3 6.3 60.3 5.0 18 0.53 0.79 Mu
G/3 114.3 6.3 60.3 5.0 18 0.53 0.79 0.23,O.4S, MIMu

0.S9,0.86
Hll 114.3 3.6 76.1 4.5 32 0.66 1.25 Pu
H/2 114.3 3.6 76.1 4.5 32 0.66 1.25 ~lu
H/3 114.3 3.S 76.1 4.5 32 0.66 1.25 0.2,0.5,0.66. MIMu

0.8
J/1 114.3 5.0 76.1 4.5 23 O.SS 0.9 Pu
J/2 114.3 5.0 76.1 4.5 23 0.66 0.9 Mu
J/3 114.3 5.0 7S .1 4.5 23 0.66 0.9 0.18,0.3,0.5, MIMu

0.9,0,98
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TABLE 12 Cont'd

TEST CHORD BRACE O/T d/Do ~/To TYPE OF LOADo 0

OI,A. TH. DIP,. TH. -
K/l 114.3 5.4 76.1 4.5 21 0.86 0.83 Pu
K/2 l14.3 5.4 7S.1 4.5 21 0.66 0.63 i"lu

!(/3 114.3 5.4 76.1 4.5 21 0.66 o .e,3 0.15.0.25.0.5. M/~1u
0.75

L/l 114.3 6.3 7S.1 5.0 18 0.66 0.71 Pu
L/2 114.3 6.3 76.1 5.0 18 0.66 0.71 Mu
L/3 114.3 6.3 7~.1 5.0 18 0.66 0.71 0.25.0.5.0.66. MIMu

0.82
MIl 114.3 3.6 88.9 5.0 32 0.77 1.39 Pu
M/2 114.3 3.S 88.9 5.0 32 0.77 1.39 Mu
M/3 114.3 2.6 88.9 5.0 32 0.77 1.39 0.27.0.53. M/Mu

,0.70.0.7S.0.87
NIl 114.3 5.4 88.9 5.0 21 0.77 0.93 Pu
N/2 114.3 5.4 88.9 5.0 21 0.77 0.93 Mu
N/3 114.3 5.4 8a.9 5.0 21 0.77 0.93 0.15.0.25.0.4. M/~lli

0.5,0.6.0.75.
0.85

P/l 114.3 S.3 88.9 5.0 18 0.77 0.79 Pu
P/2 114.3 6.3 88.9 5.0 18 0.77 0.79 Mu
P/3 114.3 6.3 88.9 5.0 18 0.77 0.79 0.24.0.36. rlll"lu

0.45.0.61.0.82
Q/1 114.3 3.6 114.3 5.0 32 1.0 1.39 Pu
Q/2 114.3 3.6 114.3 5.0 32 1.0 1.39 Mu
Q/3 114.3 3.6 114.3 5.0 32 1.0 1.39 0.31.0.52,0.85 M/Mu
Rl1 114.3 5.0 114.3 5.0 23 1.0 1.0 Pu
R/2 114.3 5.0 114.3 5.0 23 1.0 1.0 Mu
R/3 114.3 5.0 114.3 5.0 23 1.0 1.0 0.26.0.52.0.53 M/Mu

0.82
SI1 114.3 6.3 114.3 5.0 18 1.0 0.79 Pu
S/2 114.3 6.3 11,4.3 5.0 18 1.0 0.79 Mu
S/3 114.3 6.3 114.3 5.0 18 1.0 0.79 0.2.0.42,0.62 MIMu

0.78
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TABLE 13 - TENSILE COUPON TEST RESLLTS

TEST THla<NESS YIELD STRESS PERCENTAGE ULTUlATE
I'TITl N/nm2 ELONGATION TENSILE

STRE~S
N/mm"

An 3.6 347 27% 497

812 5.0 329 29% 480

C/2 5.4 333 26% 489

D/2 6.3 352 26% 512
E12 3.6 388 25% 507
F/2 5.0 320 26% 471

G/2 6.3 349 27% 515
H12 3.6 356 27% 492
J/2 5.0 330 28% 453
K/2 5.4 342 31% 499
L/2 6.3 362 26% 498

M/2 3.6 347 26% 489
N/2 5.4 345 28% 498

P/2 6.3 361 26% 504
Q/2 3.6 341 28% 497

R/2 5.0 335 24% 476

5/2 6.3 359 25% 506
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Figure S9.Bending moment distribution.

- 238 -



----~-----

ti 1// I.T
t\ I----~·vL-------~,f~----~

-- .-'--~

Figure IOO.Welding conditions for different ratios
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- 239 -



," 4~o

.......~L_.-t~ -,
I' 4So

I--__:.i._·-II -,

Figure lOl.F1llet welds at right angles.

P20 F I\. l!. AT To.E..
( O&TI)~!' .6.uc"t_~)

P2.0fILE AT cacrc«
(.~C.UTe. A ",",O!.-I!.)

Figure l02.Fil16t welds at acute end obtuse angles.

- 240 -



t.

II O..l
j~
ILl

I ~I ,
I I

tt'i .cl b. , t1'-i I ..t:. 1.-E r"'_ -.~..
"'P' -'t ;J", , :'-r1 ;r , l-E~,(D:- -~t-

""""
f - ;,or-; fr-i ,~ f~ -- .- 'loA

. ~~ 1-~ ;"10":

I.e
..~

I I
I I -

;~ ~Lt

~

I

I- ,..~~!-EI""'i - .- ~. ~

-:z
'I,'Aa

I f~r=o~I ~w
~~::z .,

~~ .(~- 028 - ~ r-t'~~ :n< -~. .. ..-: ""'::ol ...I-'ff~ , .~~
I

~
I f

I I I

f"i ,.~ ,,"1 i"t'1 . IN -. - ~~- "r'l - ;"t1 f'j1 1"r1
I.

'1 b.I .1 h. . I .
II , P' -,; I-l"I

f'Nrr ~~j
.- ..~Io-!-

I

I I dl~
j~ I Ii.. I >Q
~~ r'r"\fr-t - ,~..~

~ - ~- - ..
~~,
II

" :l ~~I ~ ~
0 o QCWL < =0 _ ~1Ll

to- ,_;,tI::.
1 :J '\) oW :E

~
J
a
dl

IU
tol,_
::z
\U

IJ

J ~
o 0
- 0.
I-\.:l
..) :1
aJ -

"'~o
:r
u

- 241 ..



1 Figure 104 General View of Testing Rig
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Figure 105
4

T-Joint Under Axial Load (Beta = 0.42)
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Figure 106 Detail B - Holding Down Bolt
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Ff gure 107 T-Joint Under Axial Load (Beta 0.66)
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Figure 108 Detail A - Bolted Connections
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DETAIL OF END PLATE
(12.5mm Grade 43c steel}
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I 355.6mm' l

I

Figure lo~~betails of test specimens for c~rr9nt
'test progr.am.
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Figure Ill.Device to restrain the bending load jack
within its plane of action during the
testing procedure.
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CHAPTER 7

p~~. EXPERI~ENTAL INVESTIGATIgN OF I_-JOINTS UNDER AXIAL LO~Q..

a~NC~_L.OAD. ;']'.;0 Cot'IBINEO AXIAL AND BENDING LOAD - RESULTS ANO

DISCUSSION

7.1. T-Jo'ints Subject to A:J:iaZ Load Only AppZied to Branch Member

Joints tested were:-

beta (dl./do) d/to
0.42 18. 21. 23. 32

0.53 18. 23. 32

0.66

I

18. 21. 23. 32

0.77 18. 21. 32
1.0 18, 23. 32

The results of the ultimate axial load tests for beta • 0.42 were:-

do/to Pu (I<.N)

32
23
21
18

58

100
110

120

The load deflection graphs for the branch tip (Figure 117) show
that for the three lower do/to ratios the deflection mechanism
is Similar. For do/to • 32 the initial deflection behaviour
is similar, but a sudden initial yield at an axial load of 52kN
is followed fairly quickly by the total yield of the joint at
58kN. For this do/to ratio the ratio of ber.ding stress in ttle
chord due to the imposed axial load in the branch to the ultimate
t~eoretical bending stress in the chord was approximately 45%,
compared with 60% for the joints with lower do/to ratios. This
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indicates an early buckling yield in the chord and might have
been expected with this higher do/to ratio.

Tho ratio of ? ultimata for tha joint to P ultimate for the
branch member was seen to vary from 30% for do/to = 32 to
65% for do/to = 18. (Figure 162). Again, this might be
expected from consideration of joint stiffnesses. No strain
gauge profiles were taken for the axial lcad tests for this
beta ratio.

The theoretical ultimate axial load has been calculated assuming
a Simple punching shear mechanism. and the results are shown
below:-

!
I do/to

32

0.62 (0.85)

0.67 (0.92)
O.Ss (0.89)

0.52 (O.7l)

Pu (experimental)/Pu (calculated)
I, 18

21
23

A yield stre9s of 350N/r..m2has been tai<.en.

The second set of ratios given above in brackets, is for
Pu calculated using the characteristic yield strength of
2SSI\I/mm2. for the jcint material. It may be ccnc Iudad , from
the table above. that if the mode of failure does approximate
to a punching shear mechanism for do/to values around 21. then
it becomes less likely to be this mode of failure for the
higher do/to ratio.

Consideration of a very simple bending mechanism based upon
the model pU1~ P. '?d••t'..

.tf.
Pw/2 00

Pu/2
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gives the following result:-

!~d-O-/-tO----~--B-e-n-d-i-n-g--S-t-r-es-S--l-'n--C-h-,o-r-d--w-a~
j
l

Under Branch Member CN/mm2)
I 18 208
I 21 302

23 346 pu~ch1~g shear stress
32 538

It conclusion it may be stated t hat for dJ./do equal to 0.42 the
variation in do/to has not had a significant effect upon joint
behaviour, except for the joint which had a very thin chord
section co:·responding to a dolto ratio of 32.

The results of the ultimate axial load tests for beta : 0.53
were:-

do/to Pu(kN)

18 168
23 120
32 70

The load deflection graphs for the branch tip (Figure 118) shew
a marked similarity for all three do/to ratios. A peculiarity of
the tip deflection for the joint with the stiffest chord member
(do/to a 18) is that up to a load of approximately 110kN the
deflection was greater per unit load than that of the joint 1~1th
do/to • 23. This is probably due to a slight variation in the
rate of load application. or possibly some imperfection in the
specimen itself.·

·This point is dicu9sed further in Chapter 6, describing the
experimental procedure.
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Far dl/do = 0.53, the ratio of bending stress in the chard due
to the imposed axial load in the branch to the ultimate theoretical
bending stress in the chord varied from 90% for do/to = 18 to
50% for do/to :: 32. Again, this demonstrates the effect of
stiffness in the chord, and also indicates that punching shear ia
the most likely mechanism of failure far this dl/do ratio.

The ratio of P ultimate for the joint to P ultimate for the branch
member varied from 25% far do/to = 32 to 55% far do/to = 18
(Figure 162). The effect of increasing beta has been to reduce
in each case (do/to) the value of this ratio. This is probably
as much a function of the rap1dly increasing value of P ultimate
for the branch as it 1s of the experimental results. One might
have expected, however, that as beta incrpased the area far
transforming the axial load into the chord increased correspondingly
and, therefore, more of the ultimate axial load capacity of the
branch member would be mobilised. This is not seen to be the case.

The theoretical ultimate axial load has been calculated assuming
a simple punching shear mechanism and the results are shown below:-

do/to Pu(experimental)/Pu(calculated)
18 0.70 (0.96)
23 0.S3 (0.86 )
32 0.5 (0.70)

A yield stress of 350N/mm2 has been taken. The second set of ratios
given above are for Pu calculated using the characteristic ~ield
strength o'P 2S5N/mm2 for the joint material.

Considering the same simple bendiog mechanism as beTore (Beta = 0.42)
gives the following result:-

do/to Bending Stress in Chord Wall I
Under Branch Member (N/mm2) I

18 238.0
23 340.0
32 531.0
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For this beta ratio (0.53) it may be concluded that the effect of
dolto on joint behaviour has been quite linear in that joint
strength has increased as a simple function of to and branch
diameter d1. The effect of the higher do/to ratio of 32 has been
less pronounced that was seen for beta = 0.42. No strair. gauge
profiles were taken for axial load tests for this beta ratio.

1.1.3. Beta (d~/do) = 0.67 (Ffgures 119~127,128,131,159J1611162)

The results of the ultimate axial load tests for beta' • 0.67
were:-

32
23

21
18

94.5
160.0
177 .5

180.0

do/to Pu(kN)

The load deflection graphs for the branch tip (Figure lIS) are
similar to those for beta • 0.42. The joints with the three
lower do/to retios have very similar load deflection behaviour,
but tbe joint with higher do/to ratio of 32 has a much lower
load deflection form. This is because, for the same chord
section as previous beta ratios. the axial load in the branch
member hes become relatively large, and, although some of the
extra load has been re-distributed. the chord has buckled
locally.

The ratio of bending stress in the chord due to the axial load
in the branch tube to the ultimate thoretical bending stress in
the chord (Figure 162) varies from 100% for do/to • 18 to
80% for do/to ~ 32. This may explain why the ultimate axial
loads 1n the lower do/to ratio joints are quite close at
l60kN, 177.5kN, and 160kN, i.e. the chord begins to fail due
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to twa mechanisms:-

~.... local joint failure of=.:!punching shear type.
1 •_l.. local chord failure due to bending 1n the chord.

This may be the reason for the difficulty in finding formulae
which accurataly predict the ultimate axial load capacity of
T-joints in large circular hollow sections, and eleo relate
the results of isolated joint tests to full girder strengths.

The ratio of P ultimate for the joint to P ultimate for the
branch member varies from 25% for do/to • 32 to 45% for
do/to a 18.

The theoretical ultimate axial load has bean calculated assuming
a simple punching shear mechanism and the results are shown below:-

do/to Pu(excerimental)/Pu(calclJleted)
18 0.59 (0.8l)

21 0.68 (0.94)
23 0.66 (0.91)
32 0.54 (0.75)

A yield stress of 350N/mm2 has baen taken.

These results indicate that for do/to • 21 and 23 the punching
shear mechanism is feasible but loses some validity for do/to • 18
where chord failure in bending contributes to total failure of the
joint, and for do/to ,. 32 where local buckling failure in the
chord contributes to total failure of the joint.

Co~sideration of the simple bending mechanism shown in the section
for beta = 0.42 gives the fcllowing results:-
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dolto Bending Stress in Chord 2
Under Branch Member (N/mm )

18 laO.D
II 21 282.0

I23 320.0
32 508.0 !

For tnis beta ratio (0.67) it may be concluded that there are
two contribut1~g effects to joint strength:-

i. dolto when it was higher i.e. 32.

i1. the effect of bending of the chord member.

The results of the ultimate axial load tests for beta a 0.77
were:-

dclto Pu (kN)
32 110
21 227
16 235

The load deflection graphs for the branch tip (figure 120) show
a close similarity of joi~t behaviour for dolto • 18 and 21
whjlethe joint with dolto • 32 has a relatively low load and
corresponding deflection. This ls probably due to interference
in jOint strength from the bending of the chord member. and can
be seen in Figure 159 where the ratio of bending stress in the
chord due to the axial load in the branch member to the ultimate
theoretical bending stress in chord is approximately 100% for all
dolto ratios of this beta ratio.

The ratio aT P ultimate -POl" the joint to P ultimate for the branch
member varies from 25% for dolto = 32 to 50% for dolto = 18.
This is similar to the result for beta m 0.67 and becomes a more
significant effect as beta is now increasing towards unity.
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The theoretical ultimate axial load for the joint has been
calculated assuming a simple punching shear mechanism and
the results are shown below:-

do/to Pu(experimentalJ/Pu(theoreticaIJ
18 0.66 (0.91)
21 0.75 (1.02)
32 0.54 (0.74)

A yield stress of 350N/mm2 has been taken. The values of the
ratio in brackets are for theoretical loads calculated using

2a characteristic yield stress of 255N/mm for the chord
material.

The low values obtained assuming a punching shear mechanism
indicate that it is probably not the most contributory factor
in joint failure for this beta ratio.

Consideration of the simple bending mechanism. as before. gives
the following results:-

do/to Bending Stress in Chord
Under Branch Member (N/mm2)

18 156.0
21 240.0
32 393.0

In conclusion it may be stated that for this beta ratio (0.77)
failure of the joint is due to failure of the chord from:-

1. bending of the chord member.

1i. large deflection failure of the chord walls under the
branch member.
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This was the only ultimata axial load test for which strain
profiles were measured (Figures 203(a)&(b)). The pattern of
strain distribution is as might be expected with high stresses
at points on the intersection line of branch and chord memcer.

It is interesting tc note the high strain occurring under tne
chord due to bending of the chord member. At failure tnis

2strain cor.responds to a stress in excess of 1200N/mm • 'Nhich
is similar to the stress level around the intersection of
branch and chord member. These values compare favourably with
the predicted stresses from finite element analysis. What is
interesting 1s that. although it is a~cepted that plastic
re-distribution of stress must occur in the vicinity of the
joints, the in situ strain gauges still show very high strain
levels.

7.1.5. Beta (d-z,/do). 1.0 (Figures 121,127,128,131,159,181,162)

The results of the ultimate axial load tests for beta • 1.0
were:-

dc/to Pu (kN)
32 165
23 240
18 270

Figure 121 shows the load deflection graphs for this beta ratio.
The deflection graphs for do/to : 18 and 23 are fairly close,
with the deflection graph for dolto • 32 not very much lower.
Thi~ indicates that much more axial load, relatively, can be trans-
ferred into the chord for this beta ratio. The ratio of bending
stress in the chord due to axial load in the branch member to
ultimate theoretical bending stress for the chord (Figure 159)
varies from 1.0 to 1.2. This might be expectec, since transfer
of the load into the chord is direct and not influence primarily
by chord wall thickness.
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The ratio of ultimate axial joint strength to ultimate branch
member strength is fairly consistently between 25% and 45%.
Although this is similar to previous high beta ratios considered
the consistency for dolto ratios of 23, 21 and 18 is significant
and may mean a more predictable mode of behaviour.

Assuming a simple punching shear mechanism the following results
were calculated:-

dolto PuCexperimental)/PuCtheoretical)
32 0.63 CO.87)
23 0.S6 (0.91) ,

I

18 0.59 (0.8: ) I
2As before, a yield stress of 350N/mm was essumed. The values

in brackets are for the ratio calculated using a characteristic
yield stress of 25SN/mm2 for the chord material. Since the
values are low it is apparent that punching shear 15 not the
failure mechanism.

During the tests it was observed that for all the dolto ratios
in this group that chord bending was a strong influence. It was
noted, however, that all the joints appeared to fail finally due
to a combination of this chord bending and plastic deformation
of the chord caused by the increasing axial load in the chord.

'1.1. 6. General. Concl.uswns

For the ultimate axial load tests the following observations
are made:-

i. The mechanism of failure changes from punching shear failure
to chord bending failure with plastic deformation as thG
beta ratio increases from 0.42 to 1.0.

ii. The parameter do/to has little effect on joint strength
directly for values of 18. 21 and 23.
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iii. Values of the ratio of stress in the chord at the joint
due to bending to chord ultimate bending stress increase
to exceed unity as the dl/do ratio increases. This
observation may not be very significant since computer
analysis85 indicates that, in fact, theoretical local
stresses in the joints may well be in excess of lOOON/mm2•
Re-distribution of stress, which occurs. will certainly
distort any simple analysis of the level of stress in and
around the joint.

?2. T-Joints Subject to Bending Moment Due to Lateral, Load
AppZied to the Branch Member

7.2.1. Beta (d1,,/do) • 0.42 (Figure8122~129,lJO,160)

The results of the ultimate moment load tests for beta a 0.42
were:-

do/to MuCkNMl
32 2.24
23 2.08
21 2.35
18 2.98

These results show an anomaly for do/to = 23 where the ultimate
moment is less than that for do/to • 32. This result is also
supported by the load deflection graphs for this beta ratio
(Figure 122). Figure 160 shows the relationship between dl/do
and the ratio of ultimate experimental moment for the joint to
ultimate experimental moment for the joint to ultimate theoretical
moment for the branch member. Here it is noted that for do/to
ratios of 32. 23. and 21 the value of the ratio is approx1mataly
80%. while for do/to • 18 the value of the ratio is 110%.
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The joint with the stif~er chord do/to = 18 has enabled a
greater percentage of the branch member moment capacity to be
utilised. It was observed during the ultimate moment tests
for this beta ratio [0.42) that:-

do/to

32 the chord wall close to the branch member deformed
very slightly, as did the branch member itself.

23 failure appeared to initiate as a compressive buckling
21 in the wall of the branch member close to the branch/chord

intersection.

16 no appreciable deformation occurred 1n the chord wall,
and very little observable deformation occurred in the
branch wall.

The values of ultimate moments for this beta ratio are relatively small and
minor variations and small in section properties, either
geometrical or material might make an apparently significant
d1fference to the ultimate moment. Loads were applied evenly
and steadily in order that any effects due to variation in rate
of load application were eliminated.

Strain gauge profiles were taken for one test in this series
when do/to = 23 (Figures 180 & 1811.

It is seen that the regions of high strain are along the branch
edges, in conlpression and in tension, and in the corresponding
locations on the chord crown close to the intersection of branch
and chord. It is apparent from the strain distribution recorded
that there is quite significant local effect at the point of
application of the lateral load. This, however. is assumed to
be local and have no effect on behaviour actually at the joint.
This is confirmed by the restoration of normal strain distribution
further down the branch member towards the joint.
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Total failure of the joint was caused by a compression failure
close to the intersection of the branch edge and the chord ~rown.

7.2.2. Beta (dl,/do) = O.bJ (Fj,guY'es 12J~129~lJO~160)

The results of the ultimate moment load tests for beta = 0.53
were:-

do/to Mu (kNM)
32 3.87
23 S.S6
18 5.22

The results above shown an anomaly for do/to • 18. Figure 123
however, shows that the anomaly may, in fact, be for do/to • 23
i.e. the ultimate mcment is much higher than the trend on the
graph indicates. Similarly the ultimate moment for do/to • 18
is less than might have been expected.

The load deflection graph for branch tip deflection (Figure 123
shows that the results for do/to = 18 and 23 are very similar
and it may be that, as seen 1n Figure ISO, when the ratio of
ultimate joint moment to ultimate branch member moment is 100%
or close to it, then there 15 a levelling off process for
moment capacity given that the chord has a stiffness such that
wall deformation is adequately resisted. Again, from Figure 160
it is seen that this process appears to converge as beta increases.

It was observed during the ultimate moment tests for this beta
ratio (0.53)that:-

do/to

18, 23 little deformation of the branch member was noted. A
small compressive buckling was seen 1n the chord crown
very close to the weld.

32 no branch deformation was noted. Considerable wall
buckling was seen to occur 1n the chord crown close to
the weld.
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The values of the ultimate moment loads for this bata ratio were
signficantly large enough to be able to discount any experimental
error in either their individual magnitude or in overall values.
a.g. for dolto .- 23. load Lncrement s of 2kN from zero to fa~d ur-e

at 19kN were taken. 1n the lateral load to cause moment failure.

Strain gauge profiles were taken for one te~t in this series
when dolto ~ 23 (Figure~ 190. 1911.

The strain gauges indicate that ~gain the regions ~f high strain
were the branch edges and the chord crown closer to the intersection
of the branch and chord. Strains prior to failure in excess of
2000 being registered.

It is noticeable that significant chord strains under the br-anch

tube are also seen to occur, as well as an increase in strain
along 'che chord crown. This has been indicated by -Finite element
analysis and 15 probably caused by re-distt,ibution of stress
outwards from the joint. where analysis predicts it to ba very
high. along the chord tuba. It is not caused by bending of the
chord member since during the experiment deflections of the chard
were found to be negligible.

7.2.3. Beta (d:z,jdo) .. 0.87. (Figu:r:es 124.. 129.130,160)

The results of the ultimate moment load tests for beta = 0.S7
IrJere:-

do/to MuCkNM)
32 4.47
23 7.45
21 9.70
18 9.09

Figura 124, the load-deflection graphs fo~ this beta value of
0.67 again shown the anomaly for do/to • 21 and 18 where the
moment for the joint wi"th the larger dolto ratio chord has J
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unexpectedly, a higher ultimate moment. Figure 160 confirms
that for these two do/to ratios the ratio of ultimate joint
moment to theoretical ultimate branch moment is approximately
100%. As discussed previously, the ~levelling off" effect may
be operating hare, where, once the chord has sufficient stiffness,
the branch can develop it's full moment capacity.

It was observed, during the ultimate moment tests for this beta
ratio (0.67), that for all values of do/to tested 18, 21, 23
and 32 the mode of failure was similar, i.e. buckling of the
chord wall under the branch tube which allowed the formation of
a plastic hinge and subsequent rotation of the branch ~ember.

The difference between the highest ultimate momen~ (do/to • 21)
and the lowest ultimate moment (do/to • 32) which occurs far
this beta (0.67) is the largest recorded during the present
experimental investigation. It suggests that there is a complex
interaction between the effects of beta (d1/do) and do/to 1n
which small variations, in do/to,in the range where the chord
wall might become flexible, have a considerable effect upon the
joint strength.

7.2.4. Beta (d~/do) • 0.77 (Figures 125,1291130,160)

The results of the ultimate mOment load tests for beta A 0.77
were:-

do/to Mu(kNM)
32 7.02
21 12.81
16 12.74

The results for do/to • 21 and 18 are very similar as was seen
in the previous beta ratio i.e. 0.S7. The load deflection graphs
(Figure 125) appear to show a difference between 43 and 49 for
the bending loads. The branch members for these tests, however,
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were different lengths (260mm and 298mmJ. and the ultimate
moments wers. in fact. very similar. The test on the joint
with do/to = 32 shows a low value as wae seen i~ previous
tests. Visually there was very little difference in the
modes of failure for all three do/to values in tr.is aeries.
All three failed due to the formation of a plastic hinge close
to the branch member in the chord crown.

Strain gauge profiles were taken for one test in this series
when do/to = 21 (Figure 200) •

During the range of elastic loading the region of highest strain
on the branch member is the tension edge close to the branch/chord
intersection. There is a corresponding. but not as high; strai'n
on the compression edge of the branch section. Once the joint becomes
plastic the gauges on the branch centre line close to the intersection
line show very high strains. as do all the gauges close to the
intersection line on the chord member. These sudden very large
increases in strain during plastic behaviour are spectacular and
demonstrate the degree of redistribution occurring. They ar~
totally arbitrary. however. and serve only to illustrate the degree
of non-linearity involved in material behaviour outside the elastic
range.

7.2.5. Beta (d1.,/do) '" 1.0 (Figuz:es 126,129,130,160)

The results of the ultimate moment load tests for beta = 1.0
were:-

do/to Mu(kNM)
32 12.5
23 18.98
18 19.80
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The trend of the results for this series of tests is vary similar
to that for the previous saries with beta = 0.77. Figure 160
shows that the ratio of ultimate Joint moment to theoretical
ultimate branch moment is approximat81y 90% for do/to ratios
of 18 and 23. Figure 126, the load deflection graphs for the
branch tip, also shows a marked similarity for the joints with
these do/to ratios. The joint with do/to = 32 developed only
50% of the theoretical branch ultimate moment. This was similar
to the result for the same joint with beta = 0.77 and was
because the branch was, relatively, extremely stiff and caused
large deformation of the top of the chord section (chord crown),
in the vicinity of the joint, as rotation occurred.

7.2.8. GeneraZ ConcZusions

i. Ultimate moment capacity increases as beta increases.

ii. For stiff chord members, do/to less than 23, and for the
range of beta ratios studied, ultimate joint moment
capacity was close to the full theoretical ultimate mcment
capacity of the branch member.

iii. For low beta ratios (0.42, 0.53) compressive buckling
failure of the branch member occurred.

iv. For all the joints tested the effect of moment on the joint
was localised and caused negligible deflection of the chcrd
member.

v. In a T-joint with an adequately reinforced chord section at
the joint, the moment capacity aT the joint will be related
directly to the moment capacity of the branch member.
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7.3. T-Joints Subject to a Combination of Axial Load and Ber:fling
Moment

7. ;5. :l. General

The combination of axial load and bending moment was applied using
the method described in sectio~ s.s. Ultimate axial loads were
always much greater numerically than ultimate moments because of
the nature of this type of joint. It was, therefore, important,
during com~ined loading tests, to ensure that eccentricity of
loading. particularly axial loading, was eliminated.

It was nat sufficient. in fact, to measure and note eccentricity
of axial loading but to eliminate it completely if possible. In
some cases because of the netur-s of the materials, problems with
lack of straightness. variations in section thickness. and initial
eccentricity of the joints due to construction methods, this was
not possible. Errors arising from these problems all had the same
effect which was to cause an additional moment during the testing
procedure which acted either with the applied moment or against
it, depending upon the sign of the eccentricity. Some of the
final moment ratios i.e. moment applied/ultimate moment were.
therefore. modified to allow for these discrepancies. For this
reason, although fixed moment ratios were initially applied. the
final ratios plotted sometimes had apparently obscure values.
Careful consideration has been given to the possibility and
magnitude of errors which might have occurred during the combined
loading tests and it is concluded that secondary moments of
significant magnitude did not occur.

It was noted during the combined loading tests that prior to joint
failure, i.e. the point where the joint could not longer sustain
the imposed moment and axial load, the largest values of deflection
of the branch member did not normally exceed 10 of arc. For the
T-joints tested in the current series this deflection gave an
eccentricity of S.2mm. assuming that by some oversight the jack
had not been aligned with the branch member prier to applying the
axial load.
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The lateral load applied to the branch tube to give a bending
moment at the pint was not corrected to allow for deflection
of the branch tuba since the effect was minimal i.e. 0.015%
-For a deflection angle of la, up to 1.5% for a deflection angle
of 100.

7.3.2. Intezaaation Tests to!' Combined Aria], and Moment Loadi7'lfl

The ratios of app lied moment to ultimate moment M and appliedMu
axial load to ultimate axial load p have been plotted 1nPu
Figures 149 to 153. All the graphs for all beta ratios and
do/to ratios tend toward the 450 line of complete interaction.
IndividlJal graphs. however. have different features.

7.3.3. Beta (d1,/do) .. 0.42 (Figures 132-135,149)

For all do/to ratios the interaction graphs fall close to. but
mainly below the 450 line drawn from P/Pu .. 1.0 to M/Mu .. 1.0.
Numerically this means that for a given level of stress, say I unit.
at the joint the sum of the stress due to the axial and bending loads
is less than 1.0. This may be because for this beta ratio there
\oJeretwo distinct parts of the jo~nt affected by the different load
cases i.a.

The branch wall near the joint for moment loading.

The chord wall near the joint for axial loading.

Since these regions were separate it might be expected that interaction
would be inhibited to some extent. Joint failure under moment load
was due to buckling of the branch member in the compression face.
Additional stress from axial load in the branch accelerated this wall
buckling, in compression. and resulted in joint failure before full
interaction was achieved.

7.3.4. Beta (d1,/do) .. 0.53 (Figures 136-138" 150)

For all do/to ratios the graphs show complete interaction between
axial and moment loading
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The graphs of axial load plotted against bending load (Figures 136-138)
shew a more stable relationship for this dlido ratio compared with
that for the lower dl/do ratio of 0.42. This is because the magnitude
of the bending load is such that the minor joint eccentricities
discussed previously in Chapter 6 have become less sig~ificant.

7.3.5. (d~/do) .. 0.67 (Figu:I'es 139-142~15V

For all do/to ratios the graphs show complete interaction between
axial and moment load. Traditionally it has been recommended that
the most efficient value of beta shJuld lie in the range 0.5 to 0.7
and this recommendation is confirmed by the consistency of the
interaction results for this and the previous dl/do series.

Th~ interaction graphs (Figures 139 to 142) again show a
stable relationship between axial and bending load for this dl/do
ratio. The two lowest M/Mu graphs for do/to = 21, (Figures 140. ISli
show a small increase in bending load fer increasing axial load
until interaction occurred and the moment load began to decrease.
This was the result of initial eccentricity of axial load which
has been taken into account in the plotting of the interaction
graph in Figure 151 for this dolto r~tio.

7.3.8. (d'L/do) .. O. '17 (Figures 143-145,152)

The graphs show interaction for dolto ratios of 21 and 32 and for
higher MIMu ratios for dolto .. 18. For lower M/Mu ratios and
do/to .. 18 the gr~ph falls some way below the line of interaction.
In practical terms this means that for a given applied moment the
axial load that can be achieved is less than would have been
expected. This also occurs for dl/do • 1.0, and is discussed
below.

7.3.7. (d7../do) .. 1.0 (Figwte8 146-149,153)

For values of MIMu less than 0.5 the graphs all -Fall below the
interaction line and for values of M/Mu greater than 0.5 the graphs
tend towards falling on or above the interaction line.
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The phenomenon seen for low moment values also occurred for do/to = 18

in the previous d1/do series (0.77). Evaluation of the significance
of the variation in results on a purely numerical basis would require
several fTtoretests to be carried aLit. It is safe, however, to assume
a trend of results and try to explain it. In this caoe for low
applied moments the point of combined stress i~tensity (hot spot
stress) occurs in an intermediate posi ticn on the chord circum-Ference.
where because the squashing action of the branch member acts on a
curved surface weak in local bending, premature failure takas place.
As the applied moment is increased the hot spot moves to its more
conventional site under combined loading which 15 in the chord crown
on the compression side of the branch member. Full interaction ia
than possible since the chord is now able to resist the total forces
applied, i.e. squashing and bendirg due to axial load. and bendi~g
due to moment load, with its full sectional area in a direction
normal to the resultant stress.

It was noted in Section 7.1 that joint strength for this d1/do ratio
may have been influenced by the local bending in the chord. and that
the ratio of stress from this bending to ultimate stress in the
chord tends to unity as axial load in the joint approaches ultimate.
When small moments are applied their effect may. therefore. be
"hidden" by the magnitude of the chord stress due to bending and
the chord stress due to the increasing applied axial load in the
branch member.

7.3.8. AnaZysis of the ReLationship Between UZtimate Bending
Stress (fbu) and UZtimate Axial Stress (tba), and the AppZied
Axial Stress (fa)

It is difficult in practice to define the numerical values of
ultimate axial and bending stresses since using normal steel
design techniques allowable stresses only may be found. The
relationship between the allowable stresses and the ultimate
stresses will only give an approximate guide to the ultimate
stress which might be expected. It is more satisfactory to
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deduce a relationship which will then take account of the specific
test result.

i.e.

Mu :: s iPbu 5 • A.dl
4

['1u s.fbu A d~ fbu
:: = ---Pu A.fau A 4 fau

fbu
fau

4 Mu= d1 Pu

If there is no moment at all then fbu/fau ~quals zero and the load
is purely axial i.e. fa = fau, or fa/fau = 1.0.

These relationships are plotted in Figures 154 to 1S5 , for varying
beta (di/do) and in Figures 156 to 158, for varying do/to.

Figures 161 and 163 show the mean values of the ratio fbu/fau
plotted against do/to and d1/do respectively. The graph af mean
values of fbu/fau plotted against d1/do shows a grouping around an
average value of approximately 2.6. For the range of d1/do from
0.67 to 1.0 the average ratio fbu/fau was 2.62.

Akiyama, in an, as yet, untrans1ated paper describing two tests
involving moment loads, quotes a value of fbu/fau of 3.22 for a
T-joint with d1/do a 0.53. In the present series of tests the
mean value of fbu/fau for this d1/do ratio was 2.95. For the
mid range of do/to (i.e. 23) the value of fbu/fau was 3.125,
which compares well with 3.22.

The value of this ratio gives a numerical indication of the "reserve"
or excess bending stress available at ultimate load as compared
with the axial stress, ~nd is a function of the branch diameter.
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The tables of values calculated is given be1ow:-

-- _. _..-
8eta (oJ./do) do/to fbulfsu

0.42 18 2.06
21 1. S6

23 1.95

32 3.20
0.53 18 2.06

23 3.13

32 3.07
0.67 18 2.65

21 2.87
23 2.45

32 2.4£,

0.77 18 2.44
21 2.54
32 2.87

1.0 18 2.57
23 2.65
32 2.77

7.3.9. Gene~aZ Conclusions

i. Full interaction between axial load and moment in T-joints
is shown to occur. i.e.

M P
+ - =Mu Pu 1.0

ii. This interaction is more comolete when beta fdJ./do) is in
the range 0.5 - 0.75

l1i. Interaction does not appear to be affected by the parameter
do/to.
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iv. The decrease in moment capacity M after P has been exceeded
in the equation above is non linear and in some cases is
seen to be disproportionately rapid. It ::Lsimportant that
this point be given consideration In proposed design
recommendations fer combined loading cases.

v. Moment load considerations will dominate in the combined
loading systems found in Vierendeel trusses.
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1"BlE 14 - TEST RESULTS

'-"~~;-"',,~/ T
'" ITEST NO. UlTIM/~TE ULTIMATE MiMu P/Pul' Q I) AXIAL LOAD MOMENT

Pu(kN) Mu (kr.Jr1) -
0.42 32 All 58
0.42 32 A/2 2.24
0.42 32 A/3 0.27 0.S8
0.42 32 .4..14 0.4 O.S
0.42 32 AIS O.S 0.39
0.42 32 A/6 0.8 0.22
0.42 23 8/1 100
0.42 23 8/2 2.08
0.42 23 8/3 0.15 0.08
0.42 23 8/4 0.25 0.S8
0.42 23 8/5 0.5 0.49
0.42 23 8/6 0.75 0.2
0.42 23 817 0.85 0.11
0.42 21 Cll 110
0.42 21 C/2 2.35
0.42 21 C/3 0.25 0.64
0.42 21 C/4 0.5 0.45
0.42 21 CIS 0.75 0.18
0.42 18 OIl 120
0.42 18 0/2 2.96
0.42 18 0/3 0.25 0.75
0.42 18 0/4 0.5 0.48
0.42 18 DIS 0.75 0.23
0.53 32 Ell 70
0.53 32 E/2 3.87
0.53 32 E/3 0.23 0.79
0.53 32 E/4 0.46 0.50
0.53 32 EIS 0.77 0.21
0.53 23 Fll 120
0.53 23 F/2 5.66
0.53 23 F/3 0.25 0.75
0.53 23 F/4 C.S 0.5
0.53 23 F/S 0.75 G.28
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TABLE 14 Cont'd

dID DIT TEST NO. ULTIMATE ULTIMATE M/Mu P/Pu
AXIAL LO,A.o MOMENT

PuCkN} Mu(kNM)
0.53 23 F/6 0.85 0.20
0.53 18 GIl 168
0.53 18 G/2 5.22
0.53 18 G/3 0.22 0.78
0.53 18 G/4 0.46 0.51
0.53 18 GIS 0.70 0.29
0.53 18 GIS 0.86 0.15
0.66 32 H/1 94.5
0.66 32 H/2 4.47
0.66 32 H/3 0.2 0.79
0.66 32 H/4 0.5 0.53
0.66 32 HIS 0.S6 0.32
0.66 32 HIS 0.8 0.21
0.66 23 J/1 160
0.66 23 J/2 7.45
0.66 23 J/3 0.18 0.79
0.66 23 J/4 0.25 0.67
0.66 23 J/S 0.5 0.53
0.66 23 J/6 0.9 0.09
0.66 23 J/7 0.98 0.03
0.66 21 K/I 177.5
0.66 21 K/2 9.70
0.66 21 K/3 0.15 0.76
0.66 21 K/4 0.25 0.66
0.66 21 K/s 0.5 0.5
0.66 21 K/6 0.75 0.33
0.66 18 L/1 180
0.66 18 L/2 9.09
0.66 18 L/3 0.25 0.76
0.66 18 L/4 0.5 0.46
0.66 18 LIS 0.86 0.33
0.66 18 L/6 0.82 0.19
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T,A,BLE14 Cant' d

d(°o D/T TEST NO. ULTIMATE ULTIMATE M/Mu P/Puo 0 AXIAL LOAD MOMENT
PU(I\N) Mu(kNM)~-

D.77 32 M/l llO
D.77 32 M/2 7.02
D.77 32 M/3 0.27 D.72
D.77 32 M/4 0.53 0.5

0.77 32 MI5 0.7 0.32
D.77 32 MIS 0.76 0.29
0.77 32 M17 0.87 0.14
D.77 21 Nil 227
0.77 21 N/2 12.81
0.77 21 N/3 0.15 0.85
0.77 21 N/4 0.25 0.75
0.77 21 NIS 0.4 0.61
0.77 21 NIB 0.5 0.52
0.77· 21 N/7 O.B 0.39
0.77 21 N/8 0.75 0.26
0.77 21 N/9 0.85 0.15
0.77 18 Pl1 235
0.77 18 P/2 12.74
0.77 18 P/3 0.24 0.6
0.77 16 P/4 0.36 0.55
0.77 18 PIS 0.45 0.51
0.77 18 PIB O.Sl 0.42
0.77 18 P/7 0.82 P.IS
1.0 32 Q/1 165
1.0 32 Q/2 12.5
1.0 32 Q/3 0.31 0.64
1.0 32 Q/4 0.52 0.52
1.0 32 Q/s 0.85 0.25
1.0 23 R/l 240
1.0 23 R/2 18.98
1.0 23 R/3 0.28 0.S3
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TABLE 14 Cont'd

-
d(°o °ITo TEST NO. ULTIMATE ULTIMATE MIMu P/PIJ

AXIAL LlJAO MOMENT
PIJ(I<.N) Mu(kNM)

1.0 23 R/4 0.54 0.44
1.0 23 RI5 0.64 0.31
1.0 23 RIS 0.82 0.20
1.0 18 S/1 270
1.0 18 S/2 19.80
1.0 18 S/3 0.20 0.67
1.0 16 S/4 0.42 0.50
1.0 18 SIS 0.62 0.41
1.0 18 5/6 0.78 0.22
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Figure 117.Load deflection graphs for beta = 0.42

- 2B3 -



Se-eo + 00/ To- 18

~

• 00/ o - 23
x 00/ 0- 32

-t se.ee
H

~

.~ '7.eo

~

~

e.ee

-(....
"0

e.eo

LOAD DEFLECTION GRAPHS ~OR BETA - 0.53

S2IO . S80
AXIAL LOAD PA CKN)

Figure IlB.Load deflection graphs for beta. 0.53.

- 264 -
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FIGURE 127 u_TIJ'1FiTE AXIAL LOAD • V. BETA
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FIGURE 128 u;TIl'1F1TE: AXIAL LOAD • v, 0 / T
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FI.GURE 13G LL TlMATE MOf"ENT • V. BETA
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FIGURE 131 '"OINT FORCE. v.. BETA
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fIGURE 132 BENDING LOAD V. AXIAL LOAD FOR BETA .... 0 .. 42
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FIGURE 133 BENDING LOAD V. AXIAL LOAD FOR BETA - 0 .. 42
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FIGURE 134 BENDING LOAD V. AXIAL LOAD FOR BETA ... 0 .. 42
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FIGURE 135 BENDING LOAD V4 AXIAL LOAD FOR BETA ... O. ~

~ ea. 00....
. ~

~

1

AOoOO

J
i

80.00

·7C.CO

eo.oo

tCooo

~.

s.ee a. co
BE:ND I NG LOAD PS (KN)

- 301 -



FIGURE 136 BENDING LOAD VA AXIAL LOAD FOR BETA - 0..53
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FIGURE 138 BENDING LOFoD V.. AXIAL LOAD FOR BETA - 0 .. 53

1oe.OO

. eo.oo

so. co

la-CO

Do:.: 23
To

~ ?e.OO
~
\

t-4 I

~

~ ao.oo

-0
J)

~
-o4a.CO

8.00 8.00 10.00 12.00 14.00 1e c
BEND I NG LOAD PS (KN)

- 304 .-



FIGURE 139 BENDlr-.lG LOAD V. AXIAL LOAD FOR BETA - O.6S'

1&0

100

80

eo

00-18
To

._ --.

a.00 10.00 la.OO

BENDING LOAD PS (KN)

- 305 -



FIGURE 140 BENDING LOAD V4 AXIAL LOAD FOR BETA CIt 0 .. 66'
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FIGURE 141 BENDING LOAD V.. AXIAL LOAD FOR BETA '= 0 .. 6S'
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FIGURE 142 BENDING LOAD V.. AXIAL LOAD FOR BETA - O.6S1
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FIGURE 143 BENDING LOAD V. AXIAL LOAD FOR BETA - 0 .. 77
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FIGURE 144 BENDING LOAD V.. AXIAL LOAD FOR BETA - O. 77
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FIGURE 145 BENDING LOAD V. AXIAL LOAD FOR BETA - 0.77
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FIGURE 146 BENDING LOAD V.. AXIAL LOAD F"OR BETA .. 1. 0
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FIGURE 147 BENDING LOAD V.. AXIAL LOAD FOR BETA - 1.. 0
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FIGURE 148 BENDING LOAD V. AXIAL LOAD FOR BETA - 1. 0
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FIGURE 148
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FIGURE 150 INTERACTION GRAPHS FOR BETA - 0.53
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FIGURE 151 INTERACTION GRAPHS F'OR BETA a: 0..67
:D
1l
'"'0 1.00r
H

8 +' 00/ To- 18
J) • 00/ To- 21
X )C 00/ To- 23
H 0..80
:0 M 00/ To- 32
r
b
:0
0

0..80,
~
H

~

o..co

~
H

~ 0.20

~

~

~ 0..20 o.~ a.so a.so 1.00

s APPLIED MOMENT / ULTIMATE: MOMENT \M/MU)

- 317 -



FIGURE 152 INTERACTION GRAPHS FOR BETA ~ 0..77
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FIGURE 153 ·INTERACTION GRAPHS FOR BETA - 1.0
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Figure 154. Graphs of fbu/fau for dolto • 18 and 21.
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~ VFLLE or F13U/FAU • V. BETA

Figure lSl.Mean val~e of fbu/fau v dlJdo •.
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Figure 166 T-Joint Under Bending Load (Beta = 0.42)
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Figure 167 T-Joint Under Axial Load (Beta 0.42)
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Figure' 169 T-Joint Under Combined Load (Beta = 0.66)
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Figure 170 T-JointUnder Axial Load (Beta = 0.77)

- 335 -



Figure 171 T-Joint Under Bending Load (Beta = 0.77)
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Figure 172
dolto =

T-Joints Subject to Axial Load (Beta
32, do/to. = 18

= 0.42 - 1.0)
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SH,A,PTER 8

l\iu:..TIPL.E REGRESS ION FOR ,A.I\JALYSIS OF THE UL TIMATf: LOP,O TESTS ON T -JO:!:NTS-~--. _._--
8.1. Definitions

Linear regression is the fitting of the best least squares model
to a set of data. A first order linear model may be of the form:-

y = So + BnXn + E ......•.•........... (8.1)

where

Y 1s the dependant variable.
Xl' X2' X3 •.•••Xn are the independant variables
So, Sl' :32..... n are the parameters of the model.
E is the residual error in the calculated value of Y.

Here linear means linearity in the model parameters So, SI etc.
The L1SS of the term multiple implies that it is anticipated that
the dependant variable Y is d function of more than one independent
variable, X.

8. 1. 2. Corre 7A.t·ion

If X and Y were both random variables following some unknown
bivariate distribution, then the corr.elation coefficient (p)

between X and Y may be defined a9:-

p XY covariance (X,'()
(V(X) • V(Y)P

..........................•........... (8.2.)

where if f(X,'() 1n the continuous joint probablility distributicn
of X and Y then,
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Covariance ex ,Y) =
rO:> ,00
• J-co -0:>

CY - ECY)) ex - ECX))f(X,Y)dX.dY .•.... £8.3)

and ',J ry) = '.'O'''~''.'' •• '.oJ.''':''''''IIoI..~(8.4)

cowhere E(Y) = f Y.f(X,Y) dY
-0:>

...............•................. (8.5)

vex) and E(X) are similarly defined.

It can be shown that -1 ~ pXY ~ 1. The value pXY is a measure
af the association between random variables X and Y.

If pXY ~ 1, then X and Yare oerfectly positively carrelated
and the passible values af X and Y all lie en a straight line with
a positive slope in the X Y plane.

If pXY '"-I, then X and Y are perfectly negatively correlated
and the possible values of X and '(all lie on a straight line
with a negative slope in the X Y plane.

If pXY '" D. the variables may be said to be uncorrelated. that
is. unassoc1ated with each other.

If a factor lin - 1 is placed in front of pXY then rXY has the
form of pXY with variances and covariances replaced by sample
values, i.e.

rxy
• ••••••••••• 11 ••••••••••• (8.61

_ Y )2)~
i

The fact that rXY is non-zero implies only that there is a
relationship between values of X and Y and is not a measure
of that relationship: rxy is called the sample correlation
coefficient between X and Y and is an empirical estimate of
pXY.
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8.1.3. CorreZation and ReGression

Given the relationship:-

Y = Bo + SIX + E .•••.•• I' r: I ••••••• l: 0 III •• r , 11 " • " •• " • ( 8 " 7 J

then the sum of squares of deviations +rorn the true line is
given by:-

s = = 1:ni=1 ........................ (8.8)

and the values of bl and b • which. when substituted for SI and Bao
give a minimum value for S. are given by:-

-b ...Y - blXo ••••••••••••..•••••.•.••••••••••.•••••.•••••••• (8 ..9)

bl = E(Xi - X)(Yi - YJ .•••••••••••••.••••.•••• , ••••..•••••.••• (8.10)

r(Xi - X)2

Comparing this equation with equation B.6 it is seen that:-

= l- E ('(i - Y) 2l !
t(Xi - X)~

vXY for 1 =- 1, n It ••••••••••••••• " " •• " • , (A .11 )

i.e. bl is a scaled version of rXY. scaled by the ratio of the
range of values of Yi divided by the range of valuEs of Xi. i.e.

In - 1)S2
Y = ..••.....•. ".....•.............•...... (·8.12)

(n - 1)S2
X •.•.•.••••••.•..•.•.....•.•••.•••.••.. (8.13)

then

= ··•·•······················· , (8.14)

Therefore. bl and rXY are related but give different interpretations.
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Correlation kXY measures association between X and Y. while
bl measures the size of the change in Y which can ba predicted
wnen there is a unit change in X.

In the present example the values of partial ccrrelation were:-

= 0.63 }
0.000182

Section 8.2.4.2.
2 =

The value of r relating to variable Xl suggests a possible
association with X2 and Y.

The value of r relating to variable ~3 suggests that it is
unlikely that there is an association with X2 and Y.

8.2. Methods of MUltiple Regression

There are several methods of carrying out multiple regression:-

i. Full multiple regression.

ii. Backward elmination procedure.

iii. Forward selection procedure.

iv. Stepwise regreSSion procedurel this method is discussed
in some detail. as it is most suitable for computer
solution.

8.2.1. FUll Multiple Regre88ion

If a set of data is analysed assuming the model

Y • Bo + S1Xl + a2x2 + E .•••••••••.••••••.••••..•••..••. (8.141

and data is of the form:-
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Yl Xll X21
Y2 X12 X22
Y3 X13 X23

Y4 X14 X24. . .
'( X~n X2nn

1.e. [YJ :: [8J [X] + [ EJ .••••.•..•.•••.••......•.•.....•... (8.15)

then-it can be shown that the least squares estimates of 80. al
and 62 ~ra given by:-

b '" [XTX] -1 XTyT ••••••••••••••••••••••••••••••••••••••••••••• (8.16)

where b is the vector of estimates of the elements of [B ] •
Tprovided that X X is nan-singular.

Although this method takes account of all independant variables
there is not enough flexibility to allow far the effects of
1n~eraction between variables, of the effect at dropping or
including variables at any stage in the regression. The method
is also slow. unwieldy and totally impractical unless a large
computer is available.

8.8.2. Backward Elimination Procedure

This method is an improvement on full regression. since it considers
only the "best" regression containing a certain number of variables.
The method is:-

1. A full regression equation is computed.

2. The partial F-test value (see oage 348) is calculated for
every veriable as though it had just entered as the last
variable in the regression equation.
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3. The lowest F-test value is compared with a pre-selected
significance level of F.

4a. If F is less than the pre-selected value. remove the
variable and rework the regression from stage 2.

4b. If F is greater than the pre-selected value. adopt the
regression equation as calculated.

8.2.3. Fo~~d SeZeationProaedure

This method involv~s insertion of variables in turn until the
regression equation is satisfactory. The order of insertion
is determined by using the partial correlation coefficient on
a measure of variables not yet in the regression. The basic
procedure is:-

1. Select the X most correlated with Y. (say X2)' and find
the first order. linear regression equation Y • f(X2).

2. Find the partial correlation coefficients for remaining X
variables and Y after making allowance for Xz.

3. Find the largest of these coefficients (say Xl) and perform
another regression to give Y = f[X2. Xl)'

4. Continue until all "significant" variables are in regression.

After Xl. X2. X3. Xh are in the regressions the partial correlation
coefficients are the correlations between:-

a. The residuals from the regression Y = fCXIX2 ••••Xn). and

f
j
(X1X2 ••••Xn)(j > n)b. The residuals from a regression Xj =

As soon as the partial F-value relating to the most recently
entered variable becomes non-significant the process is
terminated.
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8.2.4. Step~ise Regression Prooedure

8.2.4.1. Introduotion

This is an improved version of the forward selection proc8dure.
The improvement involes the re-examination of all variables at
each stage in the regression. A variable which may have been
the single best variable to enter at an early stage may latar
become insignificant because of its relationship with ather
variables in regression. In order to check this. the partial
F-criterion for each variable in the regression at any stage
of calculation is evaluated and compared with a pre-selected
percentage point of the appropriate F distribution. This
provides a judgement on the contribution made by each variable
as though it had been the most recent variable entered. The
process continues until no more variables are admitted or
rejected from the equation. The method lends itself to
computation and has been shown to give satisfactory results.

8.2.4.2. General, Prooed.u.re fo!' Computational, Me"thod

Assuming a set of data of the form:-

The correlation matrix is constructed from the raw data. For
this example four sets of assumed results are used. i.e.

Xl X2 X3 y

7 26 60 80

7 29 52 74

11 56 20 105
11 31 47 88

Calculate the corrected sum of squares and cross product matr:1.c.
The matrix of uncorrected sum of squares and uncorrected sums of
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cross Droducts is:-

Xl X2 X3 Y

totals 36 142 179 347

f340 1342 1521 3201l
Xi X ,. I 5614 5645 12834 ................ (8.171l~ 8913 14884 J

30645

After correction for means, the corrected sum of squares and
cross products matrix is obtained.

The correction algorithm i5:-

= ............................... (8.18)

n

36 x 142 • 64
4

Xl X
c c = 16 64

573
-90

-709
78

516 .......•.....•.... (8.191

903 -644
542

Using the XIX matrix calculate the correlation coefficients ofc c
the correlation matrix. The algorithm for the coefficients is:-

........................................................................... r 8 ..20)
10: X 2) 0: x 2)

i j

64 = 0.67e.g. =
h6 x 373

Assemble the correlation matrix R. For this data there are,
k = 3, independant variables, therefore, R is a 3 x 3 matrix.
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r 1.0 0.67
-0.75l

F~ = I 1.0 -0.99 .....•................ ,. ............ (8.21)

I 1.0
L _J

The correlation matrix R is augmentad to form the A rnatrix:-

TICk x
...,

[ R(k x k) 1) ICkx k)
A -a nIx k) SCI x 1) 00 x k) .............•.•. (8.22)

-r(1<.x kJ 00", x 1) 0(1<.x kJJ
The A matrix is of the form A = C21<.~ 1) x (2K + 1)

R(k x k) = correlation matrix for the I<.independant variables.

T(l x 1<.) = correlation vector of the I<.independant variables
with the response Y, i.s. the values YiY for i • 1, 3.

T1Ck x 1)· transpose oT T.

so )(1) '" correlation aT the response with itself. (:1).

HI<. x 1<.) = identity matrix.

-Tf k x k) = negative identity matrix.

The A matrix is. therefore:-

- 1 0.67 -0.75 0.84 1 0 n0.67 1 -0.99 0.93 0 1
-0.75 -0.99 1 -0.92 0 0

A '" 0.84 0.93 -0.92 1 0 0 0 I-1 0 0 0 0 0 ~J0 -1 0 0 0 0

0 0 -1 0 0 0...
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8.2.4.3. Stepwise Procedure

The method performs a regression with several variables as a series
of straight line regressions. The A matrix is adjus~ed dt each
stage to effect this process. At each stage appropriate entries
1n the matrix provide the regression coefficients and entries for
the analysis of variance table in coded units. The entries can
also provide the F-values for two series of tests, one for the entry
of 3 variable into the regression equation, and one for the deletion
of a variable from the regression equation. The appropriate
F-distribution percentage points can be employed at s8ch stage
for tests. It is simpler. however, to choose fixed values that do
not depend an the degress of freedom, which change as the regression
proceeds. The critical value of F for entry is normally the same
as the critical value of F for deletion.

Step 1

SeLection of First VariabZe to Enter Regression

Calculate a set of statistics, Vi' where

.......................... (8.23)

i.e. Vi = Ai. Ak+l,i/Aiik+l

for i = 1, 2 ..... k.

For the data VI = 0.7056

V2 • 0.8649

V3 = 0.8464

Since V2 is the maximum. variable X2 is the first to be considered.

Next, it must be determined if X2 should be entered at all, by

applying the standard F testJ at later stages the sequential F
test may be used, allowance being made for variables already in
regression. For this example the critical F-value for entry snd

- 347 -



and exit is arbitarily set at say, 3.5 so that it is unnecessary
to consult an F-table at each stage.

If X. is the first variable entered into regression. the analysis
J

of variance table. in terms of correlation. takes the following form:-

Source of Variation df Sum of Squares (SS) Mean Square (MS)

Irotal (Corrected) n - 1 2 .. 1ryy
Regression 1 '. 2 2rjY rjY
Residual n - 2 2 - r2 Cr9y - r2 )In - 2ryy jY jY

Here r~2 = = 0.8649. we have:-

Source df (SS) [MS) F

Total corrected 3 1.0000
Regression (Xl) 1 0.8649 0.8649 11.26
Residual 2 0.1536 0.0768

Since 11.26 exceeds the selected critical value 3.5. variable X2
is entered into regression.

It can be shown that. at any stage of the procedure. the test
ratio for entry of the next variable takes the general Torm:-

F = rfI. Vmaxl (r~y - Vmax) ••••••••••••••••••••••••••••••••••••••• (8 •24 )

i.e. here F = 2 x 0.8649/0.1536 = 11.26
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Adjustment of CorreLation Matrix A

The matrix A must be adjusted for the entrance of X2 into regression.
Since variable 2 is the variable to be entered, row 2 in the A
matrix is divided by A22•

i.e. If we let the adjusted A matrix be B then:-

= •.........•.••.••.•...•...•....... (8.25)

The rest of the elements in the B matrix are obtained by applying
the following algorithm.

Bij OK Aij AiL ALj
ALL

. .......................•............. (a. 26 )

where L identifies the variable just entered. .

Here L = 2, therefore:-

• 1.0 0.S7 x 0.S7
1

.. 0.5511

..

A12 A22 = 0.S7 0.S7 x 1

A22 1

• 0

A72 A27 .. 0 0 x 0
A22 1

• 0

=
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the '3 matrix is. therefore: -

r 0.55 0 -0.087 0.217 1. -0.67 I)
,

9 '" 0.67 1 -0.89 0.93 0 1 0

-0.087 0 0.0199 0.0007 0 0.99 La
0.217 0 0.0007 0.1351 0 -0.93 Cl

-1.0 0 0 0 0 0 0
0.67 0 -0.99 0.93 0 1.0 0 I0 0 -1.0 0 0 0 0 J'-

Summary of Information AfYer Step 1

From matrix B the following information is found:-

ANALYSIS OF VARIANCE TABLE

SUM OF SQUARES MEAN SQUARE
SOURCE OF df CORRELATION ORIGINAL CORRELATION ORIGINAL F
VARIATION UNITS UNITS
Total
(Correct ed ) 3 1 542
Regression
CX2) 1 0.8649 469 0.8649 469 11.26
Residual 2 0.1351 73 0.0676 52.36.5

= 73/2 .. 36.5

Corrected sum cf squares is used as a conversion factor from
correlation form to original units.

Variable entered is X2•

Sequential F-test for entrance • 11.26 (calculated before entry).

Percentage variation explained = 0.8649 x 100 • 86.5%.

Standard deviation of residuals =. 1:316.5 6.04

Standardised b coefficient for X2 (variable admitted) = B24 = 0.93
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decoded b coefficient for X2

°2 = 824 I~x~ = 824 x 54
4EX~ 52

= 0.93 x /542 0.90
" 573

standard error in decoded b coefficient for Xl'

S }822
-;VZX

• L. 2
= )36.5 x 1 = 0.25

573

Step 2

Test for the elimination of variables' already in the regression.
This test is unnecessary at this stage since only variable X2 is
in the regression.

SeZection of Next VariabZe to Enter Regression

Matrix 8 is used to find Vrnax for the variables not in regression:-

VI = 814 841 • 0.217 x O.2li .. 0.086
811 0.55

V3 .. 834 843 .. 0.0007 x 0.0007 = 0.0000246
833 0.0199

Vmax .. V, = 0.086..
F-value for entry of Xl V1,/844

.. 0.086 x 1/0.1351 - 0.086

.. Vmax

.. 1.75

Since this is less than the chosen F-value Xl is rejected.
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The F-test for X3 may for entry next be carried out:-

F-value for entry of X3 0.0000246 x 1/0.1351 _. 0.0000246

= 0.000182

The variable X3 is. therefore. rejected.

Had either variable Xl or X3 been accepted into the regreGsion
the procedure would have been ae before. That is. set up the
C matrix where the elements are found using the algorithms:-

CLj : BLj for the variable L entering the regression
BLl

and

.. for all the other elements where LBil x Blj
BlL

is the variable being added.

CaZauZation of Constant Tems

The constant term for the regression equation at each step is
calculated from:-

Constant = Y •.•.•....••....••.•.•..•......•........ (8.27)

where i covers the range of variables in regression.

For this example. i = 2 only.

Constant = 86.75 0.9 x 35.5

= 54.8
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The final regression equation chosen by this stepwise procedure
15:-

y + 54.8 ••••••••• c ••••••• C'I '" ••• Cl' ••••• I; ...... 11 ••••• (8" 2B)

-Using this equation tocalculate V far the example being considered
gives:-

A A

OBSERVED V CALCULATED V RESIDUAL (V - V)

80 78.2 -1.8
74 80.9 S.9

105 105.2 0.2
88 82.7 -5.3

The square of the correlation coefficient of ths variables nct
in regression with response V may be calculated as followe:-

•••••••••••••••••••••••••••••••••••••••••• (8 .29 J

where aij denotes the matrix entry, and kj etc., are variables
already in regression.

Here, after X2 was included then:-

2 = Biy (0.217)2 0.63rlV•2 ~ =

Bll Byy 0.55 x 0.1351

r3V•2 = B~y • (0.0007)2 = 0.00182
B33 Byy 0.0199 x 0.1351

These are the correlations respectively of variables Xl and X3
with Y after the regression has been adjusted for the presence
of X2,

- 353 -



8.2.5. Stepwise MuZtipZe Regression:- A Computer Program

p.. computer program has been written incorporating the stepwise
procedure. The program has been used to carr-y out regression
ar.alysis of:-

i. Experimental results by others

ii. Experimental results from the present investigation.

Examples of the output are shown on pages 355-361 and the
results are discussed in Chapter 9, page 362.

The program gives the user several run time options. including:-

1. Printing of covariance and correlation matrices.

2. Full regression or stepwise regression.

3. Selection of significance levels for steowise regression.

4. Option of having a constant term.

5. Optional listing of table of residuals of regression.

A listing of the computer program, which is written in standard
Fortran is given in Appendix B •
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orLFT!:D 00
12.12.01 REr,R DAVE
TYPE rNnEoE~rDENT VI\RIA8LES8FTA,GA~"MA,TOR*
TYPE DEPENDENT VARIA8LEAXIAL*
STEPWISE REnUrRED~
TYP~ YES OR N0NO
C0NST~NT REOUIRFD3
Tvp~ YES OR NOYES
RES!DUAlS REQUIRED"

'TYPF YES OR ~nNn
FULL ~ULTIPLE REGRESSION

DFPENnENT VARIABL~ IS AXIAL
VARIABLE ccsrr let ENT STD,ERROR

CO~ISTANT -2.14133

BFTA 34.04709

GAMMA 0,06742

TOR -1.l30~O9

,\NALYSIS OF' VARIANCE TABLE
1/ AP IAT r 0 '! SliM SQUARES
r?EGRESS 3331.2572
h'l:SIDUAL 978.8756

1.8575 1.5.9

0.0299

0.76

D.r. MEAN snUARE
3

72

1110.4191

13.5955
T~TAL 4310.132Q 75

MJlLTIPLE COqRELATION = 0.7728897
O\!RPIN-WATsnN D-STATISTIC= 1.5252
orLETFD 00'
~~~~5.~O ~Er,R DAVE
.~.; rNnEPE~DENT VARIABLES8FTA,GAMMA,TO~.

'_. rt:.p.t;NOC::.NT VAR I M)L£;~ 2'JAIr. _ '" . ._. . _

F' = 81.68

~rErwts~ REOuJReD~
TYPF YES OR NOYES
F'-LEVFL
TYPE 1,5 OR 1010
cnN~TANT RE0urRED~
TVPF YES OR ~o WAITINGYFS
R~S!DUALS REaUIReD~
TYPE YI:5 OR NtH-JO
STEPWISF RE~R~SSION
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LFVEL O~ SIGNIFICANCE 10%
QFPENDENT VARIABLE IS AXIAL

BETA BROUGHT INTO REGRESSION

VARIABLE COEFFICIE=NT

CONSTANT O.14A57

SETA . 30,90360.

,AN~,LYSJS OF" V AR IAtJCE T.o\8LE
"AI~lATION SU~1 SQUARES O.F,
"EGRESS 3260,554C) 1

,PES 1DUAL 1049,578n 74

TOTAL 4310,1329 75
MULTIPL~ CO~RELATION = 0,7564859

GAM~A BROUGHT INTO REGRESSION

VARIABLE COEFFICIENT

CO~JSTA~JT -2.74C)74

8F.TA 32,84416

GAMMA O,n5410

"d'LVSIS VARIANCE 'TABLE',_ OF"
\"1'10'" SliM Sr:UARES n,F,

~EGHESS 3320.8a78 2

RESIOUAL 989,2450 73
TnTAL 4310.1329 75

MIlL T I PLF. COqRF.LA T I ON = 0 • 7704(39
RrM~I~l~G VAR[ARLES ARF INSIGNIFICANT
DURP HI-WATSON D-STA T IST IC= 1. 391~

DrLETED 00
1~.22.2~ wAITING
12.23.48 WAITING
12.24,51') LOGOUT
C0N~ECTED F~R 49 HINS
MILL TIME useo 55 SECS - 356 -

STD,t:RROR

STn.ERC)O~

1,7947

0,0256

F-V4LUE

0,02

229.88

MEAN SQUAR~
3260,554C)

14,183';
F : 21'9.88

F-VALIJE

224,03

MEAN SQUARE"

1660,443Q

13,5513

F = 122.53

.: .
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OFLETED 00
11.~8.1R WAITING
11.59.35 REGR MOMl
TVPE INnEPE\DE~H VARIABLES8ETA, GAM~lA, TOR*
TYPE nEPENDFNT VARIA8LE~OHENT6
STEPWTSF REnUIRED~
TYPF. YES OR NOyES
F-LFVFL
TVPF. 1,5 OR 1010
C0NSTANT REnUIRED~
T~PE YES OR NOYES
'RrSTDtlALS REQUIRE01.
TYPE YtS OR NOY~S
srEPwtS~ REGRESSION

LEVFL or SIGNIFICANCE 10%
DEPENDENT VARIABLE IS MOMENT

BE TA 8ROIIGHT I N'TO ~EGRESS ION

VARIABLE COEFFICIENT STD.ERROR

-20.31796

i:iEiA 45.73462 10.4534 19.•14

ANALYSIS OF VARIANCE TABLE
VARIATION SUM SQUARES D,F, ME~N S()UARE

398.0?10PEr.RESS 398.0?10 1

8 20.7936.PE~[OUAI.. 166.3486

TOTAL 564.3696 9
!1! IL TIP L F. C0 tJR '=L AT ION = n • 70 52489

~A M!"'A B~OlJGHT INTO ~EGRESS I ON

F' : j 9.14

COErr'trr~NT..... - . . ..... '," .......
F" ~ V ,~.L : • :

CONSTANT -40.93810 29.22

SETA 44.?4694 47.09

GAMMA 2,65065 0.7058 14.11
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:. N,\ L YS J S 0 ~ V ARIA;) CETA 8 LE
VARIATION SUM SOUARES
PEGRESS
PESIDUAL

509.1Q82

55.1714

Dtr,
2

7

TOTAL 564.3696 9
M~LTIPLE COPRELATION = 0.9022425
RFMAINI~G V~~rA8LES ARE I~SIGNlfICANT
.TAt3LE OF" RES I DUALS

orSFRVATION
1.
2
3
4
5
6
7
8
9

10
DlJRRlrI-WATSON

Y(ACTlJAL)
11.83
10 ,·22
11.41.
7,86

18,58
15,07
11,01
33,09
26.05
17.12

D-STATISTIC=

y(ESTINATED)
15.31
10.20
8.93
6.99

19.74
13.3';
11.42
29.92
24.80
2l.59

1.5795
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254.5991
7.8816

r = 32.30

Y(ACT)"Y<EST)
-1.48
0.02
2.48
n.S7

-1.16
1..72

-0,41
~.17
1.25

..4,47



"-!,.(" PHfl
.- ; " £: r : 5 r Nr.
;v,;;;-: ::ut-.'at:~ OF VARIM3LE~4
rv~f VA~IA8lE NAMESY,Xl,X2,X3*
M'LTEn on
paL E 0 ~ 11EAN S M IDS T A;~DAR DOE v rAT ION S

"'~RIAflLF
'f
Xl
x':'

STD.DEVIATION
13.45
2,31

13.82
17,35

MEAN
~6.759.nn
~5,50

x~ 44.75
,H'MPEP nr 09SERVATIO~~S = 4

C('lV~ R rA ~!CF. M A TR I X REQU IREDlo .
TVPE Y~S OR NOYES
C('IRPlLATION MATRIX REqUIR~O"
TYPF YES OR NOYES
~ATPIX nF VARIANCES ANO COVARIANCES

y Xl X2
'" 180.92I

Xl 26,00 5,33
X2 171.83 2t,33 191.00
X3 -214,75 ~30tOO -236,50

C(,RRELAT[ON MATRIX
Y Xl X2

Y 1.00
Xl 0,84 1,qa
X2 0,92 0,67 1,00
X3 "0,92 900,75 "0.99

DELETED 00
11.40.32 RE~R PHD
TYPF INnEPE~DENT VARIA8LESX1,X2,X3.
T"'PF ~~PENVENT VARIABLEY*
STEPWISF REnUIR~D"
TvPr:: YeS Of;' NO NO
C('lN~TANT REOUIRED"
TVPE y~~ OR NOYES
sr s r DtlALS Rt:QIJ I QED,.
TVPE YES OR NOYF.S
FI'LL r~ul.T 1 PLE RFGRESS IO~I

DFPFNOENT VARIABLE IS Y
'fARIABLE coeFFICIENT

rO'!ST ANT -116,96A49
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X3

300,92
X3

1,00

ST!:I,F.RRQt)

1),0000

('),l'Iono

,
\
\

F-VALIJE

'0 .... ,.&0'.".·

•• '" ,•• " ,. 10 to .11

0. '_(')a. ~ Q_ ._ _.. " ,. \~.'tl.•_&0 '~~.'!.



X3 1,~8Q08 10 "' I' 10 10 10 10 10

~N/\LYSIS OF' VARIANCE TA.8l.E
If An I 1\ T I O~! SUt~ SOU A P. F. S

REGRESS
rESlnUAL

542~75CC

0,0000

3 lAO.9167

o 10 ,0 10 11110 ,. '011110''''010 Iq10

F' : 10I. 10Itltl. lOItTOTAL 542.7500 3
M I!L TIP LEe 0 Q R E LA T ION = 1 •0 0 0 0 0 0 0
TA8LE UF' RESIDUALS
orSFRVATION

1
2
3
4

DURP.IN-WATSON

Y(ACTUAL)
80,00
74,00

105.00
88,00

D-STATISTIC=

y(ESTIMATEO)
80.00
74.00

105.00
88.00

Y(ACT)"Y(EST)
n,I)O

-0,00
-0,00
-0,00

D£?LETEO 00
11',43.55 RERR PHD
TYPE INnEPE~DENT VARIABLESX1,X2,X3*
TYPE n~PENDENT VARIABLEY*
ST~FwtS~ R~quIR~DM
TYPF YES OR NOYES
F'-LEVFL
TYPE 1,e; OR 105
CONSTANT REOUIRED" _'
TVPF Y~S OR ~OYES
RE=SIOPALS R~QU t RED,.
TYPE y~S OR ~OYFS
STEPWISF. REGRESSION

LrVEL or SIGNIF'ICANCE 5%

DEPENDENT VARIABLE IS Y
RFM.11NPtG VARIABLES ARE INSIGNIFICANT
TABLE or RESIDUALS
O[,Sf.:RVATION

1
2
3
4

DURr 1N-\"A TSON

Y<ACTlIAL)
80,00
74,00

105.no
88,00

D-STATISTIC=

y<ESTIMATEO)
0.00
0.00
0.00
0.00

Y(ACT)-Y<EST)an,oo
74,00

10C;,no
88,00

0.0420

orU:TED 00
1~.~5.5? REGR P~D
Tvpr INnEPE~DENT VAR[A8LESX1,X2,X3*
~vpr. DEPE~1DE 'IT VAn IABL EY *
;,T't:r ... TSr: RE"'urRE=D,tI
Tvp~ V~$ OR NaYES
F'-LrVI=L

- 360 -



Type 1,5 OR 1('110
CONSTANT RE~U[RED~
TVPF Y~S OR NOYES
RrSIDUALS REQUIREn~
TVP~ YeS DR NnYFS
STEFWTSF R~GRESSION

LEV~L or SIGNIFICANCE 10%
DFPENr~NT VARIARLE IS Y

X2 BROllGHT INTO REGR!:SSION

VARIABLE COEF"rICIENT

CONSTA~'T

X2 0,1:19965

ANALYSIS OF VARIANCE TABLE
VARI4TION SlJH SnUARES
PEr.RESS 463,7701

78,9799- -°ESIDUAl.

STn,ERRQR

•
Q,83!10

n,?6::?5

F'-VALIJE
.._---_-

O,F', MEAN S!'lUARE:
1

TOTAL 542,750n 3
r~t'L TIP LEe aPR E:L AT ION = 0 , 85 4481 9
RrMAI~I~G VARIABLES ARE INSIGNIFICANT
TAdLE ur RESIDUALS
O~SF:RVATIOt\f

1
2
3
4

DURn IN-I"ATSON

YCACTIJAL)
s:lO,OO
74,00

105,00
a8,00

D-STATISTIC=

•
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YCESTTMATED)
78.20
80.90

10S.19
82.70

1.9099

463,770t
39,4900

r = 11.74

11.74

Y(ACT)-YCEST)
1.~O

-6.90
-n.19
5.30



CHAPTER 9

REGRESSION ANALYSIS APPLIED TO THE RESULTS OF ULTIMATE LOAD TESTS ON.-.. - .
T-JOINTS UNDER AXIAL AND loiIOMENTLOADS. CARRIED OUT IN THE PRESENT

INVESTIGATION

9. 1. Ultima:te Aria l Load (Pu)

9.1.1. Analysis of Test ResuZts

Observations of experimental joint behaviour. and the results of
t9sts For ultimate axial load, indicate that the ultimate lcad Pu
is a function of several joint parameters:-

1- beta .. dJ./do
2. gamma • dolto
3. sigma .. material yield strength
4. theta • joint angle, should the analysis be applied to

Y-joints
5. LIdo • ratio of chord diameter to chord length in the

test specimen
B. tor • tl./to
7. to .. chord thick.ness

i.e. an equation would be of the form:-

Pu .. fee, y, a, e, LIdo, T, to), or
Pu a -rn , -rai. f(3)' f(4), f(S)' f(B), f(n

In order to simplify the analysis some of the above terms may be
taken out of the equation:-

f(3), the yield stress of the material is a constant factor and
should not be considered an independant variable.

f(4), the Joint angle, is a geometric function, of the type l/9ine.
For the purpose of this investigation it has been ignored.
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f(S). ratio of chord diameter to chord length. It has been shown
that provided the distance from the joint to the support is greater
than twice the chord diameter. then this ratio has no effect nn
joint strength. For the purpose of t hf.s report the factor f C:;) ,

therefore. becomes unity.

f(71. the chord thickness. to. is a constant parameter for a given
joint and has been taken outside the fo~mula and squared to give
the dimensionless group:-

Pu/Fyo.t02

The proposed formula will. therefore. be of the form:-

Pu ,. f(~. tl. dol
do to to

.......•.•.....•...••.••.............• (9.1)
Fy.toL

The form of the equation has been investigated further by using multiple
linear regression. based on a least squares method of curve fitting.
(see Chapter 8).

ihe equation then takes the form:-

Pu
Fy.t02

,. Ao + + ..... A Xn n ......••.....•... (9.2)

It has been shown (Figures 127. 128 1 that for axial load the
variation of Pu with the parameters dl/do. do/to and tl/to approximates
to a linear relationship.

Two options were used to analyse the date:-

i. Stepwise regression each of the independant variables is
brought into the analysis in turn and the significance of
their contribution is considered.

ii. Full regression
in the analysis.

all the independant variables are used
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9.1.2. ResuZts

ii) Stepwise Regression

a. Consicering beta dl/do only the regression equation Qbtained
gives:-

Pu = Fy.tc
2 [40 d~ -

do
a ••••••••••••••••••••••••••• (9.3)

b. Considering beta d~/do and do/to the regression equation
obtained gives:-

Pu Fy.10
2 [40 d~ +

do
0.7 do

to
18.55 l

J
•.•••••.••••• (9.4)

c. The inclusion of the variable tl/to was found to be insignificant
at the 10% level of analysis carried out.

Equations 9.3 and S.4 were used to calculate the ratios of
experimental axial load to calculated ultimate axial load. The
results obtained are shown in Table 15.

The mean values of the ratio Pu(exptll/Pu(calc) are:-

Equation 9.3 mean • 1.0Ql Std. Oav. • 0.17

Equation 9.4 mean = 1.019 Std. Dav. a 0.11

(ii) fuZZ Regzoession

The analysis considered the variables beta (dl/do), do/to and
tl/to. and the regression equation obtained was:-

Pu = FY •to 2 [40 ~ +
do

0.74 do
to

0.9 tl.
to

.•.•.•... (S.S)
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TABLE 15 - RATIO OF ULTIMATE EXPERIMENTAL AXIAL LOAD
CALCULATED ULTIMATE AXIAL USING REGRESSION EQUATIO~S

Pu(exptl)/Pu(calc) I
Test Equation Equation Equation

(9.3) (9.4) (9.5)
IVI 1.2 0.86 0.85
8/1 1.07 1.12 1.09

Cil 1.01 1.17 1.15

011 0.81 1.13 1.11
Ell loll 0.86 0.85

Fl1 0.99 1.03 1.02

Gil 0.86 1.12 .1.11

H/l 1.17 0.95 0.95

J/l 1.02 1.06 1.05

K/l 0.97 1.07 LOS

L/l 0.72 0.87 0.86
Mil 1.16 0.98 0.97

Nil 1.07 1.16 1.14

Pil 0.81 0.96 0.94

Q/l 1.32 1.16 1.15

R/l 1.00 1.03 1.01
S/1 0.•71 0.80 0.79

Mean value 1.001 1.019 1.005

Standard deviation 0.17 0.11 0.12
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The equation was used to calculate the ratios of Pu(exptlJ/Pu(calc)
and the results obtained are shown in Table 15. The value of the
mean and standard deviation for the ratio Pu(exptl)!Pu(calc) found
from equetion 9.5 are 1.005 and 0.12 respectively.

9.1.3. Discussion

Equation 9.3 which considers only the beta (d1/do) variable gives
the most accurate mean, but with a high standard deviation.
Equation 9.4 gives a higher mean, with a smaller standard deviation.
The full regression equation 9.5 gives an accurate mean, with a

small standard deviation of 0.12. This value compares favourably
with the maximum accuracy that has been achieved by using other
design formlJlae (see Chapter 3).

The results from the regression indicate that the relationship
between ultimate axial load and the parameter do/to is not linear
and has an increasing effect upon the results as beta (d1/do)
increases. Further analysis assuming a polynomial regression
model would give a more accurate equation for joints with high
beta ratios and low do/to ratios.

i.e. assuming the model:-

Pu
Fy.to2

= Ao + +
P

A3 (tl· / to) •••••••• (9 • 6 )

It 13 probable, however, that because of the nature of the joints
being analysed, the resultant equation would be very complicated,
difficult to use, and give little improvement in result.

The equation proposed for ultimate axial load calculation was,
therefore, of the form:-

Pu = Fy.to2 [40 d1 +
do

0.74 do
to

0.9 tl.
to
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This equation has then been used to calculate the ultimate axial
loads for T-joint axial load tests carried out by others: Figure 174.
Again the ratio of PlJ(exptl)/Pu(calc) has been found for each
of the tests considered.

Initially all 76 tests were analysed and the mean value for the
ratio of experimental to calculated load was found to be 0.944
with a standard deviation of 0.313. It was noted. however, that
the equation, and therefore the results. were sensitive to tha
do/to ratios',of the joints. The analysis was repe.ated omitting
those tests with do/to ratios exceeding 45. The remaining 61
tests gave a mean value for the ratio of 1.083 with a standard
deviation of 0.17. For this type of joint with do/to lass than
45 the result compares well with. and is better than. any of the
existing formulae reviewed in Chapter 3. Although, in practice
do/to seldom exceeds values of 35-40 there is a need to have a
formula which will cover the range of larger values. This may
be achieved by either:-

(1) Carrying out a regression analysis which includes all
the joints in a full range of dc/to.

(ii) Modifying the formula proposed for do/to less then 45 by

an empirical factor.

(i11) Treating this range of do/to as a special case and carryi!'1g
out a"separate regression analysis.

The wide range of the variable do/to prohibits the regression of
all the results since the standard deviation obtained has been
found to be unacceptably large. (greater than 40%).

Modification of the proposed fcrmula would require two modification
factors, one for do/to and one for d~/do.
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Proposel of a different formula for do/to greater than 40 is
not immediately appealing since it means that the~e are two
differont formulae for T-joint axial load design. It may,
however, be beneficial to have two formulae fa!' different do/to
ratio ranges beacuse it will draw the designers attention to
the fact that he is working in a range where kncwl adge is still
limited. Very little evidence exists for tests on joints with
large do/to ratios and the fact that all of it has been
considered. exclusively, in the regression analysis gives
confidence to the design of the joint.

In order to give a fair comparison two further regressions were
carried out:-

i. Regression on all 76 tests results.

ii. Regression on the 15 test results with do/to greater than
45.

Two further equations were. therefore, found:-

Pu Fy.tc2 [34 £!.
do

+ 0.07 do
to

1.6 tJ.
to

•.....•... (9.7)

based on all 76 tests results; and,

Pu = Fy.t0
2

[11 ~ -
do

0.1 do
to

+ ••••••••••••••••• ~••• (9.8)

based on 15 tests with do/to greater than 45.

These two formulae were then used to calculate the ratios of
experimental load to calculated load. The results obtained
were:-
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EQUATION NO.OF TESTS MEAN RATIO STANDARD DEVIATION
8.5 51 1.083 0.17

9.7 76 1.015 0.21
9.8 15 1.017 U.lB

Formula 9.5 has been included for comparison. Histograms for
these three formulae are shown in Figure 177.

The formula based on regression of all 76 test results has a good
normal d:l.stributionof results I but with the median value falling
between 0.9 and 1.0.

The formula based on regression of the ultimate axial load tests
carried out in the present investigation and used for the 61 test
results has it's median value between 1.0 and 1.1 with most results
greater than 1.0.

The formula based on regression of the 15 test results with do/to
greatsr then 45.0 has it's median value between 0.9 and 1.0.
However. eight of the values for the ratio of experimental to
calculated load are greater than 1.0.

9.1.4. ConcZ.usions and Proposed Fozrrrru.ZaefOl" CaZauZating UZtimate

Axial. Loads in T-Joints

s. The proposed equations for calculating the ultimate axial load
for welded T-joints are:-

1. Pu a Fy.to2

for do/to less than 45.0.
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i1. 2Pu ..Fy.to
[
11 dl. - O.1 do + 15.o]

do to J

for do/to greater than 45.0.

b. All existing formulae, whether empirical or theoretical
become less reliable as do/to increases and becomes greater
than 50.

c. tl.The parameter to has less influence on joint strength than
other joint parameters and this influence becomes insignificant
when the parameter do/to is greater than 45.0.

9.2. UUilmte Moment Load (Mu)

9.2.1. AnalY8is of Test ResuZts

Observation of experimental joint behaviour and the results of
tests for ultimate moment load indicate that the ultimate moment
is a function of the same basic joint parameters as is the
ultimate axial load. (page 362).

For moment loads the proposed formula 1s considered to be of
the form:-

Mu ,.
Fy.do.t02 f [dl. do. tl.J

Ldo to to
..•••.......•....••.•..••.•.•... (9.9)

2Mu being divided by the term Fy.do.To to give a dimensionless
group on the left hand side of the equation. Figure 130 shows
that an assumption of linear variation of ultimate moment with
dildo would be valid for do/to 18-23. but would become less
valid for do/to • 32.

Figure 129 shows that the assumption of linear variation of
ultimate momert with do/to is an approximation. In addition.
the relationship between do/to and the ultimate moment is not
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unique. but varies with the d~/do ratio from having negligible
influence for beta = 0.42. to having considerable influence
for beta = 1.0.

The form of the equation 9.9 has been investigated further by
using multiple linear regression. based on test results from the
present investigation. The regression has been assumed to be
linear. but in order to study the effect of do/to on the equation.
the relationship that Mu a (do/tolO•SS has been calculated for
beta = 0.67 to 1.0, based on the results shown in Figure 129.
Stepwise regression was carried out.

9.2.2. ResuUs

i. Linear ReLationships

Inc~uding beta anly:-

Mu = [37 ddal -' 12.s1
Fy.do.to2 J

.•.•......•.. ·....•.......•......... (9.10)

Including beta and da/to:-

Mu 2
Fy.do.to .. [36 ~ +

do
0.5 do

to
........................ ts.a n

Including beta. do/to and tl/tO:-

Mu = [38 ~ + 0.7 do
do to

6.3 h
to

.............. (9 • 12)
Fy.do.to2

ii. Non-Linear Retationship of MU with do/to

Mu ..[44 ddol + 2.7 [tdOoJ0.66 41.0lFy.do.to2 J ...••........... (9.13)

for this analysis the effect of tne parameter tl/to was found to be
insignificant in the regression.
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The four equations found were used to calculate the ratios of
ultimate experimental moment to calculated ultimate moment.
for the test results. The results of these calculations are
shown in Table 16. together with the mean and standard
deviation for the ratios calculated from each equation.

9.2.3. Disau8sion

All the equations give good values for the mean ratio. but the
standard deviations vary. The standard deviatiun of 0 ~.35for
equation 9.10 is too high and must be disregarded. since it is
apparent that an equation containing only the variable beta is
not suitable.

Equations 9.11 and 9.12 give very similar results with equation
9.2 having a slightly smaller standard deviation. Equation 9.13.
in which the variable do/to was raised to the power 0.66 givas a
good mean with the lowest standard deviation at 0.15. The
equation. however, has not been applied to joints with beta • 0.42
and 0.53.

In Table 16 it is seen that for test no. 0/2 equations 9.11 and
9.12 gave very conservative results. This is because the equation
is sensitive to small values of d1/do and do/to occurring
simultaneously. The values obtained have been ignored in
calc'Jlating the means and standard deviations and this point
will be commented upon later as a restriction on the applicability
of the formula.

The final formula is multiplied by a factor of 255/350. the ratio
of characteristic yield strength to yield strength of the material

2used in the tasts since the 255N/mm value was the one upon which
the regression analysis was based.
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TABLE 16 - RATIOS OF ULTIMATE EXPERIMENTAL MOMENT
CALCULATED ULTIMATE MOMENT FROM REGRESSION EQUATIONS

Mu(exptl)/Mu(calc)
Test Equation Equation Equation Equation

(9.10 ) (9.11 ) (9.12) (9.13)

A/2 2.01 0.B3 0.77 -
8/2 1.09 1.23 1.09 -
C/2 0.83 1.51 1.33 -
0/2 0.88 21.5 8.29 -
E/2 1.46 0.93 1.01 -
F12 1.10 1.16 1.32 -
G/2 0.64 1.10 1.29 -
H/2 0.97 0.73 0.76 0.77

J/2 0.83 0.B7 0.91 1.00

K/2 0.93 1.07 1.11 1.2B

L/2 0.64 0.86 0.89 1.13

M/2 1.16 0.94 0.96 0.94

N/2 0.94 LOS 1.07 1.13

P/2 0.S9 0.86 0.67 0.97

Q/2 1.35 1.16 1.16 loll
R/2 1.07 1.10 l.09 1.06

S/2 0.70 0.82 0.80 0.80

Maen value 1.02 1.02 1.03 1.02

Standard deviation 0.35 0.20 0.16 0.15
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9.2.4. Conclusions and Proposed Formula for Ca~uLatir~ Ultimate
Moments in T-Joints

i. The proposed equation for calculating the ultimate in-plane
moment loads for welded T-joints 1s:-

Mu = FY.dO."to2 [27.2!. + 0.5 do
do to

- 4 tJ.
to - 18 ]

ii. The proposed equation is very conservative for small dJ./do
values (less than 0.5) with small do/tu values (less than
20). For this type of joint i.e. small beta and small do/to
ratio the approximation that:-

Mu = 0.75 x theoretical ultimata moment of branch member
may be used.

iii. Further analysis of the test data using a polynomial regression
model (9.1.3) may give a slightly more improved result. but
would probably complicate the design equation considerably.
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P (TESn • V. P (CALC) FROM EGN. ~. 5

100

ULTlMATE AXIAL LOAD FROM TESTS

Figure l73.Pu(tsstJ v Pu calculated from equation S·S
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tOO

P (TESn ..v. P (CALC) FROM EQN..~.7

PU - FYooto2o[34oD.1+0007o00_1oa.tt _ 2.511_'.
Do To To -'

+

+
+

+

tCC SOC) 600

ULTIMATE AXIAL LOAD FROM TESTS

Figure l74.Pu(testl v Pu calculated from. equation 9.7.
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P (TESn •V. P (CALC) F"ROM EQN. ~.E:>

/
PU = FYo . t&. [11.D1+0.1.DO ._15J

Do To

100

100 eoo
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~1gure l75.PuCtest) v Pu calculated from squat ion 9.8.



M (TESn ..V..M (CALC) FROM EQN. <?>.12

e!.J. 00
,./

MU = FYo.Do.tt. [27. DI +O.S.Da _ 4 .t. _18J
Do to to

~.

20.00

a 1a.co

~ .....

~

10.00

~. 0.00

~

+
....00 8.00 se-co S8.CO 20.00 e 00-.--~

ULTIMATE MOMENT LOAD FROM TESTS

Figure 176.PuCtest) v Pu calculated from equation 9 .12.
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CH.A.PTER10

FINAL CONCLUSIONS

10.1. Equations Proposed From The Present Ewperimental Study
(Chapter 9)

T-~Toints

10.1.1. U2timate Axiat Load (Pu) - (Seat ions 7.1 and 9.1)

Pu = fyo.to~ ~O d~ ~ 0.74 do - 0.9 t~ - 19.0J
L do to to

............ (10.1)

for d~/do .. 0.4 - 1.0
do/to .. 15 - 45

Pu = fyo.to2• f11 dl - 0.1 do + ls.ol
[do to J

. (10 .2)

for di/do ,. 0.4 - 1.0
do/to > 45

10.1.2. U2timate Moment Load (Mu) - (Seations 7.2 and 9.2)

Mu .. fyo.do.to2• f7 ~~ + 0.5 ~~ - 4 ~~ - 18.0J ................. (10.3)

for d~/do • 0.5 - 1.0
do/to > 20

Mu ~ 0.75 x ultimate moment of brace member (Sl.fYl)

for d~/do < 0.5
do/to < 20

10.1. 3. Combined Aria l and Moment Load (Sections 7. 3 and 9. 3)

M + P :II 1.0
MU Pu

.................................................................. (10.4)

for dl/do 0.25 - 1.0
dc/to 15 - 40
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10.2. E$~ations Proposed Fpom StatisticaZ Review (Chapter 3)

10.2.1. K-Joints

(i OJ'___ .;.__...;.W;.:;:i;..;;t;.;..:h~

rdO] 2 rdo 0J- -1 .5
fyo •L-2- • L2fO- •Pu = Cl + 6.52 ~~) (1 - 0.26 Cos2e)f(g/do) ••••(lO.5~

fCg/do) = 1.75 - 2.65 g/do
f(g/do) = 1.15 - 0.06 g/do

o S g/do ~ 0.23
cr.23 ~ g/do ~ 1.0

Limitations are: 10 ~ dolto ~ 50}0.25 ~ d~/do ~ 0.85

(1i) With Overlap
Ca) 0.25 § d~/do S 0.85

Pu = ~. [to. Uc + 2.t~.Ub J ..•..•...............••..•.• (10.6)

(See ,I\ppendix8 page 40 for lengths Ub and Uc l.

Limitations are: la ~ dolto ~ 50.

Cb) 0.85 $ dl/do $ 1.0

Pu • *O.'II'.d~.to .•....•.•••••.•••••..•...•...••...........••. (10.7)

Limitations are: la $ dolto ~ 50

10.2.2. X-Joints

Braces in Compression or Tension
Pll .. K fyo. da , tal [~~.(1.2 - ~~) do ]2to ..........•.•.•.••..... (10.8)

K • 3.71 for compression in braces.
K m 5.5 for tension in braces.

Limitations are: 0.25 ~ d~/do S 0.85: ID ~ dolto ~ 50.
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10.J. Gene:raal.

10.3.1. T-.loints

(11 AXial Load

Joint strength under axial load is a function of the parameters
dl/do and do/to. For d~/do greater than 0.5 the mode of failure
is normally plastic deformation of the chord wall. The parameter
t~/to does not significantly affect the ultimate axial strength
of the joint.

The formula deduced from the present experimental investigation
gave a better result when applied to all T-jo1nt test results
than any of t~le formulae reviewed in Chapter 3.

(1i) Bending Load

Joint strength under bending load was a function of the parameters
d~/do. do/to and t~/to. When do/to is less than 20 then the joint
strength is independant of the parameter do/to and is a fuhct10n
only of the branch member geometry.

The formula deduced from the present experimental investigation was
the only formula based on test results presented at this moment in
time.

riii) Combined Axial and Moment Loading

When a T··joint is subjected to ccmbined axial and bending loading
the dominant load 1s the axial load. Any eccentricity of axial load
causes failure in the joint due to excessive applied moment.

For the parameter range of jOints tested the relationship between
M/Mu and P/Pu was found to approximate to unity.

Points of high stress under combined loading change position according
to the proportions of axial and bending load applied e.g. high axial
load and low moment load may cause a hot spot stress at a different
paint to a high moment load and low axial load. This phenomenon is
seen to occur for higher values of d~/do.
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When the combination of axial load and moment was such that the
joint failed to sustain both loads the moment carrying capacity
decreased non-linearly. as rotation occurred at the joint.

10.3.2. K'-Joints

(i) Gapped Joints

A large ~umber of existing test results are available for K-joints.
Analysis of the various proposed formulae for gapped K~joints shows
that the formula of Washio, Togo, later modified by Harlicot, Mouty
and Tournay gave the best results.

(ii) Overlapped Joints

Very little experimental evidence exists for the strength of overlapped
K-joints. The formula proposed as a result of the present study
(Chapter 3) is a lower bound solution and does not represent the
expected failure mechanism for some joint parameters.

10.3.3. X-Joints

The formula proposed by Oet Norske Veritas* gave the best results for
all the existing X-joint tests.

*This formula is identical to that proposed by Harlicot, Mouty and
TOlJrnay, when simplified.
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CHAPTER 11

RECor'1MENDATIONS FOR FURTHER RESEARCH____ ._- ._._-
11.1. AnaZytwa"l rvork

(1) Further development of computer aided data presentation is
required. This should be fully interfaced and would enable complete
presentation of, for example, the results ef finite element analyses.
This type of system is urgently rgquired since dt present most
methods require a degree ef manual involvement.

(11) Expansion of the present elastic finite element analysis of
T-joints to include K, N and X joints would be a natural progression.
Presentation of the results in chart or tabular form would enable the
steel designer to locate areas of high stress ir.joints and perhaps
implement measures to avoid them or contain them.

(i1i) Inelastic finite element analysis of joints 1s required in
order that theoretical correlation with ultimate load tests can be
attempted. This work is continuing, at present, at Imperial College
and Kingston Polytechnic.

(iv) Since the amount of theoretical work being carried out on
jOints has recently increased it may be of interest to attempt an
analysis using yield line methods. This method has been applied
to joints in R.H.S •• with some success. at Nottingham University.

(v) Further numerical analysis of existing test results and more
recent test results as they become available may be carried out to
confirm the applicability of the existing formulae for certain
parameter ranges.
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11. 2. Erpel'imentaZ Work

11• 2. 1• 'l'-Joints

(i) Further ultimate longitudinal moment tests are required for
jOints ~ith small d~/do ratios, in order to confirm the existing
!'Bsults.

(ii) Expansion of the range of applicability of the ultimata
moment formula and the proposed interaction relationship between
moment and axial load may be achieved by carrying out a few
additional tests.

(iiil It is proposed that tests be carried out to find the ultimate
circumferential moments in welded T-joints, and their interaction
relationship with longitudinal moments and axial loads. This
combination of load may occur in three-dimensional vierendeel
structures where cross bracings may introduce torsionel moments
which are circumferential to the main chord members.

11.2.2. X-Joints

(i) It is proposed that tests be carried out to find the effect
of moments,both primary and secondary, which mey be introduced at
K or N type joints.

(11) It is proposed that an extensive study of overlapped K or
N jOints be carried aut. This would produce a design formula and
test results which might lead to less conservative joint design
for this type of joint.

The present design rules for overlapped joints are generally lower
bound solutions based on an estimated punching shear mechanism.
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. 23.!lO 0.90
2.3.80 0.90
23.80 :).90
'23.80 0.9 U
:13.001 0."'0
23.8Q 0.«0
23.80 0.90
18.J1 0.69
Hl.~l n,69
18.31 C.69

16 • .31 O."c;
1:3.31.0.69
15.31 0."9
23.00 O.'):J
23. er) O. "rJ
23.30 O.9U
23.80 0.90
2.3.bO 0.90
23.!JD 0.90
23.S,10.9')
n.80 O.?Q
23.600."1)
23.~O ~,'10
1~.31 0.<'>9
1.8.31 0."9
18.31 :).69.
lC.31 0.:-9
.113 •. H 0.1.>9
23,0') 0.90
2.3.30 O.Qll
2.3.en 0."0
2.3.50 0.'10
23.an O.<l~'
2.3.00 C."O
18.31 0.6'1



rACiU'l 1;,PIIT DATA rOR r.AS[ STUDIES Sf'Er:I"tt'l f)i~ldJSIO~:S s . HST PE:SUL,S-PAGE 2

EXPTAL WELD
SPECIMEN P(ULTl RR~NCH GAP CHORD

NO. KIPS OCIN) T(IN) (MM) OC(IN) TC(I~)
... .. .. .. ~.. ,. ~........ -.

7~ \7.90 1.34 0.090 17
77 17.90 1.34 n.~9n 17
73 17.6U 1.34 O.~9n 17
79 22.40 1.34 n.n9') 17
no 20.9D 1.34 0.n9n 17
01 ~Q.90 1.34 n.n90 17
82 22.00 1.31 0.n90 17
83 ~J.IU 1.J4 n.n9n 17
R~ 19.3U 1.34 D.n~~ 17
B~ tb.60 1.3~ 0.n9n 17
86 18.00 1.34 n.~9n 17
87 13.00 1.34 G.09n 17
88 18.00 1.34 n.n9n !7
89 is.on 1.34 0.n9" !7
90 1&.7U 1.34 0.0)1 17
9~ 1~.60 1.34 O,n90 17
92 19.30 1.34 O.~;O t7
93 16.70 1.34 0."9" 17
94 18.70 1.34 0.n9n 17
95 1B.7U 1.34 O.n90 17
96 ta.?O 1.34 O,n9" -17
97 18.eo 1.34 8.J90 -17
9g 19.10 1.34 o.n9n -17
99 19.40 1.34 0.n9Q -17

100 19.60 i.34 0.090 -17
101
102
103
104
1e5
106
10 7
'lilll
109
110
111
1.12
113
114
11.5
111'>
117
118
119
120
121,
122
123
124
3.25

126
::'27
128
129
130
131
132
133·
134
135
1:56
137
lVI
139
140
141
1~2
143
144
145
146
147
14H
140
150

19.30
~c.oa
lS.7U
15.60
15.60
16.20
17 .10
t :'".1 f)

17.60
17. co
lO.70
17.0rJ
20.40
20. (10

20.3U
22.60
22.90
23.,0
1.3.70
13.40
14. o 0
13.40
14.:'..0
13.70
18.40
ta.70 1.n7
1(:'701.07
13.~U 1.0?
12.30 i.n7
13.60 1.07
13.70 i .n>
1,1.30 1.07
1t1.30 LO?
H.90 1.07
It..30 1.07
1,,90 1.117
20.90 1.34
1,~.bO 1.34
15.6Q 1.34
;:2.CO 1.3~
?1.50 1•."14
15.S0 1.3 ..
2('.')0 1.34
?'<'.50 1.34
:~3.91) 1.34
:33.SlJ 1.3';
11.1U 1.:':4
';'7.2[1 1.34
17.• ?,Q 1. 3':
15.CU l,34

1. 34
1. • :~ <1
1.34
1..:1<1
1.34
1.34
1. :14
1, :~~
1.34
1.68
1. bel
1.60
1.68
1. 6a
1.(-8
1. 68
1. 68
1.6d
1.. 07
loU
1.07
1. 07
1.07
1.0 7
1. Q7

n.n9"
0.09:1
a.n90
O,rJ9fl
O.n9fl
G,n90
n.!191l
0.09'1
0.0'.1(1
O.r)90
O.n90
O,n91
a.~9G
0.09:')
0.(91)
O,r.~1)
G.D';;;,)
a. ii~'0
0.100
0, .100

0.100
o , 1 0 ~J

n • 1.0 (J

O.10n

0.10n
o , 1 on
Q. 100
f1 • 1,2(\

. i1 , 18 j

(),l 0'1
D.lon
C • 1 un
n , ten
Q. 1 onO.ton
n.0':;0
O. r: ,n
O. i'l 'i11
n.('I90
0."91)
,j .1''iO
11. r19n.
r1,t1;n
0.1190
n. !19r,
n • ,~<j'

0.('19'1
i1 1 Cl ') 'l
G.i190

-13
-1.3
-13
-13

2.38 1) • .130
2.38 0.130
1:: •• 111 n.13~
2.3i1 n.l0n
2.3f',0.ton
2.3M 11.100
2.311 (J.1GO
;:,311 O.:[)(l
2.38 n.tlJO
2,31l 0.100
<:.311
2.38
2,38

n .100
'1,100
1).10(1
n.uo2.38

2.38 o • UD
r. .130
o .13n
G • un
1).1.01)
n.10n
n.100
O.tuO
0.100
n.lon
0.130

2.31\
2.38
2.31\
2.38
2.3fl
2.38
2.3il
2.36
2,3R
2.38

-13
-13
-13
-13
-1.3
-L5
-13
-13
-13
-13
-13

2.311 n , J.31)
2.3':; a.130
2.38 n.130
2,38 O.lJO
2.38 a.lCO
2.31) n.t,)o
2.31l n.1UfJ
2.311 (1.100
2.38 1).100
2.3R n.l0n
2.3£1 n.l0n
2.31l n.tOO
2.33 0.100
2.38 (i.l0n
2.3A n.!.oll
2.38 0.101)
2.38 11.100
2.38 0.1UO
2.38 n.l01)
2.38 (1.10!i
2.38 n.1QrJ
2.33 1'1.100
2.38 /).100
2.38 n.l00
2.38 Cl.1 0 n

··13
-~3
-13
-13
-!.3
-13
-13
-13
-t3
-13
-1.3
-1 .3

2.31< I).tol'!
2.3~ n.tGIl
2 • .3R (I.tcn
2.380.1J0
<..:!I' n.len
2.J8 n.:lO,)
2.38 li.tOO
2.38 1).100
2.3811.100
2.38 a.tUn
2.3a i'!.tCO
2 • .5F 0.101'
2.33 n.lO!'!
2.311 n.l()~
2.3!i n.l0n
2.38· n.10n
2.38 0.100
2.31l a.tOn
2.3A a.lon
2.3A I). tOil
2.31\ n.1on
2.3;:1 n.too
2.':;R ~.t'jr,
.?38 '1. 10,'
2.36 f).lUn

Jnl~T YIELD-STRESS rAn~MET~RS
ANGLE 3A~IC SH~AR D/nc DCITe T/TC
••••• '. " -: _ to. "" .. n I\.os "". 3 .et.'O 0·:1 ..

"5.00
~r.;.no
q r;. o Q
~5.I)O
4'),f'!1)
4<;.00
'1'; • 00
45.00
4 t; • (j ~\
4'5.no
4';.00
4~.GO
4,).00
4<;.00
4,5 • 0 Q
45.no
4').(10
45.00
4'; • no
45.00
45. ()O
45.nO
4<;.00
4'\.00
'i5.ne

45.no
4'5.00
45 ,00
45.00
4'i. 00
45.00
4:;.0')0
4'i.no
4 <;• I'll)
45.00
45.00
45.00
4~.(J0
4<;.00
4'5.no
4'3.00
45.00
45. no
4<;.00
4<;.00
4'). Q 0
~ 5 .o 0
45.01]
4'5.na
45.CO
40:; • (10
45.0 i)

45.00
,~" , GO
.;r;,no
4,). no
4,).no
4,).no
.. :; , (~o(j

45.01J
4 <;.00
4<;.00
45.no
45.00
4'5.no
4"i. n'J
45.nO
45.~O
4'l.no
4'3.l'ItJ
4"','11)
4'3 t.r: C
,;,.(,0
4'0.110
4c).JG

- 2A -

c 0 •0
60.0
60.0
s o ,0
60.0
60.0
!>O.O
60.0
6,) , I)

6~.0
1,(1.0
A:J • 0
60.0
60.0
60.0
60.0
60.0
60.0
AJ.O
60.0
60.0
60.0
60.0
60.0
60.0

60.0
60. 0
oQ,O
60. o
60.0
60.0
60.0
60.0
AO.O
1\0.0
60. 0
"0.0
60.0
60.0
60.0
60.0
60. C
60.0
60.0
,<'0.0
60. 0
1\0.0
60.0
6 0 • a
60.0

1,0.0
60. ij

60.G
60. 0
6 o .0
60. 0
60.0
60.0
60.0
~O • U
60. C
60.0
60.0
60.0
60. C"0. a
"0.0
foO .0
~U • tJ
"0.0
60.0
f,O .0
"G.O
60.0
60. Q

34.6 ".';6
34." 0.56
:54. A n , 56
34,6 11.'56
34.1\ O. '56
34.6 0."6
34,A. 0156
3-1.6 0.56
34.6 n.;6
34.6 0.56
34.6 0.56
34.0', 0.56
34.6 11,"6
3406 0.'>6
34.6 U.56
34.1, 0.56
3~,~ 0.'56
34.fo i).56
34.1, O. "6
34.6 0.%
34.6 0,50
34," 0,56
34.6 0.56
34.,,) 0.56.
34.6 1),56

34.,~ C..56
34.6 0.56
34. r, IJ. 56
34.6 n,56
34.6 n,56
34.6 0.56
34.6 0.56
34./\ rJ,56
34 • ,S 0.56
34.ti n.7!
34.1\ r..71
3·1.1\ (1.71
34.6 e,i'l
31\ ." 0.7134.6 n,71
34.6 1),71
34.'i n.ll
34.(1),71
:5 4.1> 1).4'5
34.1> 0.43
34,6 0,45
34.1> 0,45
34.6 0,4;'
34.1\ 0.45
34.6 0,45

34,6 0.45
34 ....O.~5
34.6 1J.~5
34.1> 0,45
34." 0.45
34.!o o , ';5
34." ~.~5
34.6 n,45
3 ~ • ., :).45
3~.A 0.45
34,6 0.45
34.6 n.~6
31, • '\ o.? 6
34.~ 0.';6
34.6 O.~6
34, I) O. 'i 6·
34.1\'0.<;6
;54,,> 0.56
,34." n.<;6
.3 4.1> O. '36
3<.0', 0.';6
34.1'> ~,.56
34.6 '1. '56
34,S 0.-::6
34.6 11,56

18.31 n.69
lu.S1 O.n9
113 • .510.69
23.30 0.90
?3.80 0.90
?3.eO 0,90
?3.30 0.90
23.C;0 r..90
~3.8n O.9()
23.00 0.'10
?3.60 n.ge
23.HO 0.90
?3.80 a,9U
H.310.o',\.
18.31 O. (,')
18.31 0.69
10.31 0.69
18.31 0.69
23.80 O.QLl
2J.ao 0.90
23.80 O.QO
23.80,0.90
23.80 0.90
23.80 1).90
18.31 0,69

!.8.Jl
18.31
16.31
23.80
?3.(;In
23,aO
23.30
2:5.8 U
23.00
23.80
23.50
23.an
23.1.l0
2:l.tiO
23.1:0
23.80
2.3.30
23.80
23.8~
23.an
23.ar.
23.60
23.'.)0
23.80
23.30
23.30 1.ao
23.80 1.8u
?3.'30 l.~O
?3.ar, 1.10
23.!lO 1.00
23.Un 1.'1023.1;0 1.r.U
23.1:l0 l.no
;:3.801.1)0
23.60 1.0U
23.aO i .no
23.eo 0.00
?3 •.:ln0.':'0
23.800.90
;;>3.800.90
23.600.%
23.500.90
23.80 0.'/0
23.300.·:-Q
23.80 0.90
23.000.tJij
23.80 o.eo
23.1.10 Ii. yo
2~,(jQ Ut(jO
23.80 0.90

o .s»
0.69
o • ()9
I) ,90
o .90
n,?Q
I) .90
o .90
n.90
0.90
n .90
o • <; 0
o .90
o .90
o • go
0.90
o .90
n .90
1. c (J

1. 0 I)

1.no
1. 00
1. 00
1.rJO
1,00



Exr'fAL I~ELD
SPECINEN P(Ul,T) Gfi.\rJCH GAP CHORD JOI'H VrELD-ST[lF.SS PhR4~ETt:,15

i~O. KIPS D( 1Nl T( IN) (M~) nc : IN) TC( i'l) A ,\I GLi= 8.ISIC Sf/FA" rv nc DCITC TITe
..... , .. A .. ~ ,. • • .. ', ,"," ".: " ••• 0\ Jl A ~ " v .. ~ .. u. • .:f 1t" 0 U ,:,. ~

1-51
152
153
1.54
15:)
156
1:)7
158
159
160
161
162
1t3
164
165
16"
167
168
1('9
170
171.
172
173
174
175
176
177
171)
179lan
lfil
18?
133
lR4
1B5
l1r6
1&7
188
lR9
1.9'1
::'Q1
!.'12
193
194
195
!'}I'l
1';1
198
19'J
200

- 201
2\12
203
i!l)4
:?!)5
2uli
207
208
209
210
211
212
?13
214
21:'
/.1'"
217
21U
21<:1
2211

, 221
2n
:~2J
224
225

35.70 1.34
1b.BO 1.::4
·?6.7~' 1,34
39,7() 1.::4
;>4.901.:;4
i s . 'if) 1..31\
lrlt9G 1,~t\
;;5,91.,: 1.~4
)6.3n l,~t;
;>8.30 i .:«
37.5U l.~~
16.20 1..3';
18.2u 1...~4
17.7U t.~T4
1.5.90 ".34
16.20 ~.34
1 ~ .111 1.:5 4
2n.ULl 1.:)4
19.ijU 1.:14
j9.50 1.34
?1.20 l.3~
;:><'.00 1.34
~3.6U 1.34
;:>0.511 1.91
20.80 l.Q1

~u.~o 1.91
?~;.au i.C)l
?4.20 1.<11
24.901,'H
25.70 1,<:;1
?7.60 1..91
? 7 .s o 1. 91
1B.20 1.:14
15.70 1.3',
1.5.40 1.34
17.80 1.34
17.60 1.3~
17.70 1.:i~
22.30 1..34
n.70 1.34
?1_SU .t~34

ll)O. GC 2 •. 3d
103.00 2.~ti
Q9.uO 2 •.13

1-1S.00 3.'30
155.00 3.::;0
l"i'S.OU 3.S0
212.00 4.'0
212.CO 4.50
226.CO 4.50
'15.00 2.38

lo6.00 ?3R
l'7.0U 4.50
2t2.:)0 4.50
1iJ5.00 ;:>.3B
275.00 4.~O

11O. Cl) 2.3-3
l<JC.on 3.')0
2 ~.:; • 0 a 4. '5 J
~tJ.no 3,';0

iPS. GO .1.50
2.10.00 5.50
45.00 3.')0
70.00 .1.51.1

170.00 5.50
2 t:'. OIJ A.:' 2
103.GO ?-_:a
175.CO :;,50
1.'\0.on :i.50
175.CO ~.'~O
21C.UO 5.50
~8.00 LaC

:~3.0tl 3.-;0
~f).OO 1.";0

121.0n 3.50

n,n9~
0.:190
C.il,)11
O.09n
8. "'Ill
,,,! • n r. C
Ll,09fJ
c • n 9n
G.09!1
c.r.'in
0,0911
0.130
I~.• t 3 '1
Cl,13(1
11.1.[10
O. too
n.l00
o • 1 00
n • 10'1
o t 1.0 n
0.10 r)

O.lOI)
O.1ilQ
o .13r)
o .UCl

n .!3r)
0.1.3:1
a.l~~
O.l~f)
o .t s o
0.1 J n
CI.UO
0.100
o • 1. 0 eO.ion
0.1 (j OJ

a .10'1
0.1011
(1.1. 0'0
0.10 IJ
(1."" (J (j

G .;:>1:1
o .~. 3,!
n .? 1 '1
O.21~

O,?!~
0.;:>':;7
0.;:>37
0.?37
0,'18
Cl, '111
Q.?37
11.2:5 "
".'18
0.;;;';7
C.?lQ
i1.~OL1
O.~37
o t .~ 0 i)

n.:\:n
n.?5A
G.'o"!
0.'37
O. '~d
~. ~1"
n,:'?:A

n. :,:U ~
O.?51'\
o t :~5~
:).14:·
n."'ll\
O. t 4 <;
O,:?lA

-:';&-,8
-:513
-1U
-10
-10 .

4
~
4

:?42·,
~4
53
11

-20

11
~1

-54
-14
'1-~~~
11
?.5

-'i<\
2

-15 -_
-61
29
-t

-14
-1,6
-?d
-<;2
--19
-1,9

-8
.. tl
56
'it.
136
? fj

26
2~
-4
-4
-4
12
12
12
36
36
36
6
o
6

-::'3
-~3
-13
30'
30

::.38 n.1on
:<.3fl n.l0n
2.3t1 n.101l
2.311 n.l00
2.30 O.lUIl
2.38 '1.10'1
2r3C o,ton
z , ;5(1 n.1 un
2.38 'l.lO"
2.S? :'1.1011
2.3? n.1Un
2.:W o .j un
2,3P n.1.0U
2.38 n.1.0n
2.3u r..'ton
2.31l O.l~O
2.311 n.l0n
2.3t~ C.100
2.311 n,100
2.38 0.1.(111
2.31\ n.100
2.31' n.l0'1
2.38 0.100
2.31;1 n.l0n
2.311 0.100

x 0
-8
-Cl

2.38 11.10'1
2.38 n.l0a
2,3': 0.10n
2,3e o.ten
2.380.10n
2.J8 n.tGO
~ . :se ".1 Oil
2.38 !1.:toO
2.38 ,).100
i.3C1 Cl.l00
2.38 0.10n
2.38 n.10G
2.:SA i'). 10 n
2.3? (1.1011
2.38 n.100
2.3.11 r..tnn
S.o? 0.432
6.62 11.432
6.0;> 0.-13':>
6.62 n.432
6.62 O.·~32
6.6? n,43'~
~.6? n.43:?
6.62 'J.d32
6.52 O.43?

-6

-l

(;.62 n.':>8!'1
6.62 n.'i6?
c.b? 1).26n
6.6~ n.56?
6.62 n.144
6.62 n.'1?
6.62 n.?19
6.62 1).?19
6.62 0.:>19
b.6t? n.~l'1
0.6(1 ~.~10
0.62 n.no

le.75 n.18~
lU.7'5 ~.U;iI
10.7<; .1). 18!"
10.:>5 n.1.<.I'1
o«~2 1i.219
0.6? n.,:q

10.75 n.18'3
10.7:' n.tlF:
10.75 1).1ii·~
4.,0 rl.'37
4.50 r..;!37
0I.5i! n.:'37
4.::0 n.:'~7

4<,;.no
4",(10
~r;.ao
4 <;. no
4 r; • 0 (J

·i5. n n
4<=.'10
45.no
4 <; • I) 0
45.00
40:: • ;; U
4\? • ~J 0
~'i • G U
41 ~.>• 0 l)4S.no
4".110
45. n Q

4'5.00
4'5. 00
4<;.00
4<;. n o
41),00
4? Q 0
4'5.00
45.00
4 ~ • CO
4'5. no
45.01)
4'i.00
~'5.no
n.ne
a5.no
90. nu
91).CO
9n.00
6!1,G:J
6r). 00
6fl • Cl0
30.00
3n·. 00
3f1.no
• <i. no
45.1'l0
4'i.('I0
45.00
4'5. no
4".00
45.00
4'LrJO
4'.i.OO
45.1)0
45.l1tl
4~.OO
45. (10
4::; .00
45.f)u
4O:;.no
45. () U.
.1'3 • ~ Cl
45,110
4~.OO
45.1')0
~5.i10
4<;,()0
4".r10
4-;.00
4'i.QO
4·~. 0 a
4.:.no
4".0045.no
45.00
4') , (~fJ
45.00
4'i.OO

- 3A -

6C.O
1')0.0
(,0.0
(,0.0
60.0
60.0
60.CI
60.0
Ij 0.0
60.0
(,0.0
60·0
(,0.0
60.0
60,0
60. e
60.u
60. V
1i0 • 0
60.0
60.0
60.0
(,Q.O
60.0
60.0

60,0
e e , 0
60.0
60.0
60.0
60.0
60.0
ISQ ,C
Ij0 • (J

60.0
60.0
60.0
60.0
1)0.0
60. a
'\0,0
60.0
60.0
60.0
60.0
1C .:J
'" I) • ,)

60. 0
60. a
60.0
f1 I) • U
tiO • 0
"0.0
60,0
55.0
:'5.0
55.0
55.0
55.0
55.0
"i5.0
"i:i.il
5'5.0
';5.0
'55.0
'i5.n
'is.O
5; • 0
55.0
5'.0
55.0
~6.0
.~/) • 0
36.0
16.0

34.6 (l.ti!'>

3~ •'" '1.56
31.6 0.56
31.6 n.'i6
34.1,0.'56
34.6 0.'36
J'I • 6 I). '36
34.fJ fJ.:;6
3·1. '" I'J. '56
;:11.6 0.56
:S4 • to r.. 56
3~,1, 0.56
3'1,1, n.~6
3,1. S o , s s
34.(,0.'i6
34.1, n.<;6
34." !J.Si6
34.n 0.::;6
34.n n.56
34.6 0.%
3-1.1> 0.56
34.6 0,56
34.6 0.56
34.11 G.AO
3~.6 O.BO

34.6 0.1l0
31, .6 0, ao
3·\.6 a.eo
34.1> 0,80
34.6 .1.1'·0
34.11 O.?O
34." O,P.Q
34.6 0.56
34.~ 0.56
3~.(i 0.56
3'i.6 (). 56
34,11 U,56
3r..6 0.56
34.1, 0,56
34,1, n.'i6
3~.':. O. ')~
3l •• " D.36
34.(, 11.16
.34.6 0.:16
34,·~ 0.53
34.<'> 0,53
34, n (). 53
34.·'; C. 68
34.'" 0.63
34.6 O,A8

34.1\ 0.36
34.'" r,.:!6
34." r.. 68
:s 4, .., f). I·d
31.11 1),36
3t.~ 0.f.'t3
31. 'l '1. '5
31.;; 0.':>3
:31."1 ~,f)h
3!.p 11.41
31,P. t1,~2
31.:J 0.(,4
;)1.'1 I). J:I
.31.p• O.~2
.51.~ 0.5!
:l1.. 'I n. ·~2
31 • .1 0.~6
31.-" 0.41
31.P, n.33
31.~ 0.1?
31.~ !').~1
20." 0.1,2
20.A 0,78
20,6 n,42
;:0.8 0.78

?3.80 0.90
?3.80 0.00
;:>3.80 0.90
23.hn 0.90
23.80 0.90
23,flO 0.90
;:3.CliJ0,90
~j.8iJ 0,90
2:3. ill) 0.90
23.80 0.90
23,e-a 0.<)0
23.130 1.30
23.80 1 •.30
23.80 1 ••1U
23.ll0 1.00
23.M l.ro
23.80 1.110
23.80 1.00
23.80 1.00
:?3•• 80 1. no
23'.80 1.00
23.80 l .• O~
23.80 l.~JO
23.&01.:10
2·3.80 1.30

23.00 1.30
23.80 1,30
23.i.lO 1.·.lQ
23.tlO 1.30
:?3.80 1.30
23.80 l.:~o
23 • se 1.. e c
2:5.60 1.1)0
23.01) 1.00
23.801.no
23 • .30 l,no
23.801.Du
23.bn 1.00
23.80 LOU
23.80 LllO
23.aO 1.00
15.34 0,50
15.340.:5
15.34 0.50
15.34 0,50
15.340.50
15.34 0.50
15.34 0.');
15.34 0.55
15.34 0.55

23.66 0.70
11.7'1 n.J'1
23.06 0.°5
11.79 0.42
19.26 0.1'>:;;
21..23 1. O!l
30.391.QIJ
30.2') 1 • .!7
30.2'5 1."8
:\'I.Jfl 1.~7
39.38 1.~.4
39.20 1.~.7
!i7.1I:l 1.1>0
57.1" 1.79
;'7."~ 1 •.37
57.1'1 1.16
:'ll).25 l.n;J
39 • .$tj 1..l7
':i7.1fl 1.~O
5ill~ 1,..33
"i7.13 1.37
13,99 0.f>1
li::.99 0.91
1a.99 'lJl
18.9\1 0.'11



r ,'lULf= 1 I WUT DATA rOf1 r:,~Sf: STun!reS SP(;r.1MPl m MO!S I U"IS & Tf'ST flESULTS-PAGi:: 4

t=XPTAL WELD
SPEC [ ~II:N P(lJLI) "RANCH GIIP GllOflD .m iNT V:El.D-STRF.S5 I'ARAl1ETERS

NO, 1\ [ r-s D( II'!) T ( IN) (M~' ) Dr: (I N) rc ( 1N) APGLE (1,\ 5 I C Sfi!=I,R !lInG DC/re: TlTC
&*~MAA ••~~~~~.o••~~a~*6ou.~.*¥ •••*~_~*~.e~ ••~*.*~~oo.~'~~~~~.~.13* ••~.*.~~.O~*.OO*

:!2(' 71. Oil 4.49 n.??1. ?2 - 4." 9 n • :"?-.1 4,.00 66.1 313.' 1. o 0 20.37 1, 110<'27 55. GU ? 7 4 0.?21 ?2 4.49 n • ?21 4-;.00 66.1 313.<' n .~, 1 20.37 1. 002?il 45.00 1..11Il 0.;>2t ?2 4. ~9 11.?21 4'1. no "'6.1 :111. ? o .42 20.37 1. no229 6Q• 0 Il 4.52 0.:'00 22 #;.52 iJ.'Oil 45.00 f.6.6 31l.t. 1.00 22.60 1. no2:l0 'i,1 • 0 (} 2.76 O.::'CO ;·'2 4.5 ? r. • ?on 4'i.00 66,6 .:>a • .., n • ('1 22.60 1. Oil2.31 :l9.UU 1."u n,?UC ?2 4.5;:> n.:>un 4 <;,1.1 Cl ,0::6,6 3 R ~ 4 tl,42 ?2. 6 [) 1,O\)232 52.0 a 4.49 O. j 54 22 4. G 9 n t ~ ~14 4<;,00 ~a.G ·3 <' ~ :~ :t .00 ?9.17 1. 0023S :1:3 • C (; ;:.7<1 n • J 5'1 ;>2 4.49 ~ _ 1.~ 4 4 S. 00 6lJ.il 39, '1 n • 61 ?9.17 1. 0023t. ?7.G9 1. 28 rl.154 n 4.49 11• 15,1 45. no ~8.0 3~. :~ !) .42 {,9.16 1. iJ 0235 71.0U 4.49 0.'21 17 " 4.~9 o • 22l 4" • 00 ~(,.1 38.2 l.no 20.37 1. 00236 ss . G:) 2.74 D.ni 12 4.·0 n.721 4~.no 66.1 311.2 o .61- 2.J .:5 7 1,DO
":S7 45.00 1..il8 O.?21 7 4.49 0./21 1\'5.00 06,1 311.' 0,42 20.37 1. 1')0
2~1l 6".00 4.52 0.::'00 7 4.5? o • ?o n 4';.00 66.6 3'1 •• \ 1.(lO 22.60 1,00239 54. G (1 2.76 n • ? U 11 7 1\.52 o.?()(! 4e;.I1U f,6.6 313.4 o • f,l 22.6(1 l,1)t!240 39.00 :".9C C,?Ofl 7 4.52 '1.;"00 4 5.1')0 ~6.o 33,4 n, 42 22.60 1.flO1'41 52.00 Ij, (j 9 n • '1 ;: 4 2 4 , ~ 9 0.154 45.nO 1\&.0 39.3 1. 00 29.17 1. :) 02<;2 33.0 u 2.74 0,1.54 3 4.49 0.1.54 1\ 5.00 6tJ.:l 39. :) n • 1\1 29.17 l,fJO243 271.00 1.38 o • j.54 0 ~ .49 n.t54 4e;.00 68.0 39 ;:, 0.42 29.17 1.00244 49.00 1. 'J 0 0.126 0 4,50 n.212 9!l.OO 60.0 34,1\ 0,42 21. 23 0,;'9245 80.011 3.nO C,DO 0 4,50 0,212 90.00 60. 0 34.6 0,67 21.23 O,Si)

- 4,A, -



~,;IH';lt.flJS[[) Rf~)UI.1S ''IF F'AflMtf'i~'Jr: QUDY 'IF TtliJl, J01NT '0"IIUL .: r;-P"GF: 1 CALCiILhi;':O
f' ( U LT) r; I V!: N ,) y '1\ r:H :)", THO0 INK Ii'S. p: S r tI O~; h r< r· T HF- :: II" to A C; I IJ i•.J PUT D II T 1\ T fI'~iL t:.*•••na~.~*.~~.~~ ••* •• *~ •••• **.~~~*.~*.*•••Q~a~.**.*.~*t'.~i'.4**~~ ••••• 'O.4" ••~.~~G.*.* ••o

I N HI! S T A f'l J: T ~I [ FOR ,'1UL .i '. 11;": T l:ST F D F O;~ II r P L ! c A ~~ II. I 1'(
PUl.T=1.0 SHU;·::> THAi THF. TiST '"AS OUTSID£-C Hif, RF.r.Or'li1f:'I·HlI.'fJ flANGE OF THE FURi'ULA

rORI1ULAE L1SHll t.Rr: BASED on Yl~Lf) 5Ti7f.SS er r:H.,fi'l

nET
NOr<SKl:
1. 00
Loa
1.00
l.GO

40.20
LCD
1.00.
1.00

48.0~
42.4 r.
31.92
;>0.13
1. 00

43.04
37. 4 ~
20.13
17.6/j
1.00
1. on

27.cD
2'1.60
19 .19
11. to
1.00

20.00
DET

NOR!:KE
17.03
13.47
7.42
1.0 U.

J2.76
75.77
1. 00

55.63 .
83.96
1.00
1.00

70.~6
11.59
11.59
11. 59
11. 59
11. 59
11.59
11. SQ
11.5Q
11.59
11. ,9
1.00
1.00
1.00

DET

~'II.i<A, K A TO.
KA\JA r ·\~H
69.0~
1.0n
1. GO
1.011

c;2.71
1. 00
1.00

106.tlP.
f.6.8n

KUR0P'~E RO'n~(l) ROAR~(2) K,\ TOR 0 : . ~..i K A ~.!P

1
2

1. no
1.flO
1. I') o

34.7~
4~.67
34.75'
34.75
1. 0 u
1. no

'J1. 88
"I7.ill
n.'l7
1.nu

:-1.88
~4.79
22.87
19.9!J

• 1.00
1.00
1.00

2B.Al
20.99
!2.7U
1.00
1. 00

.' J.:; ~
:\.3 ,,5 ·1
'14. t!Qss.]?
~.3•117
;:5. r»
i:~. 7?
\14.76
:..< .0 Cl
.; 7. il~
~~5 • (j.:-
11.3:!
'i'l. 7 (,
~4.90
.~o , 4 7
11.33
9.95
7.8?

(,6.61
',8.30
'i?. 7 3
;',1.01
11. 33
l,iL 3 n
.30.47

:~OU"KMlP

1. UG
1. no
1.00
1. (10
1. 00
1. CO
1. 00
1.1)0
Lon
1. 00
1. on
1.01)
1.011
1. on
1. 00
1.0n
1.UO
1.co
1. 00
1.0n
1. on
1. 01)
1.DO
1.00
1. 00

1. co
n.n
21.43
?5.~9
1 • c 0

2';>.89
~5.89
1. uo
1. 00
1.00
1. 00
1.00
1.on
1. 00
1.00
1. 00
1. 00
1. 00
1. 00
1. o 0
1.00
1.1)0
1. DO
1. 00
1.00

1.0"
1.0"
l.i)1')

1. Un
1 • G I)

1.on
i.OO
1. u I)

1.00
1. un
1,0t)
1.011
1. U'1
1. OC'l.on
".. on
1.00
1.0')
1. c n
1.00
1.0n
1.0'1
1.00
1.00
1.00

1 • U re
16.:"5
trj.41
?J~6?
1. Ii o

?:.s.o"·
2:1.6'.:>
1 • 0 ()
1.ur.
1. GI)

1.0n
1. Ii:)
1.;; o
1.00
1.00
1. on
1 .li '1
1. a 'J
1.0 n
1. Of)
1.UO
1.01)
1.00
1.0n
1.00

;.;s. ~?
1, IJ C

3 l. • (:0
1 .0 n
1.UI1
1. 00
1. Cl0

?':I. 04
?:I.7~
?l.U
j :; • b d:(J.u~
29. (H
21.1'/'
to . ~f1
10.0:)
1:1.67
7.0P!

16.73
1:1.09
12.17
:;.J.~
5.7·

;l2 • 68
9.66

4
5
6
7
El
9

10
11
12
13
14
15
16
j,7
18
19
;>0
;:1
?2
23
24
25

)tETHon:-

4 j • il'5
".7.1"

1t)6.8~
57.31'\
49.2~
~7 • 1~
;:>4.4?
<'o.n
Al.57
~B. 4 ~
33.U'5
24.11
1S.bCo
46.67
27.25

,NAKA,KATa. KUR08.~E ROARK(t) AOAA~(2) ~ATO KELL0~C
KANAT~~II *~~ •• ~.**** •••• *~~~~U~**** ••~.*~***+'.4* ••~'.QO"
22.64 1.OC 1.00 1.00 1.00 ~.~~
17.71 1.00 1.00 1.00 1.00 6.71
10.43 1.0Q 1.00 1.00 1.00 3.71;
1.cn l.on 1.00 18.34 17.:9 l.on

55.9G 1.0~ 1.0n 1.00 1.00 21.~~
99.21 1.0r, 1.0n 1.00 1.00 37.~7
1.O~ 1.00 1.00 27.56 23.85 1.~J

74.54 ].00 1.00 i.OO !,O~ 1.0n
112.50 1.00 1.0D 1.0n 1.00 ·1.6~

l.n~ 1.0e 1.e" 35.73 3D.62 1.Gr
1.00 1.UO 1.00 61.61 49.13 1.CO

99.58 1.00 1.D0 1.CO 1.UO 1.00
1.00 19.ilO 1.0.1 1.0n l.Ur) 4.l.7
1.0r. 19.:0 1.0~ 1.00 1,0~ 4.17
1.00 j9.~0 1.00 1.00 1.00 4.17
1.011 j9."~ 1.0n 1.00 l.OI) 'LP
1.6~ 19.~~ 1.00 1.0n 1.0n 4.17
i .ue 1".76 1.0') 1.00 1.0i') ~.~7
1.00 U.7'> 1.ao 1.00 1.Uu '1.17
1.UD 19.7'> 1.00 1.00 1.GO 4.17
1.00 1~.i6 1.0~ 1.00 1.Gr) ~.17
1 • 011 1,9 • 7 6 1 • I) ,) 1 • 0 OJ 1. • Ij !1 4 • 1 7
1.00 -19.76 1.00 1.00 1.00 6.1~
1.00 19.76 1.0C 1.00 1.CO O.1~
l.on 19.76 1.00 1.00 1.00 6.1~

RE8FR
••~••**.**.f.**~.*••**.*~~••***~.

26 20.01 25.95
27 1~.51 17.37
23 8.24 7.82
29 2~.08 ~6.96
30 46.51 :'6.96
31 ~9.2Y ~6.96
32 30.79' ~6.96
33 6C.17 "6.96"
34 93.34 ~6.96
35 32.38 S6.~~'

.' 36 47.26 ';6.96
37 13.32 ~6.9"
38 16.60 ~1.21
3? 16.60 ?l.21
40 16~60 21.21
41 16.~O ;1.21
42 16.~Q 21.21
41 16.60 21.21
44 ·16.oU ?1.21
45 16.60 21.21.
46 16.60 <1.21
47 t6.~O 21.21
48 25.26 ?1.21
49 ?5.?6 %1.21
50 /.5.26 ~1.21

I ~F.TI~OO: - R>:'1F.R 80!.'Wt( A "P

I ••••••• ~ •• 4··*.O ••••••••• I.~•••• *
51 , 25.26 71.21

KURO~A~E ROARK(') AOARK(2)NAK~,"ATij.
KA~j A TA IJ I
1. on
1. on
1.01l
1. or;
1.0')
1.00
1.or.
,1. Qf)
1.0r)
l.On
1. un.

i: 01"
b.l"
o • .I.'
4 • .t 7
4.17 .
q • ~ 7
4.17
..~•17

~ .: 7
4.17
.\ • :!. 7
4.17
4.1.7
6, l~'
0.1"
o,l"
6 ...4
6.l ,"
It • .!. .,
~.17
4 .1 ~
<\ • ~ 7

4.1 7
.\ • 1...
.:J • 1~\

1, • J n
1.0"
1 • 0 0
1 •un
1.Gn
1. ,0'.1
l,un!.vo
1.u i'
1.0n
1.,,11
1. .Ii '1
140 n
1, 'J IJ
1. U I)
1. u ')
1.0U
1.0r)
1.00
1.00
1.0()
1.Ii iJ
1. On
1. (j (I
1d) i1

1. 00
1. DO
1.00
1.00
1. 00
1.01)
1. nO
l. DO
1.un
1.00
1. 00
l.OO
1.00
! •01)
1. i.lO
1.0(1
1. CO
1. :10
1.~0
1. uO
1. 00
1. OD
1.0n
i.OO
1. 00

1. G:'\
1.an
1.0n
1.011
1.I)n
1.1J~
1.0"
1. onl.on
1.0n
1. on
1. Ufl
! •0"
1 • u'-'
1.0n
1. Of'
1.0!')
1.11 ')
1.0rt
t •i.l n
1. :)!l
t .0:)
j .;) n
;. . v I.~

~ • OCt

1~.76
19.76
19.76
19.7'>
19.76
19.76
;;>0 • ~4
?O .04
? C • 01
20.04
~rJ.C4
:10.00
"0.:10
20.0 ;J
;;>0. I) I'
?O.O~
:'lJ • un
;'0. lJ')
:>~ .00
:'!O.OO
;!O • on
?r) .1)'1
?U .11'1

. ;' I) t I} t}

;>1) .0(1

1.110
1. Of)
1.00

11. ;9
11..59
11. 59
13.37
1.3.37
13.37
13 • .37
13 • .57
12.28
12.2"
LOO
1..00
1.0'1
1. iJ ()
t.fJJ

12.2A
! 2 .211
12.?n
1 ;~ • 21:1
t 2. ;':!I
12.211
1.G I)

52
53
54
55
56
57
58
59
60
1)1
62
63
Cl"
65
66
~7
6fl
f> ')

70
71
7;>
7 ~s
74
l'.i

25.26
25.26
to.toO
16.60 ,
16.60
16.60.
11S.60
t6.60
1(').60
ttl.OO
t6.6tJ
16.60
2~.26
~5.20
2,:",;6
25.?fl
:l??6
t".611
H.';O
1';.60
16.60
;, (, • t, Cl
1<', • ~,CI
:',),26

;'1. 21
~:1.21
)2.72
12.7?
12.7?
12. i;l
t2.72

.,2.7?
12.72
12.72
12.i:?
t 2.7 '2
~·,1.21
:.1.21
::>1. 21
? 1.21
:':1.21
1;>.7'?
12.7';'
1~'• 7?
12.7 ?
i,2 . 7?

1 • G n
1. on
1. f)'i
1.0'1
1. t) f)

l.(!r!

1 • :'i:1
1. :)r.
1.0:1
1•n~'
1.0"
1.0tl
1. I):"; 5f'..
1. • n n

-: 2.7"?
?1.2'1



.:: II ~I:.,1\ rI I ::, (. n ,:,,",; lJ Irs n r p ~~(f. II': T P I :, T II Dy n. T' j [j F Jo I NT" wn1 'J L 4 E ~ PAGr:. 2 ell L C tJ L " 1 re u
r;:Jl.T)';IVe!·j [If ·:ACH !""'TI10r: lIj K fJS, rr sr ~IOC~ .I\f'lf: T~ic ~.f,HE A~ ltJ P!PUT DATA TAIiLl'
··~·••~~··· ••• ~~••~4••*P.*~~*.* *~~.f~Q~~ft ••• ~4~aa* •••~* •••• * •• ** •• ~f.***.~.*a.~w ••~~o•• 0*

IN TYIS ;hllll' THF f'orl:~I)LA'" ARF= TESHD FOR I.PPtICAf·ILITY
rULT:l.0 51;0,15 ,HAT THE T·:ST .IAS our s r nr THF r~t:r:UrlI1C:NI)ED iHNG,: OF' THE FOR'1ULA

~ORHULAE LI5T~D Anc: 8ASED ON YIELn ST~ESS OF' CH0PD

I1EiHOfi: - nou ,IK A I'!P

76
n
78
i'1
eQ
ill
il2
63
f.l4
05
86
67
ull

. 69
90
91
92
93
94
95
96
·97
96
99

. 100

<:5.21>
?5.'2b
?:'.26
!~.60
16.60'
16.60
16.60
16.60
16.6U
It·.60
16.60
16.60
t6.6fJ
;??26
25.26
?5.26

';>5.26
?5.26
16.60
1.6.60
16.60
t 6.60
16.60
16.60
25.26

21.21
21. 21
21.21
21.21
;,1.21
?1. 21
;(1.21
'1.21'
;1. 21
;'1.21
:'1.21
21.21
?1. 21
21.21
21. 21
21.21
21. 21
,:1.21
;:1.21
('1.21
<:1. 21
21. 21.
21. 2 t
21. 21
21. 21

t1ETHOll: -
•••~~'*.~'O~C~~*.~~~.~4••~.4*~*.~

101 2~.26 ~1.21
102 25.26 21.21
103 25.26 ?1.21
lC4 16.60 ?1;21

.105 1~.60 21.21
106 1~.60 ?l.21

. 107 16.60 12.72
108 16.60 ~2.72
109 16.60 ~2.7?
110 ?1.29 26.97
111 21.29 -6.97
11Z '.1.29 26.97
113 21.29 16.1~
114 21.2S 16.1R
115 21.29 16.1~
116 2:.29 i6.97
117 21.29 26.97
118 '-1.29 ?6.97
119 12.96 ~8.2~
120 12.96 16.2!
121 12.16 16.29
122 12.96 lO.Y7
123 12.96 10.97
124 12.96 10.97
125 12.96 10.97

flETHQ.O:- F.~'1Ef< SOII"KAMP
•••••••~••~6*'••~~~~.I*'.a••~** ••

126 12.96 in.;7
127' 12.96 1C.97
128 12.96 10.97
129 J2.96 10.97
130 12.96 10.97
131 12.96 10.97
132 12.96 lC.97
13J 12.~6 10.97
134 12.96 !8.2g
135 12.9b 18.29
136 12.96 ~8.2A
137 1,>.60 12.7?
13H 1..,.60 \2.72
139 16.60 12.7~
140 1~.6Q. 12.72
141 16.60 12.7?
142 ~6.6U :2.72
143 16;60 12.7~
144 16.60 ~2.7?
145 Il) • ~,:; :.2 . 7?
1'16 16.6(1 12.7?
147 l~.bO 21.21
146 16.foO ::!.~:t
14~ 15.60 ~1.21
1:10 16.60 '1.21

DET
NORSKE

1. (1r)
1.00.
1. GC

12.211
12.?;,3
12.2il.
l'.~fi
12.28
12.20
12 I (~8
12.;>8

12.26
1.0(1·
1.0 n
1. 00
1. 00
1.0,0

12.2~
12.28
11. 59
11. 59
U..59
11.'39
1.00

Dr:T
t·!0R::r;E

1.00
l.UO
::..00

11.5t;

11.59
11.59
11.59
11.59
11.39
14.74
14.74
1'1.74
1<:.74
14.74
14.74
14.74
14.74
14.74
a.99
6.99
8.99
6.99
8.99
6,99
8.99

DET
Nr.R:'~2

a.'l~
8.99
8.99
a.9?
8.99
8.99

1..).07
10.07
10 • .)7
a.99·
a.91

11. 59
13.75
13. i5
13.75
11. ,,.
11. 59
11.; 9
11.59
11. ;''1
11. ~9
11.5Q
11. ~9
11.59
11. :;9

NAK/,. I(A To,
KANA Hr,! I

1.00
1. UO
1. 00
1.0t)
1.0{)
1.on
1. 00
1. 00
1.00
1. unl.on
1,00
1. 00
1.00
LOO
1.0!)
1.1)1)
1.001.no
1. co
1.00
1. 00
1. 00
1. 00
1.cc

v.URorA~E ROARK(1) RQARK(2)

20.00
20 .u 0:?o.an
20.0 n
20.00
20.00
?O.OO
20. 0 (l
20.01}
20.00
20.00
;'>0. CO
;>0.00
20.00
?O • 0 0
(lQ.!1 0
20.00
2C .00
;>0.00
2il .00

-'20 .27
20.~7
2U.27
20.27
20.27

1.00
1,0:)
1.00
'1 • on
1.OG
1.0 n
1. Of)
1.011
1.00l.on
1.1)f')
1.0'1
1. O.J
1.00
1.0 n
1.Of')
1.00
1.0'1
1.011
1.00
1. 01)
1. on
1. co
1. \'o
1. on

1.CO
1. 00
1.00
1.00
1. DO
1.00
1. 00
1. 00
1. 00
1.0 II
1. 00
1.00
l.OO
1.00
1.00
1.00
1. 00
1.0t)
1.00
1. 00
1. 00
1. co
1.on
1. 00
1.on

KATO

1.UO
1. 00l.on
1. i.i o
1. o c
1. UU
1• t~n
1.0n
1.0"
1. 0~
1. o o
1.0'1
1.00
1.GO
1.0n
1.• (J (I

1. on
1.G1
1.00
1.00
1. U 0
1.au
1.00
1.UO!.on

6.1il
6.1 ~.
c:,.1f1
4.17
4.17
4.17
4.17
4.17
4.17
4.17
4.17

4.17
6.;'1'1
6.1.8
b.1~
6.111
6.Hl
4.17
4 ,j . ..,
~.17
4,17
4.17
4.17
6. :!.'j

NAKA,KATQ, KUq0~ANE ROARK(l) RQARK(2)' KATO KELLOGG
KANATA;~t *.* ••• 8~.*~••~.4.*44**~~•••*.*4.~46.~•••••06~~6.e

:i..ca
1. on
1. on
1. 00
1. on
1.Oil
1.01]
1.00
1.00
i ,uo
1. :J'l
1. ur
LOr.
Lon
1. O~
1.OG
1.0']
1. on
LOO
1.00
r.nn
1.00
1.• on
i.On.
1. on

NAKh.KATO.
KANA UN 1

1.1)(1

1.0"
1.00
1. 01)
Lon
1. 08
1. on
1 • a I)

1. or.
1. Cr)
1. ur;
1 f llG
1. on
1. 00
!.Or)
1. • 01)
1.aLi
!,OO
1.Q"1.Qn
1. Jt1
1. 011
1. un
1. e,lGA
LOG.

;;:0.23
(>0.23
28.23
21).23
20.23
:!0.23
(>0.21
20.23
;.>0.23
<.'1.75
21. 76
21.76
;? L. 76
~1. 76
21. 76
21. 71>
21.76
21.76
19.02
19.02
19.02
19.02
19.02
19.02
19.02

1,011
1.0 IJ
1. C()
1.0n
1. O~
1.0n
1.0n
1.0 ()
1. I) n
.1. U0
1. 0'.1
1,O~
1. CO
1. o n
1. , un
1.0 ()
1.011
1.00
1.01)
1. 00
1. 00
1. 0(1
1.00l.onl.on

1,QO
1.00
1.00
1.00
1.00
1. 00
1.Q.J
1.00
1.00
1.00
1.00
1.00
1.no
1. ,)0
lollll
1. 00
1.00
1.OC
1. 00
1.00
1.00
1.00
1.00
1.00
1. 00

KURoeANE ROftRK(l) ROARK(2)

1. U(\
1.1)0
i.uO
1.011
1.00
1.0f)
1.0n
1. (l.,
1. :)'J
1.0;)
1.1)0
1. ill)
1.00
!•:;"
l ..ur)
l.00
1.0:::
1. o r;
1 • U0
1.0 G
1. • Cl 11:,.on
1.00.
1.00
l.OO

6.12-
6 .1 ~
6.1-1
4.17
4.1.7
';.17
'1.17
~.17
4 t l7,.~~
S.:!::!
:'.23
;·.2·3
5.,,3
5.23
5. ,<"
5.23
3.23
3 ,3:~
3 . .5.)
3.33

3 . .33
3.33
3.33'

, •• * •., 0 .. f 0 * f • 'f .. iii "' .. * * • .,. It <. ~ = J. :t (t ~

19.02
19.1)~
1.9.02
19.02
19.Q2
19.0<'
to.50
18.30
HJ.aO
18.62
1!L62
tQ.81
?0.05
20.0<;
:'O.Ij'j
20.21')
20.2~
20.2'3
19.72
19. n
1'). n
19.96
19.? (,
1. <l. ')6
~:G . 2 ~

1.0nl.on
1. 'Jr)
1.·J I)

1. on
1. 0:')
1. Or)
1. Of) .

1. Oil
1.1)0
1.0n
1. on
1.Cr.
1./)11 .

1.0'1
1.0/')
1. G"
1 • 0 '1
1 • 0 (ii,un
1 . 0 (j

1. ,HI
1.0 n
1.0(1
l. • on

1. 00
1.0~
1. Of)
1.00
1. no
1. 00
1. GO
1. 00
1. DC
1. 00
1.un
1.00
1. a Q
1. 00
1. 01)
1. 00
1. on
1.Of)
1.QO
1.00
1. on
1. on
1.00
1. GO
loll!)

1. ua
1.0i)
1.U~
1.00
1.01')
1. uO
1 • C1.J
1.0C
1. ;)n
1. un
1.Un
1. U~1
1.un
1.Un.
l.OI)
1. ijnl.on
1.0"
1.0;;
1•.J r)

1. oJ n
1. iJ I)
1.0'1
1•(.()
1.:;1).

3.33
:). ~,)
3.33
3.;n
.L3.'
3.j,'!
.3.33
j. J 3
3.3:
3 .. 5:1
J. J.'1
4.17
4.17
4.17
4. l7
... .:. 7
q • l7
'.17
~ ,17
4. ~7
4. : 7
4.17
4.17
4 • 1 :'
4.17



,;U;;:·I;\G,]q:jJ Rf'''U~ Tt~ nf- PI,PArF:Tr~!c ~·:TI)LW (IF ruar J()!~H FOR~IUl~i:-PAGF 3 CALC'Jl4Tf;U
t'(IJLT)GIV~N flY "~I~H ~~rrfil~~ !~" '<IPS. FST ~i(JC: ,\I~r-: fHf, "AilE I-.'~ IN I~:PUT DATIl TAPl."
~~.~~**~~a.4._~ ••44~O~40.~~~*41.~*~~*.~.~64~*UJU~wGa~.~**.***** •• ~n •• G**G~*o.~t ••• IGa~lb.~

I~ THIS TAUL~ lHE FORHULAr ftRF T~STFD En; APPllCAPILITY
PIILT:1.0 SHO:,S THAT TilE HST ,lAS OUTSICf, Tflf r.Er;O'IMt'lJnE:flflA"JGE or THE rORf1ULA

MOHOll ~-

rOR~ULAE LISTED ARE BASED ~N YIELD STR~SS OF CHOR~

151
j,52
1'33
154
155
156
157
1.~8
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175

HF.THOr.:-

flF8F.R

15.60
16,6U
16.60
16.60
16.6fJ
1.6,60.
if,.60
16.60
16.60
16,60
16.60
16.6 U
1(,,60
16.60
16.60
16.60
1,6.60
16,61)
16.sn
iI).60
16.60
16.60
16.6t)
, 1. 00

1.00

;:>1.21
21.;:>1
:!l. 21.
21.21
21.21
12.72
1,2.72
12. i2
1.2.72,
21.21
?1. 21
~Y.6<;
?9. 6~;
29.6'5
~3.3"
23.37
23.37
14.0?
H.G?
14.02
23,.37
::'3.37
::?3.37
43.62
43.62

nET
NDW'Y.E
11.:'9
11.59
11,5'1
11. ~9,
11.59
11. 'i9
11.5?
11. J9'
11,59
11.59
11. ,9
12.94
12.'14
12.94
11. 5D
1.1.30
tl.~O
15.2?
1'3.22
15.22
11. 51)
11. :;0
11. ;0
16.~i1
16.51
DET

;';(;;:':$;-: :;

J.6.5~
1~.51
,!-6 •.?1
16.51
16,51
1.6.51
16,51
0, ~,3
(;.1 :1
S.13

14.39
H.39
lif.:)')
16.26

••U~Q~~~~~*~~.~~~.~~4*.~~~f*~~~~Q*
176 1.00 ~3.6~
177
17<3
179'
190
~&1
1.,2
1.53

.134
1, 1l:>1Bo
lii7
:"118
'1:19
190
in
192
],93
19~
1:'>5
196
197 '
198
::';9
200

1.01)
1. :J 0
1.00
1. 0 U
1. 00 :
1. 00
9.~i'
9.e7
9.87

12.25
1~.25
1? . 25
27.CJ2
?7.92
27.92

15:~.itl
158.).6
158.16
2~2.3n
242,:Hl
242,,3 Q
31°.4;;
319.45
319.45

:?6.17
26. j,7
:':6.17
IpZ.62
t.3.6?
.:3.6?
14.0~
14.02
1~ •I) 2
1. 4 • 0"
14.02
!4.0?,
14.02
14.!J?
14.02
::,a.64
~;;.57
:3(1.64

1::3.71
1:;3. 7~
1~3.71
1':10.4,!
190.44
l~)0'.44

16.26
16.26
1. 00
1. QO
1. G ,J
1. 0(1
1.00
!.•j 0
1. Or')
1. or;
l.CO

nET
N(iRC:/<.'E
119.04
1.01)

111.ul
1.01)
1. 00

116.E9
:-6.04
67.49
70. ,39
78 f 9,3
!,<J.?4
71:>.45
'50.65
42.9?
:04.10
66.1)5
:35.fl2
4,5.31
:32.9Q
43.<-?
<;4.11)
1..0:]
1.. (11)

1. a 0

... ···.*... ~~+I)f~4~* •••• ~~~ •••• ~
2Ql' 79.0.3 :3.1~
202 2~n.?4 SB.64
203 lS9.62 114.27
204' 4~~.64 1"0.44
205 100.70 "1.2~
206 173.98 lJ5.4S
207 4~.54 j8.9S
208 7~.90 ~9.53
209 Q~.75 114.74
210 62.27 )9.5~
211 82.10 It.5.4~
212 la3.?3 1"0.34
21J 41.E1 09,51
214 55.12 1~5.45
),15 68.31 1'0.34
216 S4.35 1~5.44
217 49,89 .0.7<;
218 fl2.?7 116.1t
219 41,fl 116.11
2~O c;~.1? lJ~.51
~?1 fl~.Rl lf3.71

:'17 • ;: 4
1.GlI

l7.?4
l.O\!

(>b. 7"
» n . ??
,'6.711

NAKA,KAT0, KURonAHE ROARKel) ROARKe?) KATO K~lLO~G
KANAT~tJI *~~_t'*OO~'.ti ••• * •• t.~o••• e**.** •••• &••• ~**~~~n~.
1. n;J
1.08
1.0 fj

Lon
1.no
1. 00
LOf')
1.01'1
l.on
1. on
1. Q n
1. on
1. DO
1.0;1
1. on
1.00
1. (,n
1. 00
1.00

,1.00
1.GO
1.on
1. u~
1.00
1.00

?0.2(1
20.20
19.69
19.69
l.9.69
19.93
19.93
19,93
20.17
cO .17
2 J .17
;:>0.04
20. Q 4
;> (J • G4
19.55
19.85
19.85
?u.ufl
20.011
20.09
20.23
20. ?,j
20.23
22.41
<'2. '11

4 .17
<\ .17
t, .17
'L17
"i .17
'1017
4,17
~ .17
4.17
4.17
4. l7
4.17
4,17
" .17
.; .17
4.17
4.17
4.1.7
4.17
4.17
4,17
4.1.7
4.17
?95
'5.95

1.0'1l.on
1.011
1.011
1.0n
1. 0 I)

1. C·'1
1. ,l n
1.0'1
1.(1)
i .0 (l

1. ut:'
1.UO
1,(J11
1.00
1. 0()
1.00
1.00
l.on
l.on
1.00
1.0nl.on
1.00
1.00

1. 00
1. 0 0
1, ,0 i1
1.00
1.0 n
1. 00
1. 011
1 .00
1.00
1.00
1.00
1. 00
1.00
1. 00
1. 00
1.00
1.00
1. 00
1. on
1.00
1.00
1.,0 0
1.0 n
1.00
1.00

1. on
1. u 0
1.0 Ii
1. or-
1.01)
1.011
1. 1I(l
1.00
1. 0 a
1,00
s .un
1. o e
1. 00
1.1l0
1.uO
1. (10
1.(10
1.00
1.00
1. o o
1.00
1.00
1.00
l.(iO
1. DO

NAKA:KATO. KUROrAME ROAR~(\) ROAR~(2) KATO ~K5LLCGGKANtlANI ~4*~~~*449~~~.~*~~~~~o·t.<~o~.~Q*~~~ ••*~.~~~~~~~~
1.00 22.41 '1.0n1.0~ '1,0,) ~.,.';
1.00 :22.75 1.0'1 1.00 1.:JQ ;;,\.:;'
1 • ~ n ? 2 • 7 5 1 • 0 ., , . 1 • Gn ' i .CD:; • ?:j ,

1.0n 22.75 1.UO 1.00 1,00 '.9~
1.0n 23.01 1.00~1.ao 1.0'1 5.~5
LOll 23.':1 l.on ';. ,; 1.00 Loa :5.9S
,1.00 23.01 1.0n '1.00 1.(10 :'.';"'
11.03 l.CO 1.0Q :1.00 1.~O 4.:7
11.03 1.00 1.0n., ,,1.01) 1.00 4.i7
11.03 1.00 1.0n l.OQ .l.un ~.17
1.0~ 16.'1 1.00 1.00 1,O~ 4.17
1.00 16.~1 1.0n 1.0J l.GO '.:7
1.0(1 i.6.4l. l.on i v c o 1.0'1 4.:7
l.on 2&.20 l.on 1.00 1,00 4.~7
1.00 ~8.20 ,l.on 1.00 1.U~ ~.l7
l.on 26.20 1,On 1.eD 1.Cil ~.~7
1.00 l~&.lJ l.en l.cn 1,0~ 3;.c0
1.0n 138.94 1.a~ 1_00 1,00 39.~0
1.00 139.71 1.0n 1.00 l.on 3~.d~
1.a0 152.74 1.O~ 1.00 1,UO' ~8.a5
1.08 15J.6~ l.on 1.UO 1.00 56_c~
1.00 15';,491.00 1.00 1.0J Sc.6'i
1.Cn 1~~.t4 1.0n 1.00 l.~~ 7~.~n
1.00 166.7a 1.00 1.00 1.00 7~.~n
1.00 167.71 1.00 1.00 1,00 7;.4C

KUR08AN~ ROARK(1) ROARK(2) ~ATO KFLL0~G
•• ~.I{ ••* ••• i ••• ~••• *.04 •• ~* •••• ~•• '··4 •••• 0~§~tf
lJa.94 1.00 1.00 1.&0 20.77
13~.94 1.0~ 1.00 1.00 59.C5
lfl6.7~ 1.01) 1.1)0 1.0n 39.3'
166.7~ 1.00 1.00 1.00 111.6~
1?7.3~ 1.0n 1.00 i.Un 2~.92
152.89 1.0~ 1.00 I.UO d2.4?
127.J~ 1.0ry 1.GO 1.00 !3.0~
137.93 1.00 1.00 1.0n 19.40
152.59 1.0'1 1.(1) 1.JI) ?.;.,,~

.272.21 1.n~ 1.00 1.00 l.un
217.43 1.en 1.00 1.Cry 1.~1
~5J.61'1 1.0'" 1.00 l.u') !.CJ
3~e.5Q 1.~O 1.Of') l,U~ 1.u~
347.&5 1.0" 1.DO 1.U~ I.QC
367.44 1.00 1.00 1.1);; 1.G1
J~9.2~ 1.Cn 1.00 1.U~ 1.J~
l?d.n~ 1.0~ 1.0n l.UO 13.17
2?3.';~ 1.01 1.00 1.0D 1.0n
33G.40 1.0n 1.00 1,On 1.0n
~49.8~ 1.Gf') 1.00 1.00 1.~O
3~9.5~ 1.0n 1.00 1.0£1 1.u"
j9.99 1.(10 1.00 r.un 9,-i?
48.56 l.on 1.00 1.O~ 17.35
(0.21 l,on 1.0n 1.00, Y.~;
!, (I • ,~3 1 • (J I) 1 , 0 '1 J. • (. II '/ • \'i

NAK~,:{AT'l •
KAN~T~N[
1. co
1. Of]
1. 00
1. 00
1. o r)

1.00
1. 00
1 .0"
1. 01]
1 • Cl)
1.0n
1.00
1.0,j
1. J n
1. an
1.01
1.un
1. an
l,e1
1.0 n
1 .0 'J
1. v')

~:~~ 7t..
:: 11• ~? 1 , 'J 'l 1 , 1')- ---- --_



SIHH:/,;I!:',ED RE'~ULi::; '1F pl\r)/'~!~'Hi!C STIJ[]Y 'If T!/Br: JOP" rUIl~ilJLhF.-f'''GF.4 CALCUL/drcl)
P(UU)GI'/F.N in l·ACH :H;THrJn )i>/ KIPS, TF.~T !'ICS ARE THr SA'IE .\<; III PH'UT DATA TP.IL"
~*.*•••~.*.*.*..*.*14'.*.*.~••••••••'*~4t••**~.f •••4.~~~*~.***.*••a'.~•••••*.2*.~~.**~61.'

tu THIS Hi3LE THF. ,OR:IULAf- AHF TESn:'D fOR Af'Pt.iCM:!LITY
PULT=l.D SHOWS THAT THE T~S! WAS OUTSIDE THF RECO~MENDEn RANGE or TWE FORuULA

rORMULAE LISiED ARE AASED ON YIELD STRESS OF CHOR~

flfTHO n: - l"it:HER E,O:/WKHIP nET NAKA,I(ArO, KU~OFIA:~E ROI.RI«1) ROAHV(2) i\ATO KFLLCJI,G
'~*.~~~O*.~O~**~.~*§*~*.t~04~*••• Nr.f<SKE KMi.\ ., '\ N I ~*~*~*~.~.t'.'~.~~*.46.f.~.&••~* ••• **~~~~~~.~4~~.I~

?~6 :1 • 00 117.3') 1. 011 1..,00 'I&.7fl 1, ,0') l.OU J"r:;u ::6,7 ?'
?:U 91 j' 25 (,9,22 70. GH' 1. OD 10,;;1 1.0 n 1.• 0 (1 i ,(J 0 2(!~4n
22/l 60.30 4').59 50.63 1.CI) 72.64 i.un 1..(1(; 1, Oil i5.37
229 1. 00 108.46 :i. • un 1. O~ 96.74 1.0 n 1. 00 1. u il 32.05
?3tJ 711.94 {,4. 28 61.86 LOO 82.25 1.00 1 .0 n 1. (Ju 19. ,Po
2~i 52. 3~. .r?6a 45.Ql s . II n 74.19 1,1)11 1. o 0 1. 0,1 13.41i
:?32 1.00 ~5.59 1.00 1. 00 19.55 1. i) 0 1.00 1. DiJ 22.04
233 52.80 ':,1, 0'5 -13.19 1.1l0 H2.91 1. 0n LOO 1 • (11] 13.4<;
234 34.91 34. o 7. :H .I\~! 1.00 74.67 1.0I'J 1.en '1. .lJ f) 9.23
235 1.00 117.30 1. GO 1.01) '16.81) 1. on 1. 00 1.00 ,":6,71.
236 11.25 1'9.22 79.u5 :'.OC liO.76 1.00 1.00 1.0 e 22.4 C
237 (.0.30 !15.5') 60.92 LUO 72 .86 1. I) C 1.00 1. on 15.37
231) 1. 00 llb.41i 1.00 1.00 99.04 1.00 1.00 1,00 ~2. 0f.,
2,39 76.94 04.28 74.37 1.011 82.49 1. GO 1.1)0 1.0 D llJ.!)~
::!40 52.35 ~2,68 <;4.1.2 1. 01) 7~.41 1.00 1. nu 1. IJ n 13.40
241 i. 00 142.65 1.01) 1. on ',9.96 1. 0I) 1.00 1.00 22.il4
242 52.136 ';1. 05 55.90 1. 00 113.24 1.00 1,0 (J 1,(.Jl.1 13.4'5
2<13 34.93 56.7B <12.73 1.DO 75.07 1.00 1.0 tJ 1. QO 9.2:;
244 • 30.88 t,2 • .t3 26.11 35.33 1.00 1. 00 1.01) 1.00 13. 2~
245 51.04 90.69 41.66 56.1'3 1.00 1.00 1.00 1. on 20.9 i'

:11- T'~O[): ~ VIS'SER SHEl,R A~=A r;OLUH:~ M'IALOr,'( TopnAC: API CODt:: AfJS coot: WASHIO
.*O~**~*4.~·~&~*~~.*4*~*~~4.~~~*~***.~*4*.&*.*~4*~~~**~.~*~*••*o'O••*.*.*~~•• ~**~**.*~'I*.*~~****~~.40
TE.'?! 1-.10.1 HC) .15 .1. 0 I') ld,:10 1. on 1. 00 1.00 1.00

~ n'l.71 1. 00 ~.'58 1. 00 1.0n 1. Oil 1.01)
.. --~. 46').33 .1" 0 I)"

..... _. - -'3. ?o 1.00 ::'.00 --'. -··i.·no' 1.00'
4 i'.1?1.6 Lon «, :!2 ~2.1Q 16.43 :lO.!!} 1. 00
S 3n.90 1. Oil 10.,1,5 26.66 21.99 40.72 1. ~0

" 51.? .1.6 1. 00 ~ .42 12.19 16.43 :lU.1Y 1. 01)
7 I\P.~6 1.QQ 6.4'2 12.19 16.43 30.1;t 1 .0 Q
1\ ~9,j. 3~ 1. an 2C;,Ab 1. 00 1.00 1. 00 1. 00
'J Hr,,60 1. an 111.74 1.0 n 1,00 1. 00 :.00

1.0 17':).:11 1.011 l~.43 37.47 26.69 46.77 1. on
11 81..48 1. 00 Q.117 14.8n 19.16 35,48 1. 01'
12 2~.36 ~.on ".42' 14.73 12,08 22.06 1. 00
13 391.,~5 1. on 20:;.1.)6 LOO 1. on 1. 00 1. uo
14 94.75 1. 00 1<;.63 37.96 , :17. 04 48.77 ~.Gn
l~ 6C1.~9 1.0 ::l 1'.~O ~!.69 22.57 4:'..94 1. a o
16 2:\.36 1. an 6.42 14,n 12.0A 22.06 ~ • U 11
1.7 2,.<;7 1.00 '5.74 1'1.64 10.6~ 1'.1.46 : .00
18 2n.lJO 1. on 4.0<,4 LOO 1.00 1. CO ~ • a 0
1'1 30:1.74 1. co li.58 l.on 1.00 1. 00 1. 00
~o 23,>.fl.6 1. on 9.02 1.00 1. (J n 1. no 1.00
21 ?27.74 1. 00 7.43 18.05 14.3'" 26,1 u 1. 0 n
22 :1.9;.,'1 1. 0" 4."8 7.02 10,15 18.99 1. UI1
23 4"i. ~~5 1. 00 3.rJ7 7.06 0.47 li.lll ~.on
24 ?14.7? 1. en Q.91 1.00 1. 00 r , 0 o 1. an
?~ 13A.:n 1. at) n.56 1. 00 1.00 1. GO 1. J 0~

.... r:IOI1: - -r I C;SF:R SHEAR A,7E A COLUMN ~NALOr;V rOp'l;,C A?! rODe ~WS .::nD!:: . wASH!I;
•••4~.~****~I~~,**~4~••~*~ •• 4.(.*••**.*f4.*.*4••~•••**.* ••• *.~.~4.**~••*.~~.~Q~.*....4.~~t.~ ••• ~.~~~ ••

2(' 120,1'1 1.0' S.ilJ J. ~ • 60 9.7~ lA.~2 1. U,1

27 51..°5 1.O~ :'1. :; 6 5.5? 7.64 l.<I.~6 LOO
2.'1 :;:5.43 1. Q ('I ? .1.0 5.4'; 4.21 7.li~ 1.0 t'
21) db4.~2 l.Of) 4. Q3 7.91 12.32 '-2.72 1.00
3!l , ?74.~3 1.on 10,7.1. 17.11l ?3.61 43.92 1. 00

31 16Ci.:-7 1. on 2?,06 . 36.84 45.51 83.QIj 1.00
3£ 417. :-0 1.00 ".17 13.70 14,94 21.15 1.00
3.1 ?31. ,"3 1.011 14.113 11. 64 30.4'5 55,32 1. 0 o
34 161.4.5 1.011 24.?9 54.7fJ 48.55 eH.?l 1. U,)

3~ ,59';. an 1.0(1 ....49 19.7"2 16.00 2fi.Ql 1. CO
JI'> 28·1.1.(:0 1.0 n in . ~1 :11. 64 23.92 43.21 l .0 n
37 lQI,43 1.0 n lA.03 54,7FJ 313.14 68,90 1.0 0
31i 3A. 'it; 1. on 1.78 5.411 7.411 11.00 7 • ~ ~

3"1 .... ,51\,:;:' 1.00 3.7l:l 5.4 o 7.48 1!.O6 7.4-1
.10 3n,~5 1.0" 3'.78 5.40 7.411 11. C6 i .40)
41 .1/\. 'is 1.on 3.78 5.40 7.48 11 .06 7. ~4

,p 3"'. "j'; LOn J.7~ 5.40 7.411 11 , ne. 7.44
43 3.'.,"5 1. Or') 1.75 5.40 7.48 L1 .00 :'.41
44 3",1Oj~ 1 • 0 n ~. i' 6 5.4 n 7.4!l 11. n 6 ,7.41
.1 ~j 36,.,~ 1.00 :~ • 7 (j 5.4 U 7,48 11. U6 7.41
~6 3".:'~ 1. on ~ •. 7 S 5.411 7.4 a 11.'10 7.41
47 ~~.'i5 1.00 ~.78 5.40 7.48 1.1. o I; 7.41
411 2/,.11 l.on 6.1'1 9,1" 11,6A 17~27 1 U .9t
49 2 ~. 41 1. 0 n f>. :19 9~!2 1':'.611 17.?7 1 C .91
5ll 2".41 1. 0 o ".:19 9.J.2 1.1,6~ 17.27 10.91

- St\ -



T ~I'l." ? sU.'I:j A '1 ISEll PI:: S ULT S "F P ,\ RMII- T II IC ~ r II 0 Y nF 1 I: II F J0 i '"T FOR 1'0Ul. .1I:: - P AGE 5
P(uLTI~IV~N BY FACH MFTHOn IN KIPS, TFST NOS ARF THE SAM~ A~ !N I~PUT UATA lA8~E.~**~~.~.*~~••~.'6*«*~O.*.*~*fi~I*Q.'*~*Q.O*.**.o.*****~*~.~ ••**.*~'*.**.lO~** •••U*Q'lft.~Q~

I~I. rH IS rfl['l.t 1lil J;"O!<IIUL /If: i·.Hr: TI::Sl"[) FOR hPPL II~An IL I1'1'
PI!LT:.1.~ SI in~:s T \1,\ T THE if'ST P;..S OUTSIDE THf' RE r.C'IMF I'd)!: n R.H:GE OF THE F IJli~IULA

,nRMULI,E t1AHKFn FlUS: - .. "RF r1ASED Ml SHEAR YIELU STHFSS flF CHaR!)
.. .. • .. <I ..

Ml· T'wn:- vIsSt'R SlIt: ~R AR!:~ COL UHtl ANALOf;Y TOPRAC ~p I r.OnE AviS CODE WASHl()
.*~ •• ~~.o.*«'~Of~;~.**~~4*~*.~*~.**.*.*o.~~~**••~*.***~.*I*'.***4*'~*4U•••*.~.u.~**.*o*~~~,~~.~o*~~~~~n

51. 2(, e 41 1.Un flt39 ':i.l.?' 11.63 17.27 ~ G • III

SI' ? ~ f l11 . 1.• 0 n 0.39 9.12 11.68 17.27 10.91

..5~S 2/\.41 l.on 6.39 9,12 11.6il 17.27 ; li .9!.

:;4 3A.55 1. 011 3.78 5.40 1.4H 1! .116 7.41
5=> 36.'-;5 1.0n :1.78 5.40 7.48 11. 06 7.41
56 :~~. ~5~ 1.011 ~.7tl ~.4n 7.41\ 11. 06 7.41

57 3~.~5 1. on ::1.78 5.4fl 7.48 1.1 • (J 6 {j • 0 B

51:! 3(,.55 1 .00 3.78 ~ • 4 '.1 7.48 11. rib b.08
59 ~".55 1.on x , 78 5,40 7.48 11.06 ii.OB

60 31\.'15 1. on ~.78 5,40 7.41l 11,06 D.OR
61 3".'15 1.0n ~.78 5.40 7.48 11.Co6 a.oll
62 3~.~5 1. 0" .1. Hi 5.'10 7.48 11.% 7 • I> t

6:1 3.~."5 1. an :'1.78 5.411 7.411 11.06 7.61
64 c: (,. 'i1 1.0n 6.39 9 •l.? 11.61l 1:t.?7 jj •(~1

65 21\.41 l.on /\.39 9.12 11.68 17.27 i i .?-1

66, 2".41 1. on n.:l9 9.1? 11.60 1.7.? 7 ii.2J.
67 2';.41 1.on 1\.39 9 .1?'· 11. 68 17.? 7 11.21

68 26.41 1. on 6,311 9d? 11.68 17.27 1.1.21

69 3~. 55 1. on :1.78 5.40 7.4 B 11.06 7.c>1.

70 31\.55 1.00 3.78 5.40 7,48 11. n I:: 7.61

71 31\.55 -1 • 0 n 3.76 5.4n 7.4 fI H.06 ".01
72 :;,r,.?5 1 •0() 3.78 5,40 7.1\ fI :1.1. 06 7.61
7 ;s 36.55 1. (,0 :1.78 5.40 7.4 fl 11.06 7.61-

74 ;)6,'55 1. on 3.78 5.40 7.411 1:i. • 0 6 7.61
7') 26."1 1.~!1 6.39 9.12 11.68 1/.27 1.l .21

:;'.1)·5 7 t 6 ~
11.06 7.61
U..06 7.61
11.06 7.61
17.:n 1.1.21
17.V 11.21
'..7.27 11.21
17.2i' 11. 2t
17.27 1::' ,Cl 1
i i . 0,:, 7 . 6~,
11.06 7.01
11.06 i .G Cl
11.06 1.00
11.06 1.00

109
111)
111
112
111

:1.78 5.411
1.78 5.40
C; , 46 13.2Q
C;.~6 13.29
c;, d 6 13.2~
".46 13.2'?
C;.~6 1.1. 2'1
<: ,40 13.2Q

".H 13.2Q
'3.46 13,2'1·
r;. ~6 1,3.29
~.~3 5,?'>
;> . ~::, S.2';
, • " J 5.2'>
'. '13 BA 5.25- -'. ~3 5.2'j
'.113 5 t 2~)
;) t " ~~ t'.>. )r)



Su j·.,:1MI I~"Jl D t: SUI. T S nF P A fI II ~If,T R Ir. S Til 0 y nF' T 1J 8 E J I) INT r 0 Ii ~I U L A I:: - P AGE <0
P(lJLT)GIVI:N cy ,eACH M~TilOf' IN KIPS, H:ST NOS AilE' THE SAME AS IN INPIIT DATA lARLf:
O'••4*** •••O~Q.'.*.·I*.*Q*~Q •••••• *~*.ft.***.*~*.* ••4*6Q~.*****'*.**O* ••* •• ** ••• ~~**'4~~*O*'

IN THIS TA8LI: T~: FU~MULA~ AR~ T~STFD FOR APPLI~A8ILITY
PilL T:1·.I) SHU'O'/S H'" T 1 HE l'FST IJAS nUT~ IDE TMf Ptr:OM~~F.NnED RANGE OF THE FORMULA

'rOR~ULAE MARKFO THUS:- * ARE RA~E" ON SHEAR YIELD STRESS OF CHOfiD

1? Cl
127
12£1
12<)
130
131
13?
133

. 1.3 4
13')
~.36
1:37
US
t39
1 '1 0
1.41
142
14.3
144
145
146

-147 .
1.48
149
.150

MI-THon:-

3'\.,06
3'"1.06
3'1.116
311,n6
3(1.116
3·Q , ne-
38,(16
3'1. r16
3A.n6
311,n6
3>'1,(10
36.~5
31,.55
:~,;.<;5:3". ~;5
36.';i5
3':'.55
3i;.55
3.'1. ss
36.'55
31i.55
36.'55
3';.55
36.:;5
3".'55

V!"SF.R

•SHEAR ARI:A COLUHN A,\iALOr.y
• TOPRAC

5.25
5.25
5.25
5.25
5.25
~.25
5.25
5.25
5.25
5.2:;
5.25
5.40
5.4:)
5.40
5.40
5.40
5.40
5.40
5.40
5.40
5.4:1
5.40
5.40
5.4l1
5.40

TOPrlA!':

API CODc
,.81')
5.80
5. Br,
5.RO
5.80
5.8n
:;.80
5.BO
5.80
~.6n
5.lln
7.48
7.48
7.4I'l
7,41\
7.48. '
7.4A
7.48
7.4IJ
7.48
7.411
7.43
7.48
7,48
7.413

AP I r.ODI::

AWS C'1Df:
8.1'j
A.i?
(1.75
8.7:;
A.7':J
8.75
1).75
8 •.75
il.7:;
8,75
tI.75

11.• 06
11.06
1!. • 06
1l,06
11.00
11.n6
11.06
11.06
11.06
11,06
'.1.06
11.06
11.06
l.l • 06

MIS COD!::

• *

1. on
1. 00
1. u!'
1. on
1.0:)
1.001
1.0:)
1.0(1
1.0n

.1.00
1. on
1. on
1. on
1. on
1.C.r.
1. Oil
1. on
1.0n
1. on1,on
1.00
1.0n
1. an
1. on
1.00

S'IEAR ','d<t:A

?A3
7."3
::!. !13
'.113
2.8.5
:!.~3
'.113
?i\3
?~3
?.B3
7.>13
1.78
3.78
~.78
~.78
3.78
:!.78
1.78
~.7i.>
1.7e
.3.78
~.78
~.7!l
3.76
3,76

~ASHrn

1.0C
1.on
1. 00
1. on
1. 00
1.on
6.41.
6.41
6.41.
6.27
6.27
7.45
8.49
I), 49
8.49
1. 00
1.un
1.00
7,3A
7.3Sl
7.38
7.58
7.58
7.58
1. CID

WASHl')
•••4+***~~*~~~*••****~*~~*~*.*~4••*~****~~+*~*~~.~*••*oo •• * ••• * •• oo •••••• *.~.*.~.*..**4~••*.~~6U~~~~

151 35.55 1.0n 3.78 5.40 7.48 11.06 1.00
152 36.55 1.0n 3.78 5.40 7.4R '11.06 1.UO
-15;5- '36.<;5 -Lui'1 3.70 5.40 '7';48 11.00"· 7.;1;
154 3A.~5 1,on 3.75 5.4n 7.48 11.06 7.35
15~ 3~.~5 1.00 3.78 5.40 7.41) 11.D~ 7.3~
156 31i.'55 louO 3.78 5.40 7.4P. 11.06 7.55
157 3':'.'55 l·-.on 3.78 5.4" 7.4R 1!.06 7.55
l~A ,36.~5 l.on 1.76 5.40 7.4P. 11.06 7.55
1? 9 39.55 1. 0 (1 3 • 7R 5.40 7. 4A 11..0 e L 0 \1
160 JIi.~5 l.on ~.76 5.40 7.4A 11.06 1.00
161 36.'55 1.0n 3.78 5.40 7.~A 11.n() 1.00
162 7~.Al i.on 3,66 5.23 7.24 11.no 8.0a
163 73.P.l 1.00 .3.66 5.23 7.24 11.06 8.Ue
164 n..'1 l.on 3.1i6 5.2:1 7.24 U.n6 8.08
16~ 44.76 l.on 3.75 5.36 7.4~· 11.06 7.48
166 4d.70 l.en 3.75 5.36 7.4~ 11.06 7.48
167 Q4.70 1.00 3.75 5.36 7.42 ll.06 7.<8
160 44.76 1,0~ 3.75 5.36 7.42 11.n6 9.9n
!6Y 44.76 l.on J.75 5.36 7.42 11.06 9.YO
171) ·H.76 :l.on 3,7:; 5.3" 7.4;:> 11.n6 'f.90
171 4~.76 1.QO '.75 5.36 7.42 11.~6 1.00
17~ 44.76 1.00 3.75 5.36 7.42 11.06 1.0n
173 44.i6 l.on J.75 5.36 7.42 11.06 1.00
174 8q.~3 l.on 6.~0 1.0n 1.0n 1.00 10.U4
17~ oQ.63· l.ao 6.60 1.00 1.'00 1.00 10.04

I1f-TJ.40f1:- ',lASH r 0

t76
177
1711
179
180
151
182
11\3
184
lac:;
136'
tA7
BB
ldt}
190
191
192
19J
\94
19:"
1'11\
191
1 "lA
1.,)0

A3.63
P,~.:'>3
(!II. "3
811.1\3
ilR.63
8.'1. f>3
8;),,"3
8~.<;1
8Q.51
8<.>.51
67.14
67.14
67.:14
2:'l .. ~8
2'.38
2?38
a I') • ~2

10'·.116
fl-I. rl2

11".1:;
:lQ.13
-I.lo ,13
l' 6~). 1, ~

SHEAR Arlt:A COL U~I~ MIA!_ Or. y

1.i)n
1.00
1. on
1. 01')
1. 0'1
1. on
1.00
1.01'1
1. 00
1. on
1. on
1.on
1•~1n
1.0'1
1.on
1.0 n
1. o o
1.0"
1 • 0 n
1.0n
1. an
1. on
1 • 0.1
1 .0"

.... 60".no
6.60
.... flO
1\ .... 0
11.60
l\.flO
::>.41
'-.41
<? ~ 1
'-.76
::'.78'.7014.~e

14.16
l4 .46
44.~5
41. ~5
4~.n5
6 ~ • ,11
0·1 • 41
04. ,11
,~r; • 1\1.)

~~,"9

j'OPI'lAC

l.on
1.00
1.00
1.on
1. uO
1.00
1.0·1)
3.44
3.44
3.44
3.9Po
J,911
3.'10

10.33
10.33
'.0.33
od.O')
~;',lf\
00.09
1" 1.:1 <\
1111., 34
101. 34
-2,~~,(;?
~1~,6~)

API conI:

1. on
1. on
1. 00
1. on
1. on
1. 00
1. on
4.;'7
4.77
4.77
5.50
5.51'1
5.~O

?8.60
'- e .6iJ
~c.60
7:,. i31
7,) • 1 0
7S • 8~.

11'). < 1
1\').011
1 t? • I: i.
1'>;: • 4 t)
,_ '.i 2 •. ~.1

AilS CODE
1. 00
1.00
1. 00
1. 00
1.00
1.00
1.00
<1.15
9.15
'1.15
9.114
Q. f'o4
9,84

14.00
14. 00
14. no

113.50
11J.':iU
ll.,3.5U
169.:,
16C).1'
16') .1::>
221,11
;>"1

10.J4
1. 00
1.00
1. (If)
1. uo
1.00
1.00
1. on
1. 00
1.0(1
9.24
9.24
9.2('
9.90
9. Ii 0
'1.90

8Ci.3'i
11.1. ;7
i ,Cl n

137.~A
1. an
~,i.ln
i ,o n

r "



TAilLE? Sllt'H1A'IjSE:I) 'lE'WL1S I'1F '''~RAl-1ETrlj~ STUDY OF TI)tH=. .JOINT ""OR~ItJL~E-f'AGr:; "1
p ( U l.i )(;I V 1: r~ fl Y F f. C H Mr r HO n J; J K I fJ s . n: S T N oS AY F T H F. S~. H E A SIN P,I PUT D A 11\ TAB L E
••V.*6*.*.~.*.~****~.~~~.*~*~*~.~*O*.***••**.*~~~****~~*Q.~~~ ••I.**'*.*~.**•••*~*4.~*~*~*.

pr THIS TA8Ll: TH;: F\HH\ULAF ~.R;:: T::<;TFD FOR APPLlr.ARILlTY
PllLT~l.rl SHU~IS T'"lA,; THE TFST :,!AC: "UTSIDE THe: RECO~I!'IFtj[lED R:.NGE OF THE r()Rr~ULA

HIcTHI)P:-

P1R:'\IJLAE 11A111{FD TflUS:- " ARE "A<;EIl ON SHEAfl YIELD STRFSS OF CHOIID
* •

AP! r.ODE • A,WS COOl: WASHlOr.OLU~IN ANAl.Or,y*
*.~*~~~*****~*&4GO~~~**D~*.~~~~.~.*.~.*.4****.*.'*~~~~~**.*~*.~~.*.*~*.~O*.~4~'.**+.***O.~Q.~QO.(G~~

201 J5?.ri4 1.0n le.51 ~1.21 36.27 54.Jl 58.93
202 6~.n5 1.oa 74.56 1~6.01 118.56 177.51 163.80
;>0;)' 2BII.72 1.00' '1fJ;?8 98.9Q 72.92 '10':>,;"1 )..CO
204 12\.49 1.0n 16~.~R 398.81 2J8.3~ Jq~.AO 1.0n
205 lDA.J4 l.on 2~.~1 ~7.01 47.18 70.64 73.18

_ 206 44~.73 1.0~ 44.77 110.03 78.46 116.56 1.CO
207 19~.79 1.CD In.~B. 22.09 21.72 ~2.53 37.20
~08 47;.~6 1.00 14.79 23.26 32.48 48.06 44.03
20Y 3~3.01 1.0~ 22.~9 55.51 44.02 6J •.U6 1.00
210 ~71.~a 1.00 11.57 23.26 27.01 4n.~7 51.~7
211 A6~.A5 1.0n 14.68 23.54 3~.13 52.19 1.00
212 ~7~.'3 1.0n 2n.RO 52.2~ 44.70 65.11 1.00

.?13 .P2n.27 1.0n 7.1n 17.14 17.86 26.52 33.52
214 126~.?9 1.00 R.84 17.35 23.23 34.26 1.00
215 874.36 1.CD In.R4 17.87 2g.2~ 42.19 1.00
~1~ 71n.nu 1.cr 14.59 37.26 35.76 51.2H l.GO
?17 191.Q~ 1.00 In.38 23.11 21.90 32.78 1.00
219 ~7t.56 1.GO 11.57 23.26 27.01 4U.27 1.00
219 P.2n.?7 1.00 7.10 17.14 17.a~ 20.52 1.00
220 71n.r7 l.on 9.n~ 17.71 23.72 3~.?'6 1.UO
221 874.36 l.on lO,A4 17.87 29.28 4~.19 1.00
222 ~S.~7 l.00 Q.?5 18.02 17.48 2?83 1.00
~23 ·11n.7? l.OO 21.28 1.CO 1.00 1.00 1.00
224 3~.37 1.00 Q.~5 18.C2 17.48 25.83 1.00
225 11n.72 1.00 21.~B 1.00 1.00 1.00 1.0n

MHHOO:- SHEAR A°':,A COLUMN ANALOr,y Ap I cone AWS COOt: WASHIO·
*'*.~** ••• ~.~*U*~~.'*.O••*~*.*4"~~••*~~.'~4*~~.O*~.~*.~**~(**~O.*~~*~***~.***~.~.~O.~~*f~.~.~*;~~••*

226 ~3Q.55 1.0C 51.)3 1.00 1.0n 1.00 65.1~
227 ~U4.R8 1.00 2~.58 57.95 40.81 61.53 43.12
22~ 15~.5t 1.00 13.Q4 27.36 ?6.88 41.~5 32.31
229 ?27.n8 1.00 47.10 1.00 l.on 1.00 57.1~
230 195.02 1.00 l~.ql 4B.~1 3'.24 ~2.67 37.6&
231 149.12 1.0~ 11.76 22~99 23.40 35.69 2&.4~
232 19~.47 1.00 26.~4 1.00 1.00 1.00 ~9.~1
?33 166.~6 1.0n 11.53 29.05 Z3.41 34.30 26.Q9
234 127.92 1.00 7.~a 14.2~ 15.6~ 23.23 19.;5
::>35 230.<;0 1.00 51.1\9 1.00 :'.00 LOU 72.17
:>36 ?04.R8 1.00 22.5d 57.95 40.01 61.53 51.~~
237 15~.51 1.00 13.~4 27.3~ 26.38 41.55 41.42
23H 227.08 1.00 43.10 1.00 1.0~ i.no 73.17
239 19S.n2 1.0n lR.91 48.51 3~.24 52.67 ~B.·7
?~o 140.12 1.0~ 11.76 22.90 23.40 3,.69 36.qr.
241 19:>.47 l.OU 2.~.~4 1.00 i .uo 1.')0 54.ill
242 16/\.~6 1.0~ 11,63 29.85 ~3.41 34.~b ~~.73
'43 ~27.95 l.on 7.~~ 14.28 15.63 23.22 27.67
244 10J.24 l.on 8.01 15.61 15.66 29.35 1.0e
245 2CA.OO 1.0n 14.J~ 35.41 25.25 47,72 :.00

METHOD:~ q~RER ROUWKA~P
•••~~•••• *'.4* ••• ~••••• ~*c*~ •• *tv

1 0.00 3.06
2 0.00 1.6A
3 0.00 1.20
4 2.36 0.96
5 2.30 1.65
6· 2.01 0.52
7 2.36' 0.96
8 0.00 1.06
9 O.OU 1.4~

10 1.27 1.3~
11 1.24 1.61
12 1.27 2.5/\
13 0.00 1.32
)4 1.3H 2.0~
15 1.40 2.06
16 1.47 2.97
17 1.46 2.93
18 C.CO 3.44
19 (l ••ao 1.24
20 0.00 1.25
21 1.7Y 1.21
22 1.7i 1.13
23 1.n5 2.0n
?4 0,00 1.21
25 o.on 1.25

NAKA,~ATO, KURQQANE ROARK(!) rOARK(2l ~AT0 KELLOGG
K.N~T~NI ••*.~•••6•••••~'4••••~••~.4" ••'I••'*J ••• **~4'4~~

DET
NORSKE

0.00
0.00
0.00
o. on.
2.61o.co
0.00
0.01)·
1.61
1.5"
1.·17
1.4"
a.Of)
1.67
1.67
1.67
1.6'5a.oo
0.00
2.18
2.(}9
1 • .; 7
2,ti~
0.00
1 • \'O

1.41]
o .0'1
a • 01)O.on
1.9'1
I) .an
o • Or)
0.94
1.1f.,
1.1~
1.1'2
1.07
1. 17
1.2"
1. 27
1 • 24
1 .1')
1.,))
::'.35
1.57
1. 5 ~
1.49
1. ,,,
1.;:"
1.4D

0.00
0.(1)
0.00
0.00
0.00
0.01)a.on
o • u 0n.oo
0.00a.o~
o .00
0.00
o • 0 ()
0.(1)
o.on
o • J r)

o • G n
o • 0 Q
0.1]0
o • i) 0
.J. 1)0
o • '~'I)o.on
o • 0 0

- I]}, -

0.0f)
0.00
0.00o.on
o.on
o • 0 n
o.on
0.00
0.0'1
C.OI)
0.0"
o .011
0.0'1
0.00
(1. or.
o • 0 n
o • 0 no .onO.on
0.00
o • 0 r')

o • nn
C .00
O.on
o • on

D.OI1
2.43
2.52
3.17
0.00
2.70
;S.17
0.00
0.00
0.00
u .00
0.00
0.00
O.Or)
0.00
!l.00
o • () 0
O. on
o • 00
0.00
o • 00
(1.00
O. co
o • 00
o • (II)

o.on
3.U2
2.93
3.47
0.00
2.96
3.47
0.00
o • 00
o • 0 (}
o • 0 a
o ,U:1
I) • O:J
o • 0 0
o • 0 ~
o • U o
o • 0 n
O. 0 ()
0.00
o.or.
o .00
e . 0 n
a.uo
c . o (1
U,OO

4.213
o .0:'O.onV.on
0.0'1
0.0 a
o. all
3.44
J.25
3.13
~,r.;7
;2. 'j0
4 •.3'
..1 • ..1<>
3.3';)
~.j?
3.2~
J.611
4.9'3
4,4:?
4 • ".3
3,9~
4.07
4 • ,/~
~ ,b ~\
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IN THIS TA8LE THf' FURI1ULA" ARF TESTFD FOR APPLIr.AIIILlTY
RATIO=o.n SH~WS T~AT THI: TEST ~~S OuTSIDE THE R~cnMHENDGD ~ANGE OF TH~ FORMULA

HETHOD:- HOUh'KAIIP

rORMI)Uf: LISTED AHE 8ASfD ON YIELD STRESS or CHORII

~~.4Q*fi*a*~I*~*~*4§~O**.~.~**4***
26 1.57 1.21
27 1,59 1,4/
?8 1.9U 2.00
29. 1.49 0.611
30 2.31 1.97
31 2.22 3.45
32 2.69 1.46
33 2.23 2.35
34 2.39 3.92
35 2.50 1.4~
36 2.48 2.05
37 2.e2 3.63
3U 0.82 0.64
39 o.e9 O.6Q
40 0.91 0.71
41 0.93 0.73
42 0.93 0.73
43 0.86 0.67
44 0.90 0.70
45 0.75 0.59
46 0.39 0.69
47 0.&9 0.69
48 0.65 O.7B
49 0.65 ~.7R
50 0.70 0.83

·HF.THOll: - DOllWKAI~P
* •• ~~•• ~•••• ~~*~~*.**~.~~~***.~.~

51 0.65 0.78
52 Q.65 0.78
53 n.65 0.78
54 0.93 1.21
~5 0.99 1.29
56 0.96 1.25
57 0.99 1.30
58 1.02 1.3~
59 0.97 1.27
'50 1.05 1.37
61 0.93 1.21
62 0.93 1.21
63 0.99 1.29
64 0.69 O.8~
65 0.70 o.e~
66 0.71 0.05
67 0.70 O.a3
68 O.jl 0.85
69 0.87 1.13
70 0.96 1.26
71 0.95 1.24
72 0.98 1.27
73 1.04 1.36
74 1.08 1.41
75 0.71 0.85

tlHHQO:- RE;.;ER eOUI1K AMP.4...'.~.4~..•*.~.~.~4.~.~O'.....
76 ~.71 0.84
77, 0.71 0.04
18 0.70 0.83
79 1.35 1.06
so. 1.26 0.99
S1 1.26 0.99
82 1.33 1.04
83 1.39 1.09
84 1.16 0.91
85 1.12 a.se
86 1.08 0.85
87 1.0b 0.8~
8a 1.08 0.B5
~9 0.71 a.B~
90 :).74 0.89
91 O.7H O.9~
92 0.,76 0.91
9~ 0.74 0.8a
94 1.i3 O.$~
95 1.13 Q.8~
96 1.14 0.6~
97 1.13 0.89
98 1.15 O.9~
99 1.17 0.91

1 till 0 • 7 £\ 0 • 9 ?

DET
NOflSKE
1. 64
1.e s
2.11
0.00
2.62
2.62
0,00
2.41
2.66
0.00
0.00
2.93
1.17
1.'(,"/
1.30
1.33
1,33
1. 2~
1.29
1.08
1. 27
1.27
0.00
0.00O,cn

OET
r.onSK:

0.00
0.00
0.00
1.33
1.41
1.37
1.23
1.26
1.20
1.30
1.15
1.25
1.34O.on
0.00
0.00
0.00
0.00
1.17
1.30
1.29
1.32
1.41
1.47
0.00

DET
NORSKF.

0.00
0.00
0.00
1.ez
1.70
1. 70
1.79
loBI!
1.57
1.51
1.47
1.47
1.47O.onv.OJ
o • 0 (j

o .00
0.00
1.5'-
i ,,:;=:
1.6:1
1,b?
1.6')
1...<,7
o • 0 n

NAKA.Kt,TO.
KANATtoNI

l.JO
1..:59
1. 50
n •00
2. 00
2. GOo.a~
1. (111

'1.911
o.on
0.1)')

2.0"
O. Gil
o • UO
0.01)
O. ono •00
0.00
o • 01)

D.on
0'. an
0.00
O. 0;)
0.00
0,00

KUROnArIE r.OAI~K(tl i10AflK(2) VATQ KfLI.OGG
**~,.~~o ••o.~••*a*~§~a~.~ ••• * •• *'~~1.*.*~f*~:~~U~

0.00 o.on 0.00 0.00 3.71,
o.on O.Do 0.00 O.~O 3.67
0.00 o.on C.OD O.uo 4.15
0,00 D.on 2.12 ~.26 o.on
0.00 0.00 0.00 0.00 ~.2~'
0,00 0.00 O.OG D.vC 5.2G
0.00 G.OD 3.01 3.48 0.D0
0.00 0.00 0.00 0.00 O.G~
0.00 0.00 O.on O.uu 5.J6
0.00 0.01' 2.27 2.65 e .un
0.00 0.00 1.9n 2.J9 D.00
o.on O.Qn 0.00 O.OU 0.00
O.6? 0.00 U.OO 0.00 ~.26
0.74 0,00 0.00 0.00 J.~2
0.76 o.On O.on 0.00 3.6?
0.78 O,ono.oo O.UO 3.69
0.78 0.00 0.00 0.00 3.69
O.7? 0.00 0.00 o.on 3.43
0.75 o.ooo.on o.on 3.57
0.63 O.O~ 0.00 0.00 3.~0
0.74 o;an 0.00 0.00 J.S~
0.74 O,CO C.OO 0.00 3.?~
0.84 0.00 0.00 0.00 2.07
0.3'; 0.00 0.00 0.00 2.67
0.89 0.00 0.00 o.on 2.85'

NAKA,KATO. KURORAN~ ROARK(l) ROARK(2}'
K ANA Tt. j·n

o • (1)
o • 01}
0.00
O. 00
0.00
O.ot)
0.00
o.on
o .nn
o • DO
o • on
o • 00
o • Of')
o • 00
o .un
0.00
o • 00
0.00
O.Or)
o . Of)
0.00
o.on
o • 00
0.00
0.00

KATQ KELLOGG
0.84
0.8-1
0.84
0.713
0.a3
O. BD
0.il2
O.S4
D.8D
0.87
0.77
J.77
0.82
o .87
0.58
0.9na.se
0.90
0.72o .ao
0.79
0.01
0.B7
l,).90
0.90

G.OOC,un
0.(1)
c • Oil
O. DC
O.on
0,00
o •01)
010~o .on
O. Or)

'2.6'
2.67
2.67
J.~9
3.93

,J.a1
3.95
4. C5
3.6~
4.17
3.~q
3.69
3.93
2.81
2.d?
<:.91
2.b')
2.t;1
3.45
.3.83
3. 7t~
J.~!i
4.10;
4.31
2.91

0.0 (J

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00O.on
O.uO
C.OO
0.00
O. Or)
O. o o
0.00
o , all
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00o.on
0.00
0.0 o
o • tl 0
0.00
0.00
0.00
o • on
0.1)0
o • \J 0
O.JC
e .0 f1o.oa
0.011
0.00
0.(;0
0.00
Cl. 00'
0.00
0.011
0.0'1
0.00
0.00
0.00

0.00o .00
CI.on
D.llno.ono.on
o • 00o.ono.on
o • 00
0.01)
0,00
o .uo

NAKA,KATO. KURO~A"E ;OARK(1) ROARK(2) KATU K~LLO~G
'KANftT~~I ••••••••••• ~ ••• ,t* ••••• o •••••• ~ ••• ~*.·.·..·6~~••••

0.00 0.90 o.on 0.00 0.00 2.69
0.00 0.90 0.0f) 0.00 0.00 2.89O.on 0.8~ o.on o.on o.on 2.6,
O.Or) 1.12 o.on 0.00 o.on 5.37
0.00 1.05 c .c» 0.00 o.uO 5.C.l.o.no 1.05 o.on 0.00 0.00 5.01
0.00 1.10 0.00 0.00 O.OU 5.:<:7
0.00 1.1~ ~.OO O.f)O 0.00 ,.54
0.0r) 0.?7 0.00 0.00 o.cn 4.63
O.Qn 0.93 o.on O.DO 0.00 4.4~
O.nn O.9~ O.D') 0.00 0.00 4.Jl
0.00 Q.90 o.on 0.00 a.on 4.~1
O.JO 0.90 o.on, 0.00 o.~o 4.31
o iun O.?!J O.on 0.00 s .uo 2.'J1
O.C!) 0 •.94 0.0r) ,o.D1 0.00 3.~~
0.01 O.9n o.or. 0.00 o.~o 3.l7
O.on 0.97 o,on J.OO O.uO 3.1?
0.00 0.94 D.UG 0.00 a.GO 3.02o.nn 0.94 0.00 o.no 0.0n 4.4~
0.00 0.94 a.on o.on 0.0') 4.4!
a.nn 0.93 [1.00 0.00 D.UO 4.'~
c .u« 0.91 0.0':1 0.00 u.n» 4.~t
0.00 0.94 0.00 ~.oo 0.00 4.5R
O.lIn 0.9f> (1.0(1 0.00 0.00 4.6,
O.OG G.;7 0.00 0.00 a.on 3.17

12A -.



511i111Ai<!SEO ;It:'UL TS (1F PARHiETRIC ~TUOY or Tun," JOINT 'Uflt1ULA[··PA·GC· ~
P(L!LT)EXPTL/P(ULTJT'~EOf<Y RATIOS 1'=:;;T r.os Ail" THF SAI~E A<; IN INi'UT O~TA Hr>\.F.
••*.~.*.9~ ••*~.·U4*.'•••••• *~*~~ ••• *.*.O.I~f*.~.' •••*.1.~ ••O.*O** ••••*.~••*ft ••• * •••• &*••".

IN THIS TA;:lLE 'THE rORHlH.Ac AR~ TSSTFD .OR APPL1CM1lLiTY
RATIO=il.() SHO.,S TilAT THE TEST >lA::; OUTSIDE THI: R::C'1;,\IIENDF.D RANGE or THE f"OP.~llJLA

11ET'101l: -

FORMULAE LISTED ARE BASED ON YIELD STRESS or CHQRO
J~Ff:>[R fjOI.''wJKANP

101
1.O~
103
104
105
106
107
108
11)9
110
la
lii!
.113
114
115
116
.117
118
119
120
121
122
1;:>3
124
125

METHQ(l:-

0.76
0.79
o .7<1
0.94
o • 94
o • 98,
1.03
1.03
1.06
0.1'.0
o • 68
o • 8U
0.96
o .94
0.95
1.06
i,08
1.10
1.06
1.03
1.08
1.03
1. 09
1.06
1.42

0.91
0.94
o.en
o .74
o .74
0. i' 6
1, 34
1.34
!..38,
0.63
0.6<')
o .63
1.26
1..24
1.25
0.8.1
o • B5
O. cl?
0.75
0.71
0.77
1.22
1.2?
1.25
1.68

121)
127
126
129
130
131
132
133
134
135
136
137
1.38
139
140
lH
142
143
144
145
146
147
140
149
150

HETHOD::-

RERI:.R
1.44
1.44
1. 04
0.95
1.05, '
1. 06
1.10·
0.95
1.30
1. 26
1. 23
1.?6
1.12
0.94
1.,33
1.30
0,92
1.36
:1..36
2.C4
2. 'J 2
1.15
1.64
1.04
0.90

R~AF.R

1. z n
1.7~
1.23
1.12
1.24
1.25
1.3.11
1.1~
o .92
0.89
o .!:I7
1. 64
1.4...,
1. 23
1.73
1.69
1.2r)
1.77
1.77
2, t:6
2.63
G • 90
1.2!l
0.81
0.71

••••••••••• t~ ••••••••••••••••••••

151 2.15 1.68
1?2 1.13 0.89
153 1.61 1.26
154 2.39 1.67
155 1.50 1~17
156 1.14 1.~o
157 1.14 1.40
15~ 2.16 2.3~
159 2.19 2.55
160 1.70 1.33
161 2.26 1.77
162 0.98 O.5~
163 1.10 0.61
164 1.07 a.lii')
165 1.02' 0.72
166 c.?~ O.6Q
167 n.RS o.~o
160 1.20 1.43
169 1.19 1.41
170 1.17 1.39
171 1.28 0.91
17~ 1.45 1.U1
173 1.42 1.01
1.74 i~.IlO O.4~·
175 0.00 0.48

DET
NORSKG

o • 0n
o • 00
0.00
1.3S'
1.35
1.40
1.48
1.48
1.52
1.15
1.27
1.15
1.38
1.36
1.38
1.53
1.55
1.59
1.52
1.49
1.56
1.49
1.5j
1.52
2.05

1)2T
NOrl~~KF.

2.08
2.08
1,;;0
1.37
1.51
1.52
1. 42
1.22
1.6,:;
1.51
1.77
1.80
1.35
1.13
1.60
1.!l5
1.3?
1.~4
1.94
2.92
2.tl9
1.65
2.35
1.~8
1.29

OET
NOflSi<E

3.()fl
1.1>2
2.30
3.4?
2.15
1. 63
1. 63
3.10
3.13
2.44
3.24
1.25
1.41
1.37
1..47
1.41
1.23
1.31
la3D
1. 28
L £4
2.09
2.05
1.2 4
1.26

NAKA,KATQ,
K/,NATANI

O.QO
O. (;fJ

O.O~O.on
o • 01)o •on
0.00
0.00
0.01)
o • 0I)

o • 00
o • DU
o • 00
o • on
0.00
O.onO.on
o • Oil
0.(10
o • co
0.00
O. OD
0.0r)
0.00
0.00

NAKA,KATQ.
KA~Ii\ T/.NI

0.00
0.01
o.nn
a.or)
o ,'CI)
0.00
o .01)

,0.00
O.on
o • on
0.0('a.~no.on
C .811
0.00
o • GO
0'. U'l
o • (I:)
O. Of)
0,. Cl)
0.00
0.00
o • (1!")

o.CO
o • un

NAKA,I(ATQ,
KANAT,\NI

0.01)
0.00
O.onO.on
a. 0 a
0.00c.on
O.CI)
o .0'1
o • a:)

o • 0"
o • 0 I)

o • GO
o • 0'1
D.or;
o • on
O~ on
o • or.
0.00
o • on
o.on
o • ul)
0.01)
o • (:ll
0.(1r,

KURORANE RQARK(l) QOARK(2) KATO KfLLO<;G
'~••U'.4.*~*~.~~~* ••1*4*.4.0~*~.4.&~ ••4••V*§o~r~~

0,9:' 0.00 0.00 0,00 ~.12
D.9~ a.o~ D.cn 0.00 3.23
0,92' [J.on e .o o 0,,)1) 3,02
0.77 D.Or) 0.00 0.00 3.7~
0.77 0.0r) 1).Or. 0.0:1 :5.7~n.~o O,O~ 0.00 0.00 .3.e~
0.B5 o.on 0.00 0.00 1,.10
0.85 0.00 0.00 Q.un 4.1"
n.B7 O.UD 0.00 0.00 4.22
0.78 0.00 0.00 0.00 ~.250.86 D.oa 0.00 O.on J.~~
0.78 o.on 0.00 0.00 3.25
0.94 C.OO 0.00 o.on 3.90
0.92 0.00 0.00 o.uO 3.e?
0.93 o.on 0.00 a.on 3.e~
1.04 O.on 0.00 0.00 4.3~
1.05 0.00 0.00 o.o~ 4.3d
1.0~ O.Or. o.on 0.00 4.40
0.72 0.00 0.00 0.00 4.11
0.70 0.00 0.00 0.00 ~.U2
0.74 0.00 0.00 0.8n 4.?O
0.70 O.O~ 0.00 o.on 4.02
0.74 0.00 0.00 !.l.UD ...23
0.72 O.GO 0.00 0.00 4.11
0.97 0.00 O~OD 0.00 5.52

f< A TO K~LL\JGG
****+*.**~.~.§*.*.~•••* •• ~••••• ~O+ ••~•• ~••• 9~~~.~

O.9f! C.OO 0.00 o.on 5.61'
o.;n O.U~ O.~O 0.00 5.61
0'.71 0.01) !l.OO 9.UO 4,05
~.65 0.09 0.00 a.un 3:6Q,
0.72 o.on il.OO o.on 4.0~
O~72 O,on 0.00 0.00 4.11
0.76 o.on 0.00 O.OU 4,2Q
a.65 O.CO 0.00 a.QU 3.69
0.90 O.OD 0.00 O.~U ~.~7
0.88 0,00 0.00 ~.ou 4.8Q
0.85 0.00 o.on O.~O 4.77
1.06 o.on 0.00 O.on 5.01
0.93 O.O~ 0.00 O.~U 4,-6
0.78 0.00 0.00 o.on J.7~
1.1~ C.OO 0.00 0.00 ~,27
1.06 0.00 C.oO 0.00 5.15
O,i5 0.00 0.00 a.un ~.o7
1.11 0.01 0.00 a.ca 5,!?
1.14 O.O~ 0.00 O.uO 5.Jc
1.72 a.D~ 0.00 o,on 6.t~
1.70 n.on 0.00 0.on ~.Dl
0.96 0.0r. 0.00 0.00 ,,5~
1.36 0.00 0.00 0.00 6.S2
0.86 o.on 0.00 O.CO 4.12
0.74 0.00 0.00 0.00 3.6~

KUROB.NE ROARKe1} ~OARK(2) KATQ KE'Ll.OGi.l
.~O~."· ••*~'.* ••6•••••• ~.~•••••e~~ ••• t.so.~~aS •• f

1.77 0.0r. 0.00 0.00 8.56
0.93 0.00 0.00 O.uO Q.Sl
1.3~ O.O~ 0.00 0.00 6.40
2.02 O.O(l 0.00 O.CO 9.;'2
1.26 O.O~ G.OO u.OO 5.Y7
0.'5 O.on 0.00 o.on 4.~3
0.95 o.oa 0.00 CI.Of) 4.53
1.aO o.O~ 0.00 O.on c.on
1.80 (J.OO 0.0(1 D.li!) eL7D
1.40 0.00 0.00 Q.JO ~.7~
1.36 0.00 0.00 0.Un ~.9Q
G.~t 0.00 O.OD O.~O 3.6P
0.91 O.O~ a.lID O.on 4.36
a.ila o.,:)n G.QO O.U'J 4.201
0.35 c.on G.OD 0.00 '.05
0.82 O.on n.oo O.~O J.d~
0.7\ o.on 0.00 0.00 J.3~L.On o.un 0.00 0.00 4.79
0.99 0.0'1 0.00 C.ol') 4..7<;
0.97 a.on Q.OO 0.01) 4.~i
1.0·~ o.on O.GO O.Uf! s .u»
1.lq o.on 0.00 D.JO 5,75
l.l7 a.nn 0.00 0.00 ~.~6

1 '=<A e , 9 to. 0 nO. 0 () " • c 1) .. ,,;
v flo ,,'I v"." ,

O,on 0.00 0.00 3.~n
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I

SL!I!!IAlllS[[J flF.SlII.T:; .1F PARMII:TPIC STIIDY flF ,USE .io tnr rOr:f~UlAE:-P"GF.~
r-<UU)EXPTl/f'(ULT)iHEO!lY RATIOS r= s r rJOS ARE TH~ SAI1I: A<; !t~ {lJPUT OATA HOLE
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IN THIS TABl~ THE rURHUlA~ ARE TESTED FOR APPL!CA~!lITY
RATIO=o.n SHO"S THAT THE TEST WAS OIJTSIDE: THE RGCO",p'H:nDED RANGE OF' TH~ F'onMULA

MF.THOil:- Dl:T

FDRMULAE LISTED ARE BASlD ON YIELD STRESS OF' CHORn

REHFR
NOf.lSKF.

176
177
170
179
HO
1111
182
183
134
165
186
187
1118
1!l9
19\1
191
192
19..3
194
195
196
197
lOu
199
200

METHon:-

Q • 0 o
o • 0 (J

o • 0 II
o • 00
o . co
0.00·
0.00
1. 84
1.59
1. 56
1.45
1.44
1. 4~
o • ~30
0.111
o .77
0.63
0.6:;
0.63
0.61
0.64
0.64
o • 66
0.66
o.n

RE!.'f:R

0.47
o • 96
o • 92
o • 'Ie;o .5')
0,6;)
0.64
1.30
1,12.
1.10
1. 27
1.2<;
1.26
i .59
1. 62
1. 53
1.13
1.07
1.1?
1.11
l.H
1.Ho
1.11
1.11
1.19

90UIIKAil?

.1. ,? 4
1~51
1. t,7
1, :31·
1.56
1.67
1,68
2.24 .
1.93
1.89
1.24
1.22
1.23
1. 37
1. 40
1,.32
0,00
0,00
0,00
!l.aou.oo
0,00
0,00
0.00
0.00

nET
NOHSKF.

0,95
0.00
:',68
CI,OC
0,00
2.35
1. 43
2.82
3,05
1.01
3,07
3.01
a,llC)
1,63
3.14
3.26
2.89
3.78
5.46
3.99
4,25
.J,OI)
0.0 o
0,00
0.00

nET
•••••4~••J&~ •• ~~.~IO~.*~••*~ ••• *' ·NORSKE

226 0.00 0.61 0.00
227 0.60 0.7Q 0,73
22~ 0,75 0.99 0,89
229 0,00 O,n4 0.00
230 0.60 0.84 0,87
731 0,74 0.91 0.87
232 0.00 0,61 0,00
233 0.62 O,6r. 0.76
234 0.77 0.79 0.85
~35 0.00 0,61 0,00
236 ~,60 O,7Q 0.70
237 0.75 O,9? 0.74
236 0.00 0.64 ~.oo
239 0,68 0.04 0,73
240 0.74· 0.~1 0.72
2~1 o.no 0.36 0,00
242 0.62 0.6~ 0.59
243 0.'77 0.48 0,63
244 o.oe O,~9 0.95
245 0,7U 0.44 0.96

•••4.~~••*~~4*.V.*<.~~.C.~I~••~*~
~Ol 1,08 1.60
?02 0.44 1,20
?G3 1.17 1.64
204 0,44 1,11
205 1,04. 1.29
·206 1.58 1.Ba
207 1.65. 1.63
208 2.5~· 1.9~
209 2.1<1 2,cr;
210 1.28 0.80
211 c.25 1.27
212 2.2.3 1.64
213 1.e8 0,4'5
214 1.27 0,45
215 2.47 1.21
216 2.55 1.4P,
217 2.11 2.11
21~ 2.~1 1.51
7.19 4.31 1.55
220 3.17 1.36
221 3.34 1.4n
222 1.29 1.67
223 0,00 1.53
~24 1,29 1.67
225 0.00 1.51

NAK·\,I(ATO.
KArl" T·\N I

O.OD
O. Of)
0.00
o .uo
o • 00
0,00
0, Of')
1. 6'5
L 4~
1. 40
0, Ill)
o,oa
'0, 00
0.00
0.0'1
o • 01)

a.ne
O. on
O. 00
0, Uo
o • on
o • 00
D.JO
I). co
0.00

NAI(A,KATQ,
KANA T HJi

Q.()O
o • Of)
0.00
o • 00
a • co
0.01)
0.00
0, ona.on
0.00
0,0'1a,or
0, on
0.011
0, 00
O. G o
I}, 0')
0, 00
o • a rJ
O. 00
0'. n n
O,~n
o • 00
o • on
0, 00

NAKA.KATQ,
KArlA TAN I

o • 0'1
O.UI)
o • on
a, 00
O. on
o.on
o .lJO
o • 0'1
o • 00
0.011
o • 0 n
0.011O.on
v • Gn
0.0'1
o • U I)

0.0:1
0'.0n
\) • 7;)

0.71

- J.4i\ -

j(lIRa~ArJE ROAflK(:t) l:lOAR~(2) KATa KELLOGG
~.+*toa •••~~*.~*.*~*•••*~~vo.*t.~.a*t.O ••~.*'~*~4

o • 9 1 0 • n ,) 0 , 0 0 0 • ()n 3 , 4 '3
1,10 0.01 0,00 0.00 ~.2n
1.06 0.00 0.00 O.O~ 4.07
1,09 c.on 0.00 0.00 4.1Q
l.1? o.on 0.00 O,on 4 • .52
1,20 0.00 0.00 O,on 4.64
1.21 0.00 0.00 0.00 4.67
0.00 0.00 0,00 O.on 4.J6
0.00 0,00 0,00 a.ou 3,76
0.00 o.un 0.00 0.00 3,69
1,O~ O.Ory 0.00 O.OU 4.27
1.u7 0.00 0,00 0.00 4.22
1 ,08 0 •0 ~ 0 .0 0 0 ,~O.! •c: .\
0.79 0.00 0.00 0.00 5.35
O,BO 0.00 o.oa 0.00 5.~4
0,76 o.on 0.00 0.00 ~.1e;
0.72 O.on 0.00 0.00 2.~1
0,74 O.on 0.00 0.00 2.~Q
6.71 0.00' 0.00 0,00 2.49
0,97 c.on 0.00 0.00 2.52
1,01 0.00 0.00 u.Oo 2.64
1.00 o,on 0.00 0,00 2.64
1.20 0.00 0.00 0.00 2,B!
1.27 0.00 0.00 0.00 2.t1
1.35 o.on 0;00 0.00 3.CO

KUR08AME RO.R~(l) ROARK(2) I( A re KELLOGG
.*.§*~.*I*•••*~*.~*~~~O*I~.*~~d*.~.O~*4.~~~.'~.*~

0.61 0.01) 0,01) O.UO 4,09.
0,76 O.on o.on 0.00 1.cO
1~12 o.an 0.00 0.00 ~,75
1,27 0.00 0,00 0.00 1.69
0.82 0.00 0.00 O.O~ 4.C~·
1.80 0.00 G.OO 0.00 6,4A
0.63 0.00 0.00 o.on 6.1<
1.3~ o.on 0.00 O,on 9.79
1.41 0.00 0.00 0.00 8.6?'
0.36 0.0(1 0.00 O.Or] O.u(l
0.78 0.00 o.n~ 0.00 O.O~
0,91 C.OI) 0,00 0,00 0.00
0.14 o.oa u.OO a.un 0.00
0,20 O.U~ 0.00 o.O~ 0.00
0.46 D.o'1 e .un O.Of) c .c»
0.55 O.O~ 0,00 0.00 O,O~
0.80 0.0') 0.00 !l.00 7.62
0.78 D.~~ 0.011 O.Ou a.cn
0.54 0.01) 0.00 o.rJn O.On.
0,50 o.on 0.00 0.00 o.er.
0.62 0.00 0.00 o.on O.vO
1.20 o.on ~.~O 0.01) 5.1n
2.53 0.00 0.00 o vun 7.C9
1.1~ O.OD 0.00 0.00 5.10
2.49 O.Ory 0.00 0.00 6.97

KATO KELLOM

0.7:1
O.l:~
Q.6~
0.70
1l.6f>
0.33
O,5?
0.40
0.36
0.71
o • ~ ~
0.6'
il • 70
o .65
o .52
0.52
o .40
0.36
0,00
o • CO

o.ilO
0.01)
0.0'1
0.00
a • 0')
0.311
0.0'1
o • 0 ~
o .00
J.1l0
a .00
(l.OO
O.U/)
o • 0 0
O.on
o • 0 n
0.01)
o • u ()
o.on
o • 00

1. 9.~
2.46
2.93
2.1e;
2,7.s
2,6fJ

2.36
2.45
~ • 9 i
:...? .)
2.• 4"
2.13
2.1<;
2.76
2.0'1
2.36
(,4'5
2. ';3
l,8r,
1.91

o.on
0.00
Q • 00
o • ~):)
0, on
0.01
o • on
0.01}
o .0"o .0'1
0, U:'l
IJ. 0 n
O,ilO
0,00
o • 0 n
0.0 n
0,0 o
\1. on
o .0(1
o • 0 n

o. 00
0.00
o , 0 I)

0.00
0.00
O.on
0.00
0,(;0
Q.OO
0,01)
0.00
0.00
0.00
o • 00
e , 00
o • 00
0.00
a. on
o • 00
o • 00



SIIMt~,\,'llSf[) "E:SULTS r.F" PAlHHFTR!r: STIJDY OF TI)[jl" JOINT FORMUL~E-PAGF. 4
p (ULT ) f:. y P r L ,I P ( U l T) HI r: 0 R Y n A II OS T r S T II0 <) I(R f. rH E SA HE A <; I N I N PUT D A TA T ArJ L I:
••*O••~.~~~4'~*§.~f***I**~U*o*.**o~.*.a~***a*V ••4••0••o*••*.** ••• **** ••• *O••O~4**~ ••**4 •••

IN T~IS TARLl TH~ FURMULAE ARE TESTED FaH APPLlcARILITY
RATIO=O.o SHews THAT THE TEST WAS C:ITSIDE THE RECOMMENDED RANnE OF THF. FORMULA
rOf1~IU~AE f1AHI(F'D THL:S:-. ARE f')ASEO ON SHEAR YIELD STRESS OF CHORD

... .. * .. 6 ti'

METHOn:- VISSER SHEAR Aq~A COLUMN ANALonV rOPRAC APr cone AHS CODE ~ASH)O
.4*~****4*~.C6 ••**~**.~O*A.*V~***~**~*.fi.6*~ ••~O*••**O*.'* ••*~«**4*a4464 •••~*~~*~.*~.o~**~~* ••~*.*o.
TEo;,T ~J(.).l 0 • 93 4 5 c • uno 0 7 ,1 3 (16 0 • oJ n 0 0 (')• o 0 0 f) o • 0 0 n C G • o ., o 0

2 0.2009 o.cnuc 15,A~Q4 U.ooco o.UOOO D,oono o.~non
3 0.\173 O.OnOf) 15,43~5 Q.O~OO o.onoo 0,0000 ~.onon
4 0.10tO a.onoo 12.77~5 6.7~68 •• 9A9A 2.7159 O.ODun
5 0.3252 D.onon 9,A558 3.9Je9 4.7746 2,~787 O.onun
6 n.0662 c.onon 1().90~~ 5.7424 4.2='96 2.31gt, o.onon7 0.1010 D.onaO 12.7755 6.7?(;R 4.9A9B 2,71~9 O.onoo
8 O.~562 o.onoo 3,86~8 0.0000 O.ooon O.OUDO o.onQO
9 0.4143 O.onon 4.1257 0.0000 0.0000 0,0000 O.OOUO

lU n.36R(; O.Dnon 4,~852 1.7641 2.4767 1,3554 O.onun
11 0.~768 O.onoo 4.7609 3.17h5 2.4~29 1.3246 U.D~oa
12 1.n226 D.unon 4.5203 1.9~8J 2.J999 1.J144 O.~r.UG
13 0.3213 o.o"on 4,A490 0,0000 O.onoo o.nono o.ooon
14 0.75A7 o.onoo 4,SB32 1.8888 2.6519 1.4703 O.onco
1~ 0.7037 O.Doon 4,9762 1.978~ 2.7778 1.49~0 o,Onoo
16 1.1848 o.onoo 5.2374 2.2805 2.7Q05 1.~229 o.onan
17 1.t390 o.anoo 5,n729 1.9894 2.7432 1.4963 0.0000
18 1.2864 o.onoo 5,7932 O.ODOO D.UOOO O.DUUO o.un~o
19 0.2729 o.uron 6.5861 O.onoo O.onoo 0.0000 O.UOOO
20 O.?553 D.OnOD 6,70~9 0.0000 o.onoo 0.0000 0.0000
21 0.2262 o.onoo ~,9324 2.8538 3.5882 1.9740 o.onon
2? 0.t835 o.onoo 7,ft546 5.1073 3.5319 1,~B73 0.0000
23 0.~lA7 0.0000 7,6491 3.3307 3.b368 1.9919 O.OOUO
24 0.2712 0.0000 5,5746 0.0000 0.0000 D.OOOO O,OGO~
25 0.2755 O.JOOO 5,810C 0.0000 0.0000 0,0000 ~.O~OO

H~TH~D:- VISSFR SHEAR AREA COLUMN ANALOGY TOPRAC API con~ AWS COD~ WASH!O
•••t*o**.*~~~*~~*.***~*~~~&4.**~.+•••~~**~.(+*.~*••****~*+.~~4**~*~.**.*.*•••••U~**•••*'~*4~~*~~*~~~.

26 O.~416 O.~OOO 0.1501 2.4837 3.2060 1.1214 o.onoo
27 0.3007 o.ooon 6,9276 4.4108 3.2~50 1,7397 o.on~o
28 0,44~6 0.0000 7,4606 2.86V9 3.72b9 2.n045 O.OOGO
29 0.OA35 0.0000 7.~706 4.9048 3.1503 1.70eO o.aouo
30 n 090 o.unoo 10,4800 6.5310 4.7122 2,5549 0.0000
31 1::776 o.ooon 8,6472 5.3888 4.J594 ,2,J636 o.onuo
32 0.1986 O.onon 13,6506 6.0516 5.5463 3.0527 a.ooua
33 0.5726 o.onOD 9,545~ 4.2317 4r3q74 2.4204 a.onoa
34 1.3651 D.onOn 9.1a63 4.0725 4.5952 2.5292 O.UOOO
3~ 0.?0?6 o.onoo 12,4509 4.1072 5,0613 2.~O~6 o.onuo
36 0.4117 o.onon ll.'363 3.~~76 4.8~15 2.7076 0.0000
37 1.0646 o.ooon 11 ••8~5 3.7786 5.4?7ft 3.0044 0.0000
38 0.3721 o.onoa 3,5974 2,;112 1.8192 1,2301 1.6'77
39 0.4022 0.0000 3.,8A4 2.7230 1.9663 1,329~ 1.9755
40 0.4132 o.on~n 3.9942 2.7971 2.0198 1,S65~ 2.0~9?
41. O.d214 .o.onoo 4.n736 2.8526 2,0599 1.J930 2.0A9t
42 0.4214 o.onoo 4.n7J6 2.8526 2.0599 1.393U 2.0696
43 0.3913 O.UDOO 3,78~6 2.648(') 1.912A 1.?935 1.930"
44 0.4077 O.onoo 3,Q413 .2.760C 1.9931 ~.0477 2,0110
45 0.3420 o.onon 3,3065 2.3155 1.6720 1.1306 1.6A7~
46 0,40?2 0.0000 3,B8~4 2.7230 1.9~63 1.S2q6 1.9P.40
47 C.4022 O.ODon 3.A8S4 2.7230 1.9663 1.3296 1.9840
48 0.6249 c.onao 2.5826 1.80B? 1.4129 0.9~~4· 1.~124
49, 0.'249 a.cnan 2,~e26 1.BObS 1.4129 0,Y554 1.~124
50 0.6665 o.onOO 2.7547 1.9291 1:5071 1,0191 1.6133

IJISS~R
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
71
7~

0.6249
0.6249
n.6249
0.42'-4
0.44il8
O.43?1
0.4515
O. d 6?4
0.44115
n.47f,l
0.4214
0.4214
O.44fl8
0.;,503
0.6665
o • 681.7
n.6665
0.A817
0.3940
O.437!J
O.O?3
o • 44 ."lJ
O. O:l~
n , 1\ 9:::'5
O.('O~I

0.01100
o • 011 0 0
O.onoo
o .ooon
o.onan
0.;,)000
0.0000
o.onon
0.0000
o . 0 I) 0 n
o • 0" o o
o • 0 I') 0 0
0.0000
0.000"o.onen
o .o non
o • o n 0 0
o .0 ('lOO
o .0,' a fl
D.onun
o • U '1 0 n
0.1) n 0 0
C • 0" 0 (J

o.ur-GO
o .o 0\1 r

2.58?6
~.~8?6
2,<;826
4, (1736
4,33rll
4,~058
4,:1645
4.47D3
4,25~7
4.6G;16
4,0736
4.n716
4,33111
~t72:;4
~.7517
2,11173
2.7547
:1,1'\173
3.0000
-. ;'3?3
" ,:. 79'\
4,::>t152
4,5761
4,l613
",1)173

TOPfHC
1.80a5
1. anas
1.ans?
2.8526
3.UJ7Q
2.945.5
3.0564
3.1305
2.91323
J.2231
2 .•e~26
2.8<;26
3.0379
1.<;0;2
1.9?91
1.972(')
l.92'11
1.9729
2.6674
2.9Qfl
2, n67
:3. I) o 0 fJ '
3.20 to'~

lr..A 3,3~t,3
- :J 1.97<:9

API CaDI:
1.4t2Q
'1.4129
1.412<1
2.059Q
2.!.937
2.1~68
2.207i.
2,2~,06
2.1536
2.3275
2.0C:9<;1
2.0599
2.1037
1.490IJ

'1.5071
1.5"13
1.5n71
1.,41,'
1.9?6?
2.14Q?
(! .It.5'1
2.1A69
;!0.1141
2.4117i·
1.5413

AIlS COD"

0,955'1
0,955'1
0.9:,5.;
1.393U
1,46.54
1,4:.162
1. 492'5
1.,5286
1.,4,63
1.0;739
1.3930
1.3930
1,4834
1.nu75
l.C1"l
!.,04;;>3
l,n191
1.04:?J
1.3~25
1,4472
1,4291
1,~c"'::
1.')6~~
1,6281
1.O~:? _S,

1.5124
1.5124
1. ;'1.24
2.0705
,.21-55
2.1"cn
2.0d3"
2.0025
1.993:;
,.1545
1.9(')(;8
2.0?3:)
2.1:47
~"'if.6
l,57U4
:.on6t
l.,704
1.i:-~61
1.t:01Q
2. F22
-.:• 075,1

2.(:13C
? , 3 (~.~r;
1.()061



SUr,flAR I SeD PlSUl. TS (If" PARMIEl RIC ST1JOY nr Tl18F. JO I NT 'OR'10L"E-PAGF. 5
PCULT)EXPTL/P(ULTlTIIEORY RATIOS TEST NOS ARE iHE SAfo1E z s IN INPUT DATA T"RLE
.OA.O ••• *~*~~~*~**+*~*~~*~*.*.*••* •••• * •••• * •• ***** •• _.*.*~***•••~.*..** •• ***.*.* ••• *o.*~~

IN THIS TA8LE THE ,URMULAF ARE TESTFD rnR APPL!~APILITY
RATIO=O.o SHUWS THAT THE TEST WAS OUTs!nE TH~ RECOHHEN~ED RANGE or TH~ rORHULA
rORHULAE HARKED THUSI- * ARE RASED ON SHEAR YIELD STRESS Ot CHORU
METHOD:-

It •SHEAR ARE~ COLUMN ANALOGY * AP I COO!: 'AWS COOl:* ..

76
77
78
79
8U
81
82
83
84
85
86
117
88
09
90
91
92
93
94
95
96
97
98
99

100
HETHOD:-

VISSER
;).6779
0.6779
0.6665
0.1\129
0.'>i'19
0.5719
0.6020
0.63:>1
0.521'1
o . "(i QO
0.4925
0.4925
0.4925
0.1\817
0.7082
O.7~23
0.7309
0.7082
0,511 i'
0.5117
0.'i172
0.5144
0.5226
0.5308
0.7423

1l.llnOI1
a.unco
0.0000
O.onoo
0.0000
o .0 (lOO
o .0 no 0
0.0000a.onon
o.unoo
O.onon
o .0 ClC 0
O.onoo~o.ooooo.onon
o.onoo
c .unecO.Joon
0.0000.o.onon
u.unon
o.onoo
0.0000
0.0000
0.0000

2 t r)o 1 t
2,R017
2.75~7
5,021)2
5,52!i4
5,521\4
5,11194
6.110~
5tll)?2
4.t}2no
~.7613
4,7613
4,7613
2.8173
2.9269
3,0678
3.0208
2.::1269
~,Ot,65
4.9465
4.9994
4.9729
5,0523
5.1316
3,n678

COLUMN A~ALOGY
••G.*oo.~••~~*.14~**~••~*.***~~*.*.**.~~**••*~ ••••• *~*~**+.*.4'1••*****~' •••••••••••• ~••• ~*.*'*.*o~~

L~q72
1.5()72
1.,704
2.94.50
2,71\;'9
2.7459
2.e905
3.0~50
2.5057
2.44~1l
2.3649
2.3649
?•..s649
1.61161
1.6'>136
1 .7 ,I B9
1.7<'21
1.66il6
2.4')69
2ot;')6Q

o.ooon
(I. iJ n 0 a
o • U:1 e 0
o • 00 G o
0.0000

101
102
103
104
105
106
107
108
109
110
~11
112
113
114
115
116
117
118
119
120
121
122
123
124
125

VISSER
0.7309
0.7574
0.708?
0.4269
0,42"9
0.4433
0.4679
0.4579
0.4816
0.4107
0.4518
0.4107
0.~9;-:8
O.48:l2
0.49114
0.5460
0.5532
0.5677
0.0600
a.:r.5?1
0.3679
11.35?1
0.37n5
0,3600
0.t,835

SHEAR AREA
a .0 no t)

o • 0 no I)o.unoo
C.OOGD
0·.0 (1011
o.onoo
0.0000
a • iJ (l0:1
0.0000
o • 0 (10 a
0.0100I.l,onoo
O.onon
0.0('00
o . 0'100O.onono.unoo
0.0000o.onoo
c .unnoo.onooo.unono.ooonO.ooon
0.0000

3.n208
3.1304
2.9269
4,:1.2('5
4.121\5
4.28<;2
4. ~232
4.5232
4.6555
3.1164
3.42'10
3.1164
3,7397
3.1\61.>4
3.7213
4.1430
4,t9110
4.30110
4.R4?2
4,7362
4.<>4;0,2
4.7362
4.9836
4.114::>2
6.5034

1.9620
1.'f620
1.9291
4.1493
3.o7!_4
3.U714
4.0152
4.2790
3.~751
:3.4';:;4
3.3:l43
3.3343
3.33<13
1.9729
2.01\97
2.148:5
2.1154
2.0497
3,4639
3.4639
3.501(1
3.41124
3.53130
~.5936
2.1463
rnPRAC
2.1154
2.1921
2,0497
2.8697
2.8897
3.0008
3.1('75
3.11\75
3,2602
1.2788
1.4n66
1.270t)
1. 5~H5
1.5044
1.5270
1.7000
1,7226
1.7677
2.6113
2.5542
2.668~
2.5'42
2.61l76
2.6113
3,5n72

1.5:121';
1.5328
1.5071
2.9960
2.7<;56
2.7956
2.94211
3.089Q
2.5t1j6
2.4880
2.4077
2.41177
2.4n77
1.5413
1.6013
1.6784
1.6527
1.601.1
2.5013
2.5n13
2.5281
2.5147
2,,548
2.5950
1.6'84

AP I cone
1.6527
1.7126
1.6(l13
2.0867
2.01167
2.:'66<")
2.2873
2.2P-73
2.3542
1.7330
1.yn63
1.7330
2.0796
2.0388
2.0694
2 •.3039
2.3345
2.3956
2.31\1'3
2.3n911
2.<;1:52
2.30911
2. 4o~C5
2.31S15
3,1717

1,11365
1. 0365
1.0191
2.U261
1,11904
1.'1904
1.9bQ9
2.0894
1.7457
1.6824
1,6281
1.6281
1.621H
1,0423
1.0d28
1.1349
1.1176
1,0828
1,6914
1.6914
1,709~
l,70n':i
1,7276
1,7548
1.1349

1,'-176
1.1581
1,08;:>8
1.~1:l.0
1,41tO
:':46:;.5
:'.54"7
1.:;467
1."920
1.?u?:;
1..3261
1.?055
1. '1467
1.4183
1.43Cl6
1.6027
1.6239
1.6665
1.5661
1. '53ld
1.6004_
1.?31d
1.6118
1.%61
2.1033

WASHIC
o .o o e 0
o .0 no 0O.onono.oouo
o • 0 co 0
O.()f'lOO
o .01100
o.onl)!)
e .unuo
O.U(JUO
O. o no o
0.0(100
o . ",10·'
0.0(100
o • 01)00
o • o no o
o • 0 () 0 n
O.onon
o .c o~:i
O.onooI.:.onoo
o .000 I)

o • 0 ali 0
o . c 0 e I)
0.0000

126
127
128
129
130
131
1.3:'
133
134
135
13(;
137
131l
13<1
14U
141
142
143
144
:'45
j46
147
14~
1.-:9
150

D.4913
n , -1913
o •:15·17
0.3232
1i.:l573
0.:l600
0.37~7
11. 3232
o ." 441
n.42Fi3
0.4178
n. c;71Q
O."UQO
0.4269
1).1\0;>0
0.<;1183
(1.41117
0.611)7
0.511)7
0.9276
n.l:>l·<7
n.c;2?6
fl.7443
n.ono
n. ~ 1" ,1

o.ooon
O.ononO.onon
O.onooO.onona.onon
0.0"0'1
a . 0" 0 0
0.0110n
o • O:"lQ nO.onon
o • a '10 nc.unOIlO.onoo
O.onon
a .IJ (11) 0
o • 0 DO 0
O.onono.onor.o.onco
o .0 n 0 ()
o.onoo
O.onon
o .nno»ooooan

6.60Q4
6.1\0'14
4.7715
4.3474
4.1101>8
4.1'\4~2
5.0513
4.:1474
~.Q732
5.7611
~.6198
5,"<;2,,4
4.9200
4.121\5
5.~lQ4
5.1\871
4,fl471
5.05t6
5,o·)t6
i!.9671
iI.il6U
5,nS?3
7.19~U
4,'i407
3.0677 .,.IBA

3.5644
3.5644
2.5732
2.344~
2.5Q23
2.6113
2.7257
2.3445
3.2213
3.1060
3.0:107
3.8714
3.4454
2.13897
4.fl752
3.9i!26
2.8J41
4,1670
4.11\78
6.279'5
6.2054
3,5380·
5.0:184
_3.11161
2.7·,' 8:;

3.2234
·3.2234
2.3::>7n
2.1<'02
2.3443
2.3615
2.464<)
2.1'02
2.9131
2.8fl97
2.7d07
2.7056
2.4~8~
2.01167
,2.942"
2.1:1750
2. 0·'66
3.0096
3.0096
4.5~45
4.4P1n
2.5'48
3.6383
2 •..sn07
2.0064

2,U76
2.1376
1,5432
1.4050
1.,:546
1.5661.
1.1\;)47
1.406U
i,93t9
1.1'1633
1.(1176
1.8904
1.6824
1.4110
1.95<")9
1.9417
1.3819
2.0352
2.0352
3.0663
3,03nl
1.7;:7&
2 I ~6{1.3
1. 'j5'J8
1.356e

0.01100o •[)no (J

o.onooU.unon
0.U(100
0.000n.
2. 2:1,~3
i ,y <'0 1
2.6:;b2
2.5°'1~
2.;"1)/\
2.6052
2.10P
1.lj37B
2.SQliO.onoo
\) • 0110 o
u , 0110 (1

3.0490
4.;''1')3
4_;~ln
::.5:"01)
3. '.'1b?o



s: Jr~ I·,A P I ~;E Il ~ E S UL T S (1F P ,\ Ii AMFT RIC S 1 'lOY I) F" r 118F. J 0 I NT F U fH; U LA t: - P A GF G
P(ULTH:,P'L/F(ULT)TIIED«Y RATIOS TEST NOS Ar~E THF. SAME AS IN INPIJT DATA TAtiLF.
*~.i~*~~.~*~~***U ••A~~O~40***~~ ••~.~GO*O* ••** •• f~~+***.* •••O~.«.*.~ ••• ***.*.*~IOO ••*O~*Q6~~

Pl THIS TARU: THE ;-!J'I~IULAF ARF H')TFn FOR !,PPl.!r.MllLITY
R f, 1 I 0" a • 0 SHU HS T HAT THE rES T W~ SOli T S I 0 E T H £' RE COM ME ~J0 E 0 RAN GE 0 F T HF. FOR MU LA

VOUMULAF. MAHK~D THUS:- ~ ARE ~Ac:,EO o~ SHEAR YIELD STRFSS OF CHORD
* • * a·

METHOD:" VISSFR SHEAR Ar-EA COLU~'N ANALOGY TOPRAC AP J ccne . AI~S CODI: WASH[n
1:.>1 0,()7f.9 c .uocn 9.44:;2 6.6129 4.7753 3,22')1 O.lJnuo
152 0,:;144 O.unon <1.9729 3,4824 2.,147 1.700, 0.0000
153 O. n"b U.000n 7.06;:>6 4.9450 3.5714 2.41'51 3.0.'121

. 154 1.11116;5 0.0000 10."013 7.3'>39 5.;5103 3,5<;09 5.4flO5
15'5 0.681.3 o.unoo 6,'i865 4.6124 3,3307 2.<:'522 J.MI72
1~6 0.S172 o .0 o co 4.99<14 3.5010 2.~281 1.709!;) <:,.,024
1?7 f).5172 0.U'100 4.9994 3.5010 2.!;)2tJl 1.7 u ')5 ,2.:nj;?11
158 n.~8?'3 0.0(100 9.49f>1 6.6500 4.!J020 3.;>472 4.7'031
159 0.9933 a.onan 9.1'001.9 6,7241 4.0556 3.28:14 o.unoo
1.60 0.7744 O.onoo 7.~856 5.2422 3.7855 ?551J8 O.Ur)O(j
161 1.0261 1).Ol"on 9. "1194 6.9464 5.0161 3, .3919 O.onon
162 0.:>195 o.onon 4.4263 3.1000 2.2386 1.4653 2.U059
163 O,?466 o .0(100 4.9733 3.4fl29 2.5149 1.1>462 2. 2~;35
164 O.?30(3 o.Ol1on 4.8367 3.3il71 2.4459 1,6Q1U 2.19:"6
.16!:> 0.3776 o.onon 4.5064 3.1?57 2.27118 1.~2H6 2.25lJ6
166 a.:~620 o •0 o 00 4.:lln 3.025\') 2.11144 1.4653 2.1>'>;0
161 0.3150 o •0 no n 3.75"8 2.6329 i ,<tI1Vi 1,2754 1.0.:144
168 0.4469 D.onoO ~.33~{) 3.7346 2.0"168 1.[\090 2. al.<)7
169 0.44?4 O. onoo 5.'707 3.6973 2.6(>98 1. 7909 1.90Y'"
j711 O.4~<;7 a.Qnoo 5.19C)7 3.6412 2.6::>94 1.76313 1.9f>'r?
171 0,4737 O. onoo 5.6530 3.9587 G.8?86 1.9176 o.on~o
172 n.5362 o.onoo 6.3996. 4,4615 3.2362 2.1706 o . O!) 0 o
17.5 n.5~73 O.O~OO 6,29~9 4.406i:l 3.182~ 2 ,l.34 7 . Q.Ol')on
174 0,;>313 o.onco 3.1078 O. 0000 O.ooon 0.0000 2.0420
175 0.2347 0.0000 3.i5~3 0,0000 0.0000 0.0000 2.0719

••~'~~~~~.*~~~••~••~~~O* ••*4~4~4 ••t~~ •••• ~*.~~*.*.~.•~~**4*~~~.**~*6~*4 •• *'** ••• ~*~Q'*~'~ft.~~.~~~t~~
\70 0."313 o • 0 Cl or, 3.1078 0.0000 u.OOO() o .« 000 ;:.0420177 O. ::>8?1 O.onon 3.791)0 0.0000 0.0000 o •0 o U 0 c .vocn
li'B n.::>730 o.ooon 3.66!~·7 O.cnoo 0.0000 0.0000 0.0000
179 n.::>8n9 0.0('101) 3,7749 o •00 00 0.0000 0.0000 a.Joan
lBO 0./900 o • c n 011 3,'1961 0,0000 O.onoo 0.0000 a,CnLlO
151 O.3H4 o .000(1 4,1542 0.0000 0.0000 ()•0000 a.unoo
152 0.31:57 o.ocon 4.?l45 o.onoo o • U (10 0 O. (J 0 a (J u.uoon
183 0.":1033 O.OliOO 7·.54 "5 5.211013 .3.8177 1.'1U96 IJ • G n GG
184 0.1754 0.0(100 6.5J.2~ 4.5606 J.2Cl3.3 1.7163 c .unc»
la5 0.1 no o.ooon 6.3B.91 4.4735 3.2303 !.e-a3~ O.onoo
186 0.<'651 0.0"00 6.,~944 4.4779 3.233~ 1.80(1) !..9~54
187 0.(>522 o.onon 6, 02~5 4.4276 3.197< 1.. 7893 '- • 9,~ j 7
18R O.?636 u.unoe 6,35~5 4.4527 .3.215<1 1.799:> 1,'11';6
189 n.9':165 o.onoo 1.5417 2.1593 O. n9~ 1.'>928 2.2t;3Cj
190 1.0144 o • 0 n 0 0 1.<;6<14 2,1980 O.7Q36 .1.6214 2.2040
191 O.96n7 0.0000 1.48114 .2.0.916 0.7516 1.5357 ,.1.727
192 l.U;'l4 o .0 n 0(1 2.?.699 1.019:' 1.:1192 0.1:!t!10 1.2<146
1')3 a.9H2 a.onoo 2.1509 1.059Q 1·3714 n .•\1075 l).923:?
194 1.10;>3 o • U n 00 2, ::>472 1. Q 0 93 1.31160 O.!l722 o .O:1!JO
195 1.;>4;>3 u.Or.oo 2. ;:>;,77 1. 4605 1.2R23 0.~7·~9 1.070:;
1;>6 1. ;)011 a.Onon 2,4063 1.5295 1.343rJ 0.9163 o.OGun
197 1.~Ol1 c.anon 2.4063 1.5295 l.S430 0,9163 C.OGOO
19f1 1.:?fl35 0.0000 2.211j9 0.6"97 1.3911 0.9:;'118 O,on(jll

199 1.?ii~5 G.OOOO 2.2109 0.8997 l.3911 O.9~aa c.onoo
200 1.361J2 o.orol1 2.3569 0.9591 1.4.q2() 1.0221 O. or) 00

a ••• O~04~*.* ••• ~~**~~~~.*~.Q •••~•••* •••••••••• ~•• O.*.**.* ••~.~~••**.* ••• ** •• * •• ~.*.*..*.OO •••• ~~~ft.~
2Jll o. "':;(,9 O.onao 4. ';92"8 2.0629 ~.3(3? 1.'56'iG 1.4125
202 1 .....048 0.0 r. L (; l •421.7 O. 6.~85 0.8041 0.5971 0,6~7I
'-0.$ 0.6661 o .ll0 0n 4.64::>2 1. oR90 2.51,4<; 1.7676 O.onoo
204 1.7452 O.Dno!) 1.·1063 0.5316 0.811114 O,e.131 o •0 I) un
2(15 0.96'12 a.unOil 4.tO'15 1.8416 2.2756 1.4(j64 1.4:147
::>01> 0.6108 O.onan 6. J4?l 2.4994 3.5051 2.3,Q3 O.~I)UI'l
~t.)7 '1.41.(17 O.onoo 7.78:>9 3.4055 3.611411 2.4593 2 .14 ~,\
;:>0!\ 0.3970 o.uf10n 1:?~4')? 8.1678 5.8&93 3.88fl9 4.31.51
20'1 0.1\01)1 o • 0 Cl00 9,'i178 3.07.3n 4.6"44 3. :1&66 0.080n
210 n.1400 O.onon 6,°174 3.4.~91 2.9624 1.9cl~7 1.''51?
211 0.;>142 c .unuo 12,6013 7.8598 5.2651l 3.5444 o .0(1 Gn
212 0.i971 G.o~on 11.0562 4.4"15 5.1355 3.53'-4 o • en I) "
'13 n.n5<19 O.ono'1 6,:13111 2.6250 2.5'-00 1. f>9,,9 : t 3'1 ~7214 0.0553 c .uno« 7,"173 4.03;6 3.013:1 '2,04.12 a.uno·'<'1'J 0.1944 a.onOr) 15,6866 9.5126 ,. sne 1 4.0200 ~, • (J o In
?16 I'l.ion o.o~cn 14,73'?9 5. i710 6.0126 4, ~ II'~, o . 0 n U o
"17 O. <;3f.6 . o • 0 n a;J 9,"2d6 4.4574 4 •7(14~ 3.141 Ii <J .0 o un
fl1~ c.~o(,? o .0 n on 1'i.1317 7.5/30 6. 4 ~ 0 '- 4.34'>0 O.U'ion
21<' 0.'104 o • 011 on 2:, .'5::>4 10,5'101 to.UPOl 6.7d77 u.cnJf1·~C., 1."4~2 o • J;1 0.1 19 .:1 A 'i1 9.i:lH2'5 7.S7SQ 5.1Ulll 'J. 'J!1 ~ r;::><'1 II, ::>o:lt O.unt)r'I 21.:'2~O 12.870n 7.8'55·3 5.4~Lq ,) • un I)0~2? 1.~<;70 0.0(10'1 <; .1 91 ~ 2.61'>44 2.74'5'3 1.I'')H4 0, iJ r 0:122S 1. t 11) If O.onon 5.7tlO2 il.QllOU U.~00!1 i).UiJoa U .0 t1 U 11".) 4 1.\ 57 0 U.o(\on
;>;,:? :l.. n 9::'8

'5.1 'it5 2.6641, 2.7455 1.8:>84 o . 'J r. 0 f)U ,0 ri on 5,6362 a.onoo G.anoo a,nono r . {~().j ~
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:;.lli·I;1/,;IISf'11 ;(t;<;ULTS nF PARMIFTRIC STilDY I)F Tl.IUr- JOI~JT FOfHHJLAE-P"GF "7
f'(l.'LT)[;)'PTL/f'(ULT)THE;ilkY RATIOS 1'::51' NOS AtH: THE SM1E At:; IN IN,'I)T DAB TAnLl:'=
*~~*.*~~~.~~O*~O.~*6*4t~*.~*~O ••****I.* •••• "*.~**.*~.4~.* ••• * •• *~.~*.*.~**~~**oO.~.G~~~.**

1'1 THIS T~::U: THE FiJR'lllLAI' Ali;: TESTFj) f'nfl APPLIr,AQII.IT·(
RAT 1o~0 • u ~HU i.S TIiAT THE TEST W~S OiITS! fl!: iH!: "" C; n"lM~ ~JOF0 fHNf;E OF THJ: FORMULA

P' R :·1ULt. r: l'IAR"EIl THl}S!- • ARE ~ASEn ON SHEAR YIELL> STR>'$S OF C4Qf'l1)

" .. * * .. *'~'_:FJOn: - vIsSFR SHEAf.: ARf:" COLU~r, PIALOr,V TI')?R AC API r.on~ AWS COOl: \oj,\$HIO
+~~***~~~~~**~O~4**~*.~.*.*~~.*_*ti*4*~4~.d~** ••~.~+.**~.~.*~Oft.~~~~***'*6~*.**.*~~d~~~qU~&~*~~*O~~~'

2~() U.'964 Q.ono~ 1. :;'7::>4 . U• Ill: v{} O.(Jnun 0, Uc 110 1.0897
227 O. ')61Ul o.onon 2.~3<;B o .lJ49t 1 •.3477 O.~939 1.27?5
?2'l n.:>tlQ4 O. U00n 3.'270 1.6446 :.6739 1.0C3Q 1.;;9;;9
?2Q f).30~9 O.OilOO 1 • Ii nn I) O. o U 00 o.onon O.OiJ~C 1.'=!Ob6
?30 n.'?769 D.onon 2.1150;'; 1.1133 1.?024 1.02'>2 1.4;,,6
2:,1 0.'615 D.onon 3.~'170 1.60(,4 1.6"'64 1.09::>7 l.J711
?3::> 0.2702 i),uOilO 1.<li'T. 0.1)0 0 () o . 0 no o a.nuco 1.3H~;
23;~ 0.19114 O.onon 2.R375 1.1057 1.4"911 0.'1:;97 1.2647
::>34 n , '111 o .!J 0 on 3,71)115 1.8907 1.7?74 1.16::>4 1. .3.'113
?35 n •? 'iI\ 4 n .0 n 00 1.~7"'5 0.0000 O. tJ 110 n O.OQnD 0.911311
231> O,'6P4 a.ooun 2.~3'3tl 0.94':11 1.• 3~ 77 0.13909 1,01i??
2:P n.;;>C94 o.onon 3.~270 1.6446 1.6739 1.0630 1.0P()4
2311 0.'103'1 O.Ol)on 1.1i009 o.onuo o •0 no I) O.nooo o .,. ~ 30
?'3'.1 O.'7A9 L.UOlJn 2.f1554 1.1133 1.5324 :;'.0252 1.1141
:>40 O.?6J.5 () • 0 (lOO 3. :H7r) 1.6964 1.61-.64 1.0<,127' 1.07:.;.4
241 0.;>702 O.Or-oo i.Q7:)9 O. oc cn O.onoo l).nOJlO o . ') '. t; 7
242 0.19114 Q •OOOil 2.,G375 1.1057 1.40911 0.'i'j97 0.9;:>,57
? 4 :~ O,?110 o.or.an 3.7098 1.8Q07 1.7?79 \.1628 0.97,S
;>44 0.4146 0.0('10(1 f, t 11';8 3.t:l88 3.1280 1.0696 U. unuo
24~ n.~214 0.0000 5.C;8'57 2.2594 3.168? 1. 6763 O. 0000
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APPENDIX B



1 -,
1,,'

1 j

H
1~
,6
1/
1~
1Y
20
21
22
23
24
25
26
21
28
29
3u
31
3~
33
34
35
36
37
38
39
40
41
1.2
4~
44
45
46
41
48
49
50
Si
52
53
54

PAGE

c
405

406

40
37
C
38
1 1

24
39

25
19
C

50
51
209
12

00 000 ;) 0 0 0 0 0 0 0 0 0 0 ()0 0 0 0 C !'l " 0') 0 CH) r~2 F t. '(l006@U 0 0 J DC '·1
PRO (j RM1 ( J D C !.j )
INPUT1=CRO
INPUT2=TRO
OUTPUT3=TPO
OUTPUT4, (110rJlTOR)=LPO
OUTPUT5=TP1
NOTRACE
END
MASTER CASICSTATS
DIMENSION SUH(2,,21),XCZ1l,COPy(20,20)
REAL NAllES(20)
LOGICAL LCOV,LCOR
cor·mON /BL1/NM1i:S
DATA COVN,CURtU'COVARIAr:', 'CORR~LAT'I
READ NU. OF VARIABLES AND THEIR NAMES
WRITEO ..,405>
FORMATC' TYPE NUMBER OF VARIABLES')
REAO(1,37)NN
WRITE(4,406)
FORI·1.a.T(' TYpE VARIABLE i~Af.1ES')··
CALL READNAHES(NN)
~1=0
N=Nt~+·1
X(1 )=1.0
00'40 1=1,21
DO 40 J=1,21
SUM<I,J)=O.O
FORf1AT(IO)
READ O~SERVATIONS AND WRITE THEM TO JDOBSNFILE
ReAD(2,'1,END=3~)(X(J),J=2,N)
FORt1AT(20FO.O)
WRITE(S,12)(X(J),J=2,N)
M=M+1
DO 24 J=1,N
DO 24 K=1, J.
S UrH J , K ) = S lJrl ( J , K ) +X ( J ) • X ( K )
GOTU 38
ENDFILE 5
CALL RLEASE(S)
PAUSE
DO 19 1=1',N
DO 25 J=I,r~
SUMCI,J)=SUM(J,I)
CONTINUE
W RI T E ~~N , t·' , tJ AllE S .MID C P r1AT R IX TO F 1 LE
WR I T E ( 3 , 5 I) ) I~N , r1
~IRI T E (3, 51 ) (N ..\1-' ES (I) , 1=1 ,NN)
FOR tl A T ( 2 I4 )
FORf'IAT(10A8)
DO 209 1=1,u
WR I T E ( 3 , 1 2) (S UI1 ( 1 , J ) ; J = 1 , I )
FOR ,·1A T (5 E 1.) • 11 )
IF(ABS(SUMC1,1».LE.1.0E-SO)GOTO 13
T=1.0/SurH1,1 )

3 21/05/79 LISTING BY EDITOR ,XKYA MK 11A

D066J=1,N
DO 66 K=1 tl - 18 -



5)
50
Si"
50
S9
61,)
61
62
6::'
64
6:>
60
67
61:>
69
70
71
'7.'
73
74
75
76
77
78
79
80
81
82
8:5
84
85
86
87
80
8'J
90
91
92
() ."• .J

94
95
90
97
98
99

100
101
10e:
10:S
104
105
10('
107
108
109
'10

PAGE

DO 06 J=1,N
DO 06 K=1 , t~
IF(J.EQ.1.0P..K.EQ.1)GOrO 66
S1I~1(J t K )= SU11( J , K )- SU 11(J , 1)* S U~1(1 ,K ) * T

66 CONT IrWE
DO 07 K=1.N
sun < 1 , K ) = S U II ( 1 , K ) *T

67 SUM(K,1)=-SUf1(K,1)*T
S Ut·, ( 1 , 1 ) =T
GOT!) (;8

13 WRITE(4,500)
5 0 0 FOR ~1A T ( , 0 S III GU LA R r·,A T R I X - RUN T ERr·, I NAT ED I )

68 DO 200 1=2,N
DO .:!OO J=2,1

200 COPY(I-1,J-1)=SUM(!,J)/(M-1)
WRITE(4,410)

41 0 FOR' 1A T ( 'OT A 13lEO F r1 E A N SAN D STAt J 0 ARD DEV !AT ION S ' I /' V .~Q J ,\C !
1 MEAN STD.DEVIATIUN')
DO 21 2 1= 1 , t~-1
SD~SQRT(COPY(I,I»

21 2 ~JR IT E (4 ,41 1 ) rJA 11ES (I) ,SU11(1 , I+ i ),S D
WRITE(4,412)'"

412 FORt·1AT('ONU'IBER OF OfSSERVATIONS = '.,14/)
411 FORMAT(1HO,A8,3X,F9.2,QX,F9.2)
C MEANS ABO STANDARD DEVl~TIONS NOW PRINTED
C
C READ r-'ATRIX REtWIREllENT P/\RAMETERS

"'RITE(4,52)
5 2 FOR IIAT(' COVAR I AN CE 1·1AT R I X RE QUI RED? •)

WRITE(4,53)
53 FORHAT(' TYP~ YES O~ NO')

CALL READYESORNO(LCOV)
C LCOV IS FALSE IF COVARIANCE MATRIX TO BE PRINTED

WRITE(4,54)
5 4 FOR f1A T (t C I)R R E LA T ION fl A T Ft I X R f \~U IRE D? •)

I.JRITE(4,53)
CALL READYESORNO(lCOR)

C LeOR IS FALSE IF CORRELATION MATRIX IS TO BE PRINTED
IF(LCUV)GOTO 302

C PRI~T COVARIANCE MATRIX
WRITE(4,415)

415 FORf1AT('OHATRIX OF VARIANCES AND COVARIANCES'/I)
CALL OUTPUTLTARR(COPY,NAMES,NN,20)
WRITE(3,55)COVN

55 FORtIAT(A3)
DO 204 I=1,UN

204 WRITE(3,12)(CUPY(I,J),J=1,I)
302 IF(LCOR)GOTO 310
C DERIVE CORRELATION flATRIX

DO 205 I=1,NN
DO 205 J=1,I

205 SUM'I,J)=COPY(I,J)/SQ~T(COPY(I,I)*COPY(J,J»
C PRltH CORRELATION ~1ATRI>~

1-1RI T E ( 4 ,404 )
404 FORflAT('OCORRELATtOtJ IIATRIX')

CALL OUTPUTLT~RR(Sur·',r~AliES,NN,21)

4 21/05/79 LISTING BY EDITOR #XKyA MK 11A
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PAGE

1 i 1
'12
,1:5
114
11 S
'16
11 i'
11lS
119
120
.121
122
12:5
124
125
126
121
128
'29
130
131
13C!
133
134
135
136
13"1
138

PAGE

SENT
SENT
SENT
SENT
SENT
SENT

PAGE

207
310

25

20

100
50
51

21/05/79 LISTING BY EDITOR #XKYA MK 11A

\oJRITE(3,55)CORN
DO 207 I=1,rW
\.I R I T E ( 3 I 1 2) ( S U 11 ( I , J ) , J = 1 , I )
ENDFILE 3
STOP
END
SUB fl 0 UTI NEll UT PUT L T ;\ RR ex , NAt·· E sir J , ND )
D 11-1E ~ SI 0 N X ( N D , !JD)
REA L NAil E S ( ~n
M=O
r.16=6
K=N
IF(K.GT.r16)K=1I6
\.I R I T E ( " , 5 1) OJ A 11E S ( I) , 1 =11+ 1 , K)
DO 20 I=I-1+1,N
K=I
IF (I•ur ,t16) K= r 16
WRITE(4,50)NANES(I),(XCI,J},J=M+1,K}
CONT IIWE
IF(N-H6)101),100,0
M=I"+6
M6=t16·+6
GOTO 25
RETURN
FORI1AT(2HO ,AB,1X,6<1X,F8.2,1X})
FORHATC1HO,13X,o(1X,AB,1X»
END
FINISH·

"-_._.
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SENT
1

, l.
.s..

I )

16
I I

ISI
I.}

l'0
11 j,~
In
141,5
,, e
,'7
18
119
20
121
12e::
! 2:s
24
2S
26
27
28
29
30
31
32
33
34
3S
3('
31
3d
3",
40 C
41
42
4::; 50
44
~~ 51'.0
4/ C4()
l" '. 209c; t. 52, .

201
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o o 06 @ 0 0 0 J DeL 0 o 0 0 0 0 0 00000000 I) 0 v 0 II 0 0 0 I)n U () () B 2 F4 (I0;) ',! r. c
PRO G P. A ~·1(J D CL)
INPUT1=CRO
INPUT2=TRO
INPUT3=TR1
OUT PUT 4, ('·10 NIT C) I{ ) = L P 0
COIWACT DATA
COl·' PRE S S tr JT E G F. ~ A U D LOti I C .AL
NOTRACE
END
MASTE~ REGReSSION
D I t~ENS I u r~ sur I ( 2 1 , 2 1 ) , cop Y ( 21 I 2 1 ) , F T ( 3 0 , 3) I GT ( 33,3) , X r·, ( 21 ) , C0 E := 1= (,) ,

INTEGER INDVA~S(20),DEPVAR,TOT
REA L r~A" E S (2 I) )
LOGICAL DROPOUT,LEND, LCONST,LSTEP,LFULL,LRES
COt,mON 1B L2 1 I NDVARS
C01-1110 NIB L 1 / Ii A r 1E S
COMHON/SET/DRUPUUT
COMHON/OPSET/LCUNST,XM,ADJ,TOT
DATA GTI 7.44,7.25, 7.14,7.06, 7.02, 6.9J, 6.95, 6.Q1, 6.87,

1 6.35,6.84,6.83, 6.82, 6.31, 6.8 • 6.79, 6.7~, 6.77,
1 6.76,6.75, 2*u.74 ,6.73,,6.72, b.71, 6.7 , 6.69,
1 6.68, 6.67, 6.06, 6.05, 6.04, 0.63, 4.13, 4.0n, 4.02,
1 3.Y9, 3.98, 3.97, 3.95, 3.94, 3.93, 3.92, 3*3.91
1 3*3.9, 3*3.89 , 3*3.88 , 3+3.87 ,
1 3*3.~6, 3*3.85 , 2*3.84 , 2.~6, 2.83, 2.8 I

1 2.79, 2.78, 2*2.77 , 2.76, 4*2.75 , 6*2.74
1 6*2.73, 6*2.72 , 3*2.71/, ~T/4052.0,
1 98.5 ,34.12,21.~ ,16.26,13.75,12.25,1'.26,10.56,10.04,
1 9.65, 9.33, 9.07, 8.86, 8.68, 3.53, 8.4 , d.20, 8.i3,
1 8.1 , B.02, 7.~5, 7.88, 7.82, 7.77, 7.72, 7.68, 7.64,
1 7.6 ~ 7.56,161.4,18.51,10.13, 7.71, 6.61, 5.9Q, 5.59,
1 5.32, 5.12, 4.~6, 4.84,4.75, 4.67, 4.6 , 4.54, 4.49,
1· 4.45,4.41,4.38,4.35,4.32,4.3:,4.28,4.26,4.24,
1 4.23, 4.21, 4.2 , 4.18, 4.16,3~.8~, 8.53, 5.54, 4.54,
1 4.06, 3.78, 3.59, 3.46, 3.36, 3.2~, 3.23, 3.18, 3.14,
1 3.1 , 3.0?, 3.05, 3.03, 3.01, 2.99, 2.97, 2.0b, 2.95,
1 2.~4, 2.93, 2.92, 2.91, 2.9 , 2.8Q, 2.89, 2.881
INDEX=21
READ IP~,f1 AriD tJAf~ES FROII FILE
LFULL,DROPOUT=.FALSE.
REA D ( 2 , 50 ) tJ N , r1
FOR 11A T C~14 )
READ(2,51)(NAHES(I),1=1,NH)
FORHAT(10A8)
N=NU+1
READ CROSS-PRODUCT MATRIX INTO SUM AND COpy
00 ~09 1=1,N
REA i)( 2, 52)(SUI1( I ,J ) , J = 1 , I)
FORIIAT(SE18.'1)
DO 200 I=1dl
DO 201 J=I,tJ
Su~,( I , J ) = SUII(J , I )
DO 202 J=1,N

- 48 -
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55 202
56 200
57 C
5~
5'1 70
60
6-,
6~ 71
6':>
64
6j C
66
67 72
6~
69 73
70
71 C.,-,, "
7'.)
74 74
7S
76
77
78
79 53
80 205
81 75
8;::
8S
848, 76
86
87
88
89 C
90 C
91 C
92 C
9:S
94
95
90
97 220
90
99

100
101
10C!
103 800
104
105
10c>
107
11)B 60
109
110 1000
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COP Y ( I , J ) = SUI' ( I , J )
CONTINUE
READ REGRESSIUN PARAMETERS
~JR IT E (4 ,7 0 )
FORI·IAT(' TYPE Ir:DEPENDEIH VARIABLES')
CALL READINDVARS(NOLNDS)
WRITE(4,71)
FORMAT(' TV~E DEPENDENT VARIABLE')
CALL READDEpVAR(NN,DEPVAR)
JJS=DEPVAR-1
DE P VAR I S 1 + ( S LJuS CRI P T U F D. V. INN A14E S )
~"RITF.(4,72)
FOR 1·1A T (' S T E P 1,.1I S ERE Q U·IRE D ? ' )
!-IRITE(4,73)
FORt1AT(' TYPE YI:S OR NO')
CALL READYESO~NU(LSTEP)
READ F-LEVEL' IF STEPWISE TO BE PERFuRMED
IF(LSTEP)GOTO 205
WRITE(4,74)
FORI1AT(' .F-LEVEL'" TYPE 1,5 OR 10')
READ(1,53>ILEVEL
IF(ILEVEL.EQ.1)IF2=1
IF(ILEVEL.EQ.S)IF2=2
IF(ILEVEL.EQ.10)IF2=3
FOR t·1A T ( I 0 )
WRITE(4,7S)FORflAT (i COr~sTAljT REQUI'REO-?')' -_ .. _-_._---- _-.-
!·/RITE (4,73)
CALL READYESORNO(LCONST)
~IRITE(4,76)
FOR t1A T (' RES I DU A L S RE QUI RED? • )
WRITE(4,73)
CALL READYESORNU(LRES)
IF(.NOT.LSTEP)LFULL=.TRUE.
LCONST IS FALSE IF A COI-ISTANT IS TO BE INCLUDED IN T.HF. REGR
L S T E PIS F'ALSE IFS T E P IH SE REG RES S ION 1ST 0 BEE X E CUT F. D
L F U L LIS F A LSE I F A F U L L '·W L T I ? L F. REG RES S ION 1ST I) BEE X F C (j
LRES IS F,'LSE IF RESIDUALS ARE TO BE OUTPUT
ADJ=SUtH1,DEPVAR)**;USUII(' ,1)
TOT=I·1
XtH 1) =1 .0
DO 220 I=2,N
Xf4 ( I ) = S ur1 (, , I ) lI1
IF(LCONST)GOTO aoo
CALL PIVOT(COPY,INDEX,N,1)
IF(DROPOUT)GOTO 998
CALL PIVOT(SUH,INDEX,N,1)
IF(OROPOUT)GOTO 998
CONTINUE
I F CLeo ~JS T ) 14= r1+ 1
SQY=SUM(DEPVAR,DEPVAR)
IF(LSTEP)GOTO 999
WRITE(4,60)
FOR 11A T ( ,0 S T E P \./1 S ERE G RES S ION 'I / , )
WRlrE(4,1000)ILEVEL
FORMAT('OLEVEL OF SI~NIFICANCE ',I2,'X'/)
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111
11 ~
11:.:i
114
115
116
11 i'
118
1 'I SI
12u
121
'122
12::;
124
125
126
121'
128
129
130
131
132
13:5
134
135
130
137
138
139
140
141
142
143
1/.4
145
146
147
148
149
150
151
15~
153
154
15~
156
157
15~
, C;Q

160
, 61
16c:
'll~
16 ..,~~
11) 'J

!)AGE

300
28

80

81

82
26

C

30
29'

59

16
1 5

27
1 4

Q99
61

42
998

I •
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WRI T E ( t; , 301) ) rJ At1 E S ( J J S )
FOR t4A T ( ,0 D EDt: N 0 E IH V t\ R IAllLEI S " A 8 / )

K=O
K=K+1
I F1 = 1·1- K-1
IF<IF1-30)O,Q,80
FTEST=FT(lF1,IF2)
GO TO 82
IF(IF1-360)81,0,0
FTEST=GT(33,IF2)
GOTt) 32
IF1=<IF1-20)/10
FTEST=GT(lF1,IF2)
IF(K+1-H)26,27,2?
CAL L no S T ( S U1·1• I IJ DEX, N , I , F , DE P V AR )
IF(DROPOUT)GOTO 998
F = F * ( 11- K-1 )/ (S i11 1( 0 E PV A R , DEP V A iO - F )
IF(F.LT.FTEST)GuTO 16
I HAS BEE N DET E fW HI ED BY noST
CALL PIVOT(SIJ11.INDEX,Nd)
IF(DROPOUT)GOTO 998
J=I-1
WRITE(4,30)NANES(J)
FORI1AT('O ',AB,' tiROIJGHT INTO REGRESSION'/I/)
CAL LOU T PUT ( S U 1,1, IUD EX, N , S Q Y , I( 1FT EST, L I M IDE PV A R )
IF(L.EQ.O)GUTO 28
CALL PIVOT(SIJ11,INDEX,N,L)
IF(DROPOUT)GOTO 998
J =L-1
'4R I TE (4,59) NAllES (J)
FORJIAT('O ',AB,- TAKEN OUT OF REGRESSION'///)
K=K-1
GOTO 29
,., R I T E ( 4 , 1 5 ) ,
FOR 11A T ( , 0 REil A Hi! NG V,\ R I A B L E S ARE INS I G N I F I CAN T ' )
GOTO 999
WRITE(4,14)
FORf1AT('OALL VARIABLES UOU INCLUDED IN REGRESSION')
GOTO 998
IF(LFULL)GOTO 998
~IRITE ( 4 , 61 )
FORHAT('OFULL MULTIPLE REGRESSION'///)
WRI TE (4 ,300 HIM1 ES (J J S )
DO 42 I=2,N
IF(INDVARS(I-1»42,42,O
IF(I.EQ.DEPVAR)GOTO 42
CALL PIVOT(COPY,lNDEx,M,I)
IF(DROPOUT)~OTO 998
CONTINUE
CALL OUTPUT(CtJPY,INDEX,Il,SQY,NOINDS,FTEST,L,M,DEPVAR)
CALL RESIDIJAL(N,DEpVAR,LRES)
STOP
ENO
SUBROUTINE IIOST(A,L,N,I,BIG,DV)
DIMENSIUN A(L,L),lNOVARS(20)
tNTEGER DV

.""1--./-'1 ~. r .; 1" : 'I t, t' Y ):' {" I , ....,t,: tI.1""" ...... a, ~ ,;
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161
168
16')
170
171
172
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1 "l (~
1 '(5
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-17('
178
179
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182 62
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184
18) 500
18t> 63
187
138
189
190
191
192.'193--. - .. ,.

194
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196
197
19fJ 12
199
200
201 1 1
202
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204 13
21)5
206 500
207 14
208
209
21 V
211
21l
21:)
214
215
216
217
218
219
220
221
222

PAGE
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LOGICAL DROPOUT
CO '·11ION / SET / DR 0 P0 UT/ u L 2/ 1 N DV A RS
1=0
BIG=O.O
DO 61 J=2,N
IF(INDVARS(J-1»61,61,0
IF(J.EQ.DV)GOTO 61
IF«A(J,DV).A(DV,J».LE.O.O)GOTO 61
!F(ABS(A(J,J».LE.1.0E-50)GOTO 62
PROD=A(J,DV)*A(OV,J)/A(J,J)
IF(PROD.LT.oI~)GOTO 61
I=J
BIG=PRCD
CONTItWE
GOTO 03
CONTINUE
DROPOUT=.TRUE.
WRITE(4,500)
FOR (I A T ( , 0 SIN G U L,~ R t1 A TR I;~ - RUN T E R r-1INAT E 0 I )

RETURN
ENDSUBROUTINE PIVOT(A,LtN,I)
LOGICAL DROPOUT
D H1 ENS ION A ( ~ , L >
COMMON/SET/DROPOUT
IF(ABS(A(1,I».LE.1.0E-SO)GOTO 13T=1 .01 A (I, Ij _.-- -' .-.--- ----------------- ---.

DO 12 J=1,N
DO 12 K=1,N .
IF(J.EQ.l.0R.K.EQ.I)GOTO 12
A(J,K)=A(J,K)-A(J,I)*A(I,K>*T.
CONTINUE
DO 11 K=1,r~
A(I,K)=A(I,K)*T
A(K,I)=-A(K,I)*T
A(Id)=T
GOTO 14
DROPOUT=.TRUE.
WRITE(4,SOO)
FORMAT('OMATRIX SINGULAR - RUN TERMINATED')
RETURN
ENDSUBROUTINE OUTPUT(A,L,N,SQV,K,FTEST,M2,M1,DV)
INTEGER DV
INTEGER TOT
REAL NAf-IES(20)
LOGICAL LeONSTDIMENSIOU A(L,l),E(2),G(2),SQ(Z),IDF(2),COEFF(20),XII(?1)
C0 t~II 0 U IRE SSE T / CUE F F , CON
C 0 t-1t10 N / ~ L 1 / N A H E S
CO t1t1 0 U I I.) PSET / Leo NST ,X r·~, AD J , TOT
DATA G(1)/'REGRESS RESIDUAL'I
RCORR=O.O
F1=FTEST
M2=O
~JR 1T E ( 4 , 5 1 )

10 21/05/79 _ la- I_ST Ir4 G BV ED ITO H ;1XKYA ~1K 11 A
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224
225
226
22;'
22b
229
230
231
23~
,233
234
235
23()
237
238
23'<J
240
24'1
242
243
244
245
246
241'
248
249
250
251
252
253
254
255
256
251
25~
259
260
261
262
263
264
265
266
267
268
269
270
271
272
27$
274
275
27b
277
278

PAGE

51

53
80

510

50
48
55

91

92
90

56

57

58

59

60
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FORIIAT('O
1UE'/I/)
IF(LCONST)GOTO 80
B=A(1,DV)
ERROR=SQRT(A(OV,DV)*A(1,1)/(M1-K-1»
F=(i3/ERROR)**2
WRITE(4,53)S,ERROR,F
FOR !t A T ( •0 CON S T;\N T I I 5 X , r 1 2 •5 ,?X I F 1 0 •4. S X d,.. '} .
CON=B '~."
IF(LCONST)CON=O.O
DO 510 1=1,20
COEFF<I)=O.O
DO 55 I=2,N
IF(A(I,DV)*A(UV,I).GT.O.O)GOTO 55
J=I-1
ERROR=SQRT(A(OV,DV)*A(I,I)/(M1-K-1»
B=ACI,DV)
COEFF(J)=B
F=(ti/ERROR)**2
RCORR=~CORR+Xr1(I)*B
IF(F.~T.F1)GOTO 50
F1=F
M2=I
WRITE(4,48>rJAlIES(,}) ,B,ERROR,F
FORHAT(1HO,4X,A8,6X,F12.5,7X,F10.4,5X,F8.2/1)
CONTINUE
IF(LCONST)GOTO 91
GOTO 92
E(2)=A(OV,DV)
GOTO 90
RCORR=RCORR+A(1,DV)
E(2)=A(OV,DV)+TOT*RCORR**2-ADJ
E ( 1 ) = SQY - E (,2 )
IDF(1)=K
IDF(2)=1-11-K-1
DO 56 1=1,2
SQ(I)=E(I)/IDF(I)
HRITE(4,57)
FOR 11A T ( ,0 A t~A LY SIS 0 F V A R IAN C ETA B LE' 1 I 0

1UARES D.F. MEAN SQUARE'/)
WRITE(4,SJ)(G(I),E(I),IDFCI),SQ(I),I=1,2)
FOR IIA T (1 U 0 ,3 X ,A i3 , 3 X , F 1 4 •4 ,4 X , I4 ,6 X , F 1 4 •4/ )
J =1-11-1
R=E(1)/SQY
F=SQ(1)/scHZ)
WRITE(4,5Y)SQY,J,F
FORHAT('O TOTAL
WRITE(4,60)R
FOR r·tAT ( ,0 '·PJ LTIP LE COR R E LA T ION = " F 1 0 •7)
RETURN
END
SUBROUTINE RESIDUAL(N,DV,LRES)
DIMENSION X(20),COEFF(20) .
INTEIjER DV
LOGICAL LRES
C 0 t~t ION 1RES SET leo E F F , CON

VARIAI3LE C 0 E F i= Ie! E Ij T " . ,; 4 • ;

VARIATION

= ',F8.2)
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?79
28u
281
282 86
28~
284 30
285 26
280 88
281
28~
289
2QO 20
291
29~
29 :s
294
295 31
290
297 50
298 87
299
300
301 27
302
30:5 75
304

- . 3'05 ..... -. ----
300

SENT

SENT

SENT

SENT

SENT

SENT

SENT

SENT
-." -'_'-_'"

SENT

SENT

SENT

SENT

c;e"lT

~t til

PAGE ·12

X1i:<2=O.O
IF(LRES)GOTO 30
I-JRITE(4,86)
FOR 1·1AT ( 'OT A G LEO F R t SID UA L S • /1' 0 LJ S E RVAT ION

1 EST I~1ATE D ) Y (ACT) - Y ( EST) I )

NO=1
READ (3,38, END=27) (X (J), J =1, N-1)
FORt-1AT(SE18.1')
'(.~:;X{DV-1)
YH=CON
DO 20 1=1,1'1-1
YH=YH+X(I)*COEFF(I)
DIFF=VA*(1-COEFF(DV-1»-YH
X2=X2+DIFF**2
IF(LRES)GCiTO 31
WRITE(4,87)NQ,YA,YH,DIFF
IF(NO.EQ.1)GOTO SO
X1=X1+(DIFF-PDIF)**2
PDIF=DIFF
FORHAT(1H ,oX,I4,6X,F9.2,8X,F9.2,12X,F9.2)
NO=NO+1
GOTO 26 .
D=X1/X2
WRITE(4,7S)O
FORMAT('ODURBIN-WATSON D-STATISTIC:',F10.4)RETURN- - - - ---.----.--.-.-----.,.~. _ .._------"ENO--:-' -.' .

. F ~NI SH

Y(ACT1JAl)

.. - '-:w---..- .~.-. - - ..,
,,.
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Interoseation Lengths Ub and Ua (L2 am £1)

Uc ..3.57 II + 0.78 dl - 2q

ZI .. dl/2 .Sin 91
'Z .. d2/2 Sin 922

Ub .. (do + e) .9. + d min2 q :;: Z min
2 y 4 do

or
Ub .. (do + e).9. + d m1n2 9 q ~ Z min

2 y 4 do'Z min
e .. 2ytan81 tan82 - do(tan81 + tan62)

2(tan81 + tan82)

y ..

when d1 .. d2 and 91 II 62 the equations simplify to:-

Uc .. 3.57 + 0.78 d1 - q

y • 2Z - q

e • ytan9 - do
2

Uc is often called Ll (pages 70, 77 & 88).
Ub is often called L2 (pages 70.77 & 88).
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